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I Condition can not be applied to constrained problems:

minimize
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subject to Ax = b
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minimize

g(x)︷ ︸︸ ︷∑
a

fa(x∂a) +
∑
b

χ(hb(x∂b))

χ(z) :=

{
0 if z = 0

∞ if z 6= 0

We can run Message Passing. Need different analysis!
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Convergence (with constraints!)

Computation Tree

t = 4

Object of interest:

∂

∂pj→a
x?(p)i

Beyond
scale-diagonal
dominance?



Application
Network Flows & Laplacian

Solvers



Network Flows

v w
e

Directed graph G = (V ,E)

minimize
∑
e∈E

(xe)
2︷ ︸︸ ︷

fe(xe)

subject to Ax = b

Ave :=


1 if e leaves v,

−1 if e enters v,

0 otherwise.



Network Flows

v w
e

Directed graph G = (V ,E)

minimize
∑
e∈E

(xe)
2︷ ︸︸ ︷

fe(xe)

subject to Ax = b

Ave :=


1 if e leaves v,

−1 if e enters v,

0 otherwise.

e

(xe)
2

v

(Ax)v = bv

w



Connection to Laplacian solvers

I Dual problem: min
ν∈RV

νTLν

2
− νT b. Laplacian: νTLν =

∑
{v,w}∈E

(νv − νw)2

I Solving Lν? = b is key for:

PDEs via Finite Element Method
Interior Point Methods for Optimization
Learning on graphs
Faster flow algorithms
Graph partitioning
Sampling random spanning trees
Graph sparsification

I State-of-the-art algorithms (Spielman-Teng, 2004 — Gödel price 2015):

quasi-linear O(|E| logc(|V |) log 1
ε
);

centralized;
involved (randomized, many graph-theoretic constructions).

Q: What about message-passing?



Message Passing

Distributed, Simple
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Results
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gTheoremg(Rebeschini, Tatikonda 2016)

x?(v,w) − x̂
(t)
(v,w) =

∑
z∈V

(
P (t)
vz − P (t)

wz

)
ν?z

Corollary

‖x? − x̂(t)‖∞ ≤ ‖ν?‖∞
∑
z∈V

∣∣P (t)
vz − P (t)

wz

∣∣

∂

∂pe→v
x?(p)e

For some graphs
(rings, grids, etc)

max
{v,w}∈E

∑
z∈V

∣∣P (t)
vz − P (t)

wz

∣∣ ∼ 1

tγ

Hence, O

(
|E| 1

ε1/γ

)



MAIN MESSAGE:

General toolbox for message passing in convex optimization.

I General framework for message-passing with constraints.

I Simple, distributed, fast algorithm for Laplacian and Network Flows
algorithms.

A new approach to Laplacian solvers and flow problems, arXiv:1611.07138


