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Scaled diagonal dominance or walk summability
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Scaled diagonal dominance or walk summability
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(Weiss, Freeman, 2001) (Malioutov, Johnson, Willsky, 2006) (Moallemi, Van Roy, 2010)
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Limitations:

» Inheritance does not capture convergence behavior on the tree.



Scaled diagonal dominance or walk summability

Computation Tree Graph
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(Weiss, Freeman, 2001) (Malioutov, Johnson, Willsky, 2006) (Moallemi, Van Roy, 2010)
Limitations:

» Inheritance does not capture convergence behavior on the tree.

» Condition can not be applied to constrained problems:
minimize Z fa(Toa)
a

subject to Az =10



Constrained problems
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Constrained problems

minimize Zfa(l“aa)
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Constrained problems

minimize Zfa(l“aa)

minimize Z fa(zoa) + ZX(hb(xab))

b

if 2=0
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Constrained problems

minimize Zfa(maa)
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Constrained problems

oo o . b o

minimize za:fa(waa) M / \
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oo o . b o

minimize ;fa(xaa)"_;xalb(xab» M / \
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0 ifz=0
x(e) = {oo if - £0 \Ellxm%

We can run Message Passing. Need different analysis!



Correctness (with constraints!)

~ ComputationTree  Graph
® t=4 - - v
= "SR NZ<% VA

CP/\C? C?/\/@\ o o o O 06
[ [ [

I AN AN
OB ONONONONONG)




Correctness (with constraints!)
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Correctness (with constraints!)
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Convergence (with constraints!)
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Application
Network Flows & Laplacian
Solvers



Network Flows

Directed graph G = (V, E)

e
O—=E o
—~
T J minimize Zfe(ace)
ecE
[]——[] subject to  Ax =10
1 if e leaves v,
Aye :=<¢ —1 if e enters v,

0 otherwise.



Network Flows

Directed graph G = (V/, E)

e

(=T )

—~

T J minimize Zfe(xe)

ecE
[]—[] subject to Az =10

1 if e leaves v,
()2 Aye = ¢ —1 if e enters v,

0 otherwise.



Connection to Laplacian solvers

vT Ly

—v7h. Laplacian: v Ly = Z (Vy — )2
{v,w}eFE

» Dual problem: min
veRV

» Solving Lv* = b is key for:

PDEs via Finite Element Method
Interior Point Methods for Optimization
Learning on graphs

Faster flow algorithms

Graph partitioning

Sampling random spanning trees

Graph sparsification

> State-of-the-art algorithms (Spielman-Teng, 2004 — Godel price 2015):
o quasi-linear O(|E|log®(|V])log 1);
e centralized;
o involved (randomized, many graph-theoretic constructions).

Q: What about message-passing?



Message Passing

Algorithm 5: Min-sum, flow problem, quadratic messages, no leaves

Input: Initial messages {R2,,},{r%,,}, e € Ev € e;
for se {1,...,t} do
L Compute7 for each e € E, v € de, with w = de \ v

Ay, 2 reow eAwfrfﬂw/Rwa_*'b‘“

RS ., = Ree + Te
e e e 2 rcowne 1/Rf4»w ’

=,
Yreowe VR

Cat o Thaytriny —
Output. Ty = m for e = (U7w) (S] E

Distributed, Simple



Results

O]
0
N\_ O

_H_\_H_

~
/ O<q

o’ H
0<g

_H_\_H_

O e

_H_/_H_




Results




Results

Computation Tree for any d-regular graph
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Computation Tree for any d-regular graph
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Results
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Computation Tree for any d-regular graph
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For some graphs
(rings, grids, etc)

Corollary

lz* = 2Dl < [*lle0 ) |PSY = P
z€V

I .

e SO |PY - PR~ —

zeV
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Hence, O <|E| m)




MAIN MESSAGE:

General toolbox for message passing in convex optimization.

» General framework for message-passing with constraints.

» Simple, distributed, fast algorithm for Laplacian and Network Flows
algorithms.

A new approach to Laplacian solvers and flow problems, arXiv:1611.07138



