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The fundamental question of information theory:
How much information can a communications system

communicate?
INFORMATION
SOURCE TRANSMITTER RECEIVER DESTINATION
X 3 > > — Y
SIGNAL RECEIVED
SIGNAL
MESSAGE MESSAGE
NOISE
SOURCE

Shannon (1948) A Mathematical Theory of Communication

Answer: Channel Capacity = Max(Mutual Information I(X:Y));
Maximize over input ensembles P(X)
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Signal Transduction:
Transforming Extracellular Signals into Intracellular Responses

* Ligand-receptor systems cel
* cyclic AI\/IE receptor - O ae
*acetylcholine receptor © 0% k|| eceptor

. . . . ®
* calcium signaling (calmodulin)  «° e _ wa®®
® ° /

* Voltage-gated ion channels 56 s
* Hodgkin-Huxley sodium channel ~ O=0=0.-"@
“ gap junction mediated sync. sl el el

* Light-gated ion channels
* channelrhodopsin
* light-driven cAMP synthesis
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Information Capacity of a Signal Transduction Channel

Transitions between receptor states {1,...,},...,5}
driven by signal concentration X(t).

dpr
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Calmum—CaImoduIin Binding Graph Calmodulin/CaMKII state graph
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Graphical representation of signal transduction

» We represent an individual receptor’s state as a node in a
directed graph G = (V, £) = ({vertices}, {edges}).
» Edge i — j represents a transition from state / to state .

> If the per capita transition rate «; depends on the input
signal S(t), the state / is sensitive.
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Graphical representation of signal transduction

» We represent an individual receptor’s state as a node in a
directed graph G = (V, £) = ({vertices}, {edges}).
» Edge / — j represents a transition from state / to state j.

> |f the per capita transition rate o depends on the input
signal S(t), the state i/ is sensitive.
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Bold arrows denote sensitive edges.



Graphical representation of signal transduction

» The observable state of the receptor may be more coarse
grained than the underlying state graph, e.g. observables
A =1Ind({1,2}), B=1Ind({4,5}), C =Ind({3,6}).

» |f the transition i — j changes the coarse-grained state, then
edge i — j Is observable.

» We distinguish the mutual information and capacity for the
fully observed versus the partially observed receptor.




Continuous-time channel model

> Input: X(t):[0,00) = [Xmins Xmax] With 0 < Xmin < Xmax-
» Channel State: Y(t) € {1,...,K}. pi(t) =Pr(Y(t) =1).

dp
J Zp,aU(X(t)) with o = Zafk
k#j

» Observable Output: Z(t) = C- Y(t) for an M x K matrix C.




Discrete-time channel model (0 < At < 1)

> Input: X(t):{0,At,2A¢t,...} = [Xmin, Xmax]-
» Channel State: Y(t) € {1,...,K}. pi(t) =Pr(Y(t) =i).

pi(t+ At) = pi(t)(1 — azAt) + > pi(t)ey(X(2)).
i

» Observable Output: Z(t) = C- Y(t) for an M x K matrix C.




Example 1: the BIND channel (a single binary receptor)

Receptor has only two states (Bound/Unbound).

Cell
® a )
@
@ PP @ U
‘ ‘ ‘ A
O ® Ligands o 16, Receptor
@
o ©
® @ a(m
® @
- /

d

@ = kwc(t)(1 = p(t)) — k_p(t)

p: probability receptor is bound. , _ 4, .. A;
k. : binding rate constant. ap = ki Cmax At
k_: unbinding rate constant. B = k_At
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Information Theory and Directed Cell Migration (Chemotaxis)

’ ) Dictyostelium
 y) "}j | discoideum
b amoeba
detecting cCAMP
gradients.
G. Gerisch.
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g )
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Cell tracks provide individual unit responses.

Fischer et al., J. Cell Biology, 1989

Gradiént sensing via CAMP receptors
Kimmel, Salter & Thomas 2006 NIPS

150

100

50 -

-50

-100

-150

S
.
>

100 100
o\ "0
.7
-100 7 100

Time = -1.975 sec

Ensemble of directional estimates:

shallow gradient

Information Theory and Signal Transduction ~ Peter J. Thomas ~ Case Western Reserve University ~ BioNav16 ~ MPI-PKS ~ Dresden




a B )

Information Theory and Directed Cell Migration (Chemotaxis)
- ) Dictyostelium
»oi discoideun
- amoeba
detecting cAMP
gradients.

G. Gerisch.

Gradiént sensing via CAMP receptors
Kimmel, Salter & Thomas 2006 NIPS

Time =-1.975 sec

100

50

-50

Accuracy of Chemotaxis {K)

-100 L.
100 100

-100 -100

log cAMP Concentration (M)

Ensemble of directional estimates:

Cell tracks provide individual unit responses. .
steep gradient

Fischer et al., J. Cell Biology, 1989

Information Theory and Signal Transduction ~ Peter J. Thomas ~ Case Western Reserve University ~ BioNav16 ~ MPI-PKS ~ Dresden



Information Theory and Directed Cell Migration (Chemotaxis)

Entropy (bits)
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Information Theory and Directed Cell Migration (Chemotaxis)
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Information Capacity of a Signal Transduction Channel

1. Secretion of signaling molecule
2. Diffusion from sender to receiver
3. Ligand binding to receptor protein
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Information Capacity of a Signal Transduction Channel

1. Secretion of signaling molecule
2. Diffusion from sender to receiver
3. Ligand binding to receptor protein
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Example 1: the BIND channel (a single binary receptor)

Receptor has only two states (Bound/Unbound).

- ox Q-Q -8

d

% — kye(t)(1— pl(t) — h_p(t

p: probability receptor is bound. , _ 4, .. A;
k. : binding rate constant. ap = ki CnaxAt
k_: unbinding rate constant. B =k_At
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Example 1: the BIND channel (a single binary receptor)

Receptor has only two states (Bound/Unbound).

- ox Q-Q -8

X0 X1 X2 X3 Xq -
\) \) \) \) \)

Yo— Y1 — Y»— Y3— Yp---

d

% — kye(t)(1— pl(t) — h_p(t

p: probability receptor is bound. , _ 4, .. A;
k. : binding rate constant. ap = ki CnaxAt
k_: unbinding rate constant. B =k_At
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Example 1: the BIND channel (a single binary receptor)

Applying a general theorem due to Chen and Berger to the
two-state discrete time Markov channel, we can show that

@ Capacity C of the discrete channel model is

O — H(pLoL + pran) — pLAt(aL) — pue(an)
— ITNax
PH 1+ (pLo + pHon)/B

)

where pp = 1 — py and 57 (p) :plog}l9 + (1 —p) log ﬁ.
© The capacity cannot be increased by feedback.

© The capacity can be realized by an IID input source.

Eckford & Thomas, 2013 International Symposium on Information Theory (ISIT)
Thomas & Eckford, 2016 IEEE Transactions on Information Theory
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Example 1: the BIND channel (a single binary receptor)

Contour plot of capacity: $=0.9

__0.25 0.9] J
3 0.8 -
>
Fg’ 0.2 0.7 {4
P 0.6 S
% 0.15¢ . Q
5 = 0.5¢ rf
o 017 0.4} ]
. / S
= s 0.3 N - :
= 0.05 /s, / Y
7 0.2 ) .
oolf/é 0.1} 9/9-0 o
02 04 06 08
4

Fig. 3. Information maximizing values of pp, with ¢ = 0.1 and g = 0.9.

Each dashed curve corresponds to a particular value of apy: from the bottom, Fig. 4. Contour plot of capacity with respect to oL and ap, fixing g = 0.9.
ay = 0.15; each higher curve increases ap by 0.05, up to ay = 0.95 in the Note that @ > ap in the upper left triangle, so capacity here is undefined.
topmost curve. The maxima are circled and connected with a solid line.

Thomas & Eckford 2016 IEEE Transactions on Information Theory
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Example 1: the BIND channel (a single binary receptor)

The mutual information decomposes:
(X :Y) = (1y=y) (H () — (H(a)))

As At — 0 we obtain a continuous time mutual information rate

z(@:—(

— | (alog(@) — (xay logay + (1 — ) log o
1) (@log(a) - (saulogan + (1 - z)a logay)
of the same form.

Here x is fraction of time input concentration signal is “high”.
In the limit of rapid unbinding (5 — oo) we recover Kabanov’s
capacity for the Poisson channel:

Crean(m, ) = - (At m) (14 5 ) 7" = 3 (1 ! %> log (1+ )

where A = o and m = ay — o.



Example 1: the BIND channel (a single binary receptor)

Special Case: Markov Inputs

(1—3s)(1—an) (1 - s)ay (1-s)(1-0)

S

(1l —a)

(g—1)s

(1-7)(1—-a) 1-r)8 (1-7)1-29)

Transition probabilities
X : L — H with prob. r. X : H— L with prob. s.
Y : U — B with prob. ag /y(X). Y : B — U with prob. £.
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Example 1: the BIND channel (a single binary receptor)
Joint process is Markov on four states: X € {L,H},Y € {U,B}.

I(X:Y)=H(X,Y) = H(X) - H(Y)

Entropy rates H(X,Y) and H(X) are known in closed form.
Approximate H(Y) = limy, oo H(Yn|Yn_1,...,Yy) with

H(Yp|Yn1,...,Y0,X0) SHE) < HYp|Vn1,...,Y0)

Lower and Upper Bounds of MI (Depth=2) Lower Bound 5 and Upper Bound 5
1 2 | / | \% | %}ag’; \‘Oz«\% A 1 l“’ | | ‘ \\?& = 0\\ 0.25
g 3 2o 2, pn 8 2,
& @ > 'ﬁ & ° S
08T _ \ \ | 08f| | & 18
0.67
| - 10.15
0.41
0.1
0.2/
“ 0.05
0
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Multiple Independent Receptors

TOaH/L
* One BIND receptor. U - *B
T8
, 2T TQ
* Two independent BIND receptors o =~ " ; 2t
T3 278
* n independent BIND receptors
’l’lT(IH/L (n — ].)TCYH/L ('TL — k)TOéH/L TaH/L
= 1 = 2 -k = k+1 .- n—1 = n
T8 273 (k+1)78 nt B

two independent receptors two non-independent receptors

Capacity for n independent
receptors is n times the
single-receptor capacity.

0 /A Thomas and Eckford 2016 ISIT
0 pO 1
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Example 2: Channelrhodopsin

(Eckford & Thomas, under review)

blue “{ channelrhodopsin extracellular Closed State
light = PR P —
Q _.;)‘i‘,f__l\) JJ Q .3) 2 QY C light-activated
QU0 N\ a?0Q 9 ty' 0.2ms transition
u P9 B P PP RRRRRRR L D &Q
Q & v 9 Q degraded state
all-trans retanal / ‘:) Na* intracellular
open state

openoptogenetics.org

d C

s s, gop il gl

SN VL ON 5 W T S P AL 5 TN s

s ke deeabedachaboalodd o o pe s
@ meuJuMww
NIPRPP O (N (A N S S S G NSRRI RPR
eI A A A e
UG N SN VN VS T W W TN YN VONee
e e e be kb o sl ol e e e sommmcing
MMM
J\—AJM\AMMN_JT_I 100 mV

Nagel et al 2003 PNAS

»

A A A A A A A A A A

Judkewitz et al 2009 Nat. Protocols 10 blue light pulses
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Example 2: Channelrhodopsin

(Eckford & Thomas, under review)

‘Bl Ll C
SO ) 5 O 1

(o W \J\L_M\_L\J\/_LWM
NDSAURTN VE U W N N VA U W SN TSP
WMJ\LJM&L%JW
I\J‘\/—\M}\M W
Mwuwm

AAAAAAAAAA

10 blue light pulses

R qi2 iB(t) 0 Parameter from [2] Units
qizz(t) | (5x10%)z(t) | s7!

q23 50 g1
d31 0 Rs g31 17 st

Input: Light intensity
Channel States: 2 closed, 1 open.
One sensitive state; one observable transition.
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Channelrhodopsin under |ID inputs

(Eckford & Thomas, under review)

> If the input sequence is IID, the channel state { Y (kAt)}x>0
forms a Markov chain® with stationary distribution Ty.

» The mutual information between input X & channel state Y is

ZX:Y) =
> Ty ( > p0ié (Pl | % vim1)) — ( S p(x)pyi |x,-,y,-_1)>> |
(Yi—1:¥)ES X €X X € X

Here S is the set of sensitive transitions and ¢(p) = plog p.
» For channelrhodopsin we find

Z(X; Y)
= 7y (%(PLAWMXL + pHAtq12xH) — PLIE (Atqiax|) — PH%(AthZXH))

_ F(pLAtgiaxL + pHAtqiaxy) — pLIE (Atqiax ) — pHIE (Atqiaxy)
1+ E[x](912/923 + 912/931)

)

where E[x] = pLx_ + puxy is the average input intensity.

1Y is time-homogeneous, irreducible, aperiodic, and positive recurrent.



Channelrhodopsin under |ID inputs

(Eckford & Thomas, under review)

As At — 0 the mutual information rate /(X; Y’) converges.

80 T T T
JOb - ........................... ............................ ........................... |
v 5 z z
B B0 o PP TP e 77 A .
Q0 . . .
~ : 7
c : 7
(@) 7
] : ; 7
Esof o o 7 |
£ zZ~
© : 7 :
2 A0 -, ST A R T T P :
> ; == : :
= ==~ : :
30 E= == ... ............................ ............................ ........................... i
20 I I I
0.80 0.85 0.90 0.95 1.00

Probability of low light intensity p_
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Channelrhodopsin under IID inputs

(Eckford & Thomas, under review)
For the partially observed channel, I(X;Z) < I(X;Y).
For channelrhodopsin, all sensitive transitions are observable.

Monte Carlo estimates suggest that as At — 0, we have
I(X;Z) = I1(X;Y).

75 ! :
— I(X;Y), At=0.1 ms
e o I(X;Z), At=0.1ms

70H T(X:Y), At=0.02ms | TN
. e o 7(X;Z), At=0.02 ms
2 . j
Tesl T s « < o\
o E : : 5 :
c
=) : : , :
€ 60f AUURUUUTROURIS J5 < GINORPIN A SUUURRN | B .
o) : : . : :
=
©
2 55
=
=

»
45 | ] I I ]
0.94 0.95 0.96 0.97 0.98 0.99 1.00

Probablility of low light intensity p,
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Example 3: Acetylcholine receptor

(Eckford & Thomas, under rewew)

[ACh] =0.5 uM
Open
Closed . . .
0 200 400 600 800
burst
States 1 /
2
0 b b b ol
fﬁ, HimNR
0 200 400 600 800
time (ms)
Ry qioz() 0 q14 0
g1 Re 23 0 0
Q= 0 q32 Rs q34 0
da1 0 qsz(t) Ry  qus
0 0 0 g54x(t) Rs

Input: Acetylcholine [ACh] concentration

Channel States: 3 closed, 2 open

Three sensitive states; 4 observable transitions.

Parameter | Name in [3] Value/range Units
q12z(t) kiox (5x 10%)z(t) | s~*
q14 a; 3 x 10° s
g21 2k 5 0.66 s1
g23 a2 5 x 10? s?
g32 B2 1.5 x 10* s !
g4 2k_ 4 x 10° s1
qa1 B1 15 s !
qa3z(t) kiox (5x 10®%)z(t) | s~*
Qa5 k_1 2 x 10° s
gs4z(t) 2k (1x10%)z(t) | s~*
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Example 3: Acetylcholine receptor

400 Mutual information under 11D mputs

o (XY) : : : : ;
350 @ @ I(X;2Z) i s e et e ]

300

250

Mutual information (bits/s)

200 : :
Gap between fully and partially | :
150 f e observed receptor mutual information}................ A -
100 e . SR AR N\ .
1) IS S— SRR S— A— e\ -
. . v . . :

...00..00.00000..............:
' . $e¢e.

0
0.65 070 075 080 085 090 0.95 1.00
Probablility of low ligand concentration p,

(Eckford & Thomas, under review)
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Example 4: Calmodulin (a Calcium binding protein)

(Eckford & Thomas, under review)

350 - T T T T T T

s00l|® ® T(X:2) | , ‘ | Oe—— le— 2
%~25o ...................................................................................................
2200
g é é N
Elso .................................................................................................... @3_@4_ 5
2100 ﬁ .

50 s RIS IO NS oo St SUNEE BN

) o 0 0 0 0 0 0 0 0 000000 , . 1

830 035 040 045 050 055 060 065 070 C6(___ C7(—NC8

Probablility of low ligand concentration p_

[ Ry qo1z(t) 0 qosz(t) 0 0 0 0 0 Parameter Name in [4] Value/range Units
g0 R quez(t) 0 quz(t) 0 0 0 0 go1z(t), gzaz(t), gerz(t) kon(T),N (7.7 x 10%)z(t) st
0 gn R, 0 0 gsz(t) O 0 0 q10, 943, q76 kos(T),N 1.6 x 10° s
g0 0 0 Ry guz(t) 0  gsz(t) O 0 q12z(t), qusz(t), grsz(t) kon(ry,N (32 x10")z(t) | s
0 qu 0 Qa3 Ry qusz(t) 0 a7z (t) 0 @21, G54, qs7 Koti(R),N 2.2 x 104 s~!
0 0 w0 e K00 gma) qos(t), que(t), s2(t) | konryc | (B4x100)z(t) | s
0 0 0 e 0 0 Bo a7 (?) 0 430, 941, G52 koff(T),c 2.6 x 10° s
0 0 0 0 qrs 0 q76 Ry gmz(t)
0 0 0 0 0 o 0 - R q36z(t), qarz(t), gssz(t) kon(r),c (2.5 x 107)z(t) s
- 63, Q74> 485 kog(r),c 6.5 s

Input: Calcium [Ca2+] concentration
Channel States: 9 states of 4 types
8 sensitive states

o of 12 sensitive transitions are also observable.
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Conclusions

» Bio to Engineering: Intensity-driven signal transduction
systems provide a broad class of biologically motivated
communications channel models.

» Engineering to Bio: Fully and partially observed channel
models under IID inputs are amenable to capacity analysis.

» The mutual information gap between fully and partially
observed channels depends on the observability of those edges
which are sensitive to the input.

Ongoing work
» Capacity of general N-state intensity-driven receptor.
» Gap between partially & fully observed receptors: theory?
» Net capacity of ligand secretion, diffusion, binding channel.
» Energetics: metabolic burden; information cost vs fitness.
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