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@ Saturn’s hexagon
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Plan

@ Preliminaries on Euler equations.
@ Rotating patches.

© Non uniform rotating vortices.
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2d Sullen en}uahm : Wﬁc&% @@ﬁm\»&ab\m
@ The vorticity w = d1v? — 9, v! satisfies
Ow+v-Vw=0, t>0 xecR?
(EY v=ViAa~lw
W)t=0 = Wo

@ Biot-Savart law

1 (X 7y)L PES
t = — — 5 w(t d =e?
v( 7X) 5 /2 |X y|2 w( 7y) y, X e X

@ Conservation laws :

Vp e [1,00], vt >0 [[w(t)[|e = [|wol|ce

Classical solutions are global.
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Yudosek sltins

@ Yudovich (1963) : If wo € L' N L™ then (E) has a unique global solution
w e L¥®(Ry; L'N L) and
w(t, x) = wo(¢ (¢, x))
@ A patch is wop = 1p, with D a bounded domain.

w(t) = ]'Dm Dy = d)(t? D)

@ Vortex patch problem : what about the regularity of the boundary ?
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@ Contour dynamics equation (Deem Zabusky 1978) : Let s € [0, 27] — 7¢(s) be the
Lagrangian parametrization is given by : Orve = v(t,7t), then

1
== [ ~ 2| dz.
00(5) = 5 [ 1og|u(s) 2| ez
@ Regularity persistance : Chemin(1993), Bertozzi-Constantin(1993)
ODe C"" =Vt>0 0D e C".

@ The cases C* and Lip are open even locally in time.
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o %atatmrg worlices with the angular velocity Q are solutions in the form :
w(t,x) = wo(ef'lmx)
@ The equation of wyp is given by
(vo(x) — Qx ") - Vwo(x) = 0,
with

w(x) 1/“Qiﬂﬂmmw

T 2m e x—yP

@ Examples :

o Radial solutions (they rotate with any angular velocity).
o Kirchhoff ellipses (1876). An elliptic patch rotates uniformly about its
centre.
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Ruotating nalches
@ A patch w(t) =1p, is ru»tahmg with the angular velocity Q if
D, = &' %D.
@ The boundary equation is given by

(v(x) —Qx)-n(x) =0, VxeaD.

where 1 is a normal vector to the boundary. By Green-Stokes theorem

dA(w
@ = o [T
_ 1 Efédé

4 apZ—¢&
Hence

Re{ (i /aDj:gdﬁ—i-%E)F(z)}, Vz € 9D
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@ Recall that the boundary equation is given by the strong formulation
(v(x) = Qx)-n(x) =0, VxeaD.

@ Note that v = V14 with 1) the stream function

1
Av=w=To. ¥x) = 5 [ loglx—yldAQ)

@ Integrating we get the weak formulation

1 1
Qx> - —/ log|x — yldy —u =0, V¥xe€dD.
2 27 Jp
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© Fraenkel (2000) : let D be a solution with Q = 0 then D must be a disc.
@ H. (2014) : let D be a convex solution with Q < 0 then D must be a disc.
© Let let D be a solution with Q = % then D must be a disc.

e The proof for 2 < 0 is based on the moving plane method.

e The case () = 1 is elementary :

@ the relative stream function I |x|*> — 1(x) — p is harmonic inside D, so it vanishes
in D.

vZecc,azw:i/ 1 dA(y)z(%E, VZGD)

At Jpz—y

@ By holomorphy we get
20,1 = Cte,Vz € D°
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Somnbrinsial selubions
@ Kirchhoff vortex (1876). Any JQA/"\M, with semi-axes a and b rotates with

__ab
" (a+b)2

@ Numerical observation Deem-Zabusky 1978 : existence of m—fold V-states (same
symmetry of regular polygon with m sides).

SO OD
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Burlea's nesull (1982)

@ There exists a family of rotating patches (Vin)m>2 Qm@uﬂwﬁ«mﬁ from the disc at

the spectrum Q € {”;—;17 m > 2}. Each point of V), describes a V-state with
m-fold symmetry .

Vortex patch problem

028 03 032 034 036 038 04 042 044
Q

@ The case m = 2 corresponds to Kirchhoff ellipses.

@ Numerical experiments : for m > 3 the limiting shapes develop right angles.
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@ Consider two Banach spaces X, Y and
F:RxX—=Y
a smooth function such that

F(Q,00=0, VQeR

@ If 9,F(,0) € Isom(X, Y) then by the implicit function theorem, there is no
bifurcation at Q.

@ Bifurcation may occur when 0 is an eigenvalue for 0, F(£2,0))
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Crandall-Rabinowitz theorem

Let X, Y be two Banach spaces and
F:RxX—>Y
be a smooth function such that
Q F(Q,00=0, VQeR

@ The operator 9xF(0,0) is Fredholm of zero index and Ker 9xF(0,0) = (xo) is
one-dimensional.

© Transversality assumption :
000xF(0,0)x0 ¢ R(0xF(0,0))

Then there is a curve of non trivial solutions s € (—¢,¢) — (£(s), x(s)) with

Vs € (—e,e), F(Q(s),x(s))=0
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Gemeral appoack

@ The boundary is subject to the equation

Re{(2Qz+ ! 5_Ed§) }o, VzeaD.

2im an€—2

) Let¢:T—>8Dbethem\%ofvmaﬂfpanamd‘fwéahzyn

¢(W)ZW+Z%, an € R.

n>0

We have assumed that the real axis is an axis of symmetry of D.

@ Then forany w € T

FQ, o(w) = |m{<2ﬂ¢(w)+Q;F/jrmqy@)dg)wqy(w)}

= 0.
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@ Recall that for any w € T

F(Q,d(w)) = Im{(2Q¢(W)+;T/qu)’@)dgww(w)} =0.

@ We look for solutions which are small perturbation of the unit disc :

d=Id+f, f(w) :Zanwfn,a,, cR

n>0

Remark : With this choice we remove radial solutions and we get rid of the
rotation invariance problem.

@ Function spaces :

x={fec*m}, v= {g(w) =" bilm(w") € C*(T), by € R}

n>1

@ Forsmall r, F:(—1,1) x B(0,r) — Y is well-defined and smooth.
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Spectral study

@ Straightforward computations yield : for h(w) =3 _ a.w™" € X

O F(Q,0)h(w) — %F(Q,th(w))‘t:()
— Zn<297n21>an,1|m(wn)

Q {Q, Ker 0rF(£2,0) # 0} = {Qm =n=1l m> 1} and

2m
Ker rF(Q,0) = (vin), Vm(w)=w"""
© Transversality condition

900f F(Q2m, 0)Vim 2mIm(w™)

= ¢ R(9rF(Qn,0))
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Boundary regularity of the rotating patches : H.-Mateu-Verdera [2013], Castro,
Cérdoba, Gémez-Serrano [2015], Hassainia, Masmoudi, Wheeler[2017].

Bifurcation and regularity from the ellipses HMV2015, CCG2015.

Rotating patches with different topological structure : doubly connected, pairs of
patches, multipoles,..

Boundary effects : Disc, half plane,..

©0 00 ©

Extension to different transport equations : gSQG, SWQG, Multi-layers fluid.
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Ko, univm. Pokabing wonbices
) %otahmg wonlbices with the angular velocity Q are solutions s.t. :
w(t,x) = wo(efiﬂtx)
@ The equation of wg is given by
F(Q,wo)(x) £ (vo(x) — Ox) - Vwo(x) =0,
with

w(x) =5 | O )y

:E R [X —y[?

@ Problems :

o What about the existence of non uniform rotating vortices ?
e Can we find them around any radial profile ?
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doin. difffcullies with the liuncation. angument

@ Take wp be a radial smooth solution

@ The linearization of F around this radial profile takes the form

0
Lh= (22— Q)dph + K(h) - Veo
(X y)*
k) = 5 | =)y
There are at least two difficulties with this formulation :

@ Ker(L) contains smooth radial functions.

@ The functional F undergoes one derivative loss in all the directions, but the loss
for £ is only in the angular direction !
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@ Castro, Cérdoba, Gémez-Serrano [2017] : existence of C? rotating vortices with
m-fold symmetry m > 2. They use the level sets reformulation + desingularization
of the vortex patch problem.

@ Our goal : We shall look for concentrated rotating vortices :

() = g0 1o, v = = [ CZI gy

2w b x— y|2g

with g a smooth non constant profile, close to a given radial profile. The domain
D is a perturbation of the unit disc.
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Pefrumulation. of, e equations
@ Assume that g is not vanishing on 9D then

v—Qxt) - n(x)=0, x€adD, (1):boundary equation
v—Qxt) Vg(x)=0, xe€D, (2):density equation

@ Let & : D +— D be the conformal parametrization and set f : D — R
f=god
@ The first equation becomes : Vw € T,

F(Q, f, ®)(w) = Im{(QCD(w)— ;T/qu’)r(_y)q)(y)|¢’(y)|2dy>w¢’(w)} =0
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@ Let ¢ be the stream function defined by

v(x) = 5 [ loglx~ylg(y)d

= o b g yi8ly)ay

@ The density equation is

v [w() - 50| - Vet =0
@ We look for solutions such that

1
Ve(x) = 1S ()Y [(x) — 32U/’

with 2 : R? — R to be determined.

@ Set <y
t
M(Q, é/g——f
() n(2, t)

then the density equation becomes
1

—M(,8(x)) + 5=

1
/ log |x — y|g(y)dy — EQ‘X|2 =0,xeD
D
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@ Coming back to the unit disc we find
G(Q,f,9)(2) £ —M(Q, (2 */logl‘b WIFO)I® (y)*dy
— EQ\cb(z)\ =0, VzeD.
@ To fix M we impose the condition
G(Q,fo,ld)(z) =0, VzeD,VQEeR.
Examples

Quadratic profiles : f(z) = Alz|® + B,
(1] p

1 , B—-4Q 3B>+ A>+4AB—-8QB
M(Qt) = gzt + =gz t+ 16A

@ Gaussian profiles : f(x) = A’

1 fs—1
M(Q,t)_ﬂ{—XZt—i—/l S as|

Taoufik Hmidi



Finally, rotating vortices problem close to the radial solution f 1p reduces to :

o(y)
G(Q,f,®)(2) = ~M(Q,f(2)) + %/D log |®(2) — (y)If(y)|®'(y)]dy
—3Qlo(2)? =0

F(Q, f,®)(w) = |m{<Q¢(W)_ 217r/()(y)|<|>/(y)|2dy>w¢’(w)} ~0

From now on, we focus on the quadratic profile : fo(z) = A|z|* + B.
We introduce the singular set

ggsing{/q“l’B/4(,7—"_1)Bn7 HGN*U{‘i’OO}}
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Moaim resulk
Theorem (Garcia,H. Soler 2018)

Let A > 0,B € R. Then the following results hold true.

@ IfA+ B <0, then there is mo € N such that for any m > mo, there exists a
branch of non radial rotating solutions with m—fold symmetry, bifurcating from
the radial solution.

@ IfB>0and me [1, 24 é] orm¢€ {1, L g] there exists a branch of non
radial rotating solutions with m—fold symmetry. However, there is no bifurcation

for any symmetry m > % + 2.

@ IfB>0o0rB< 71% for some 0,0581 < € < 1, then there exists a branch of non
radial 1—fold symmetry rotating solutions.

Q If—4 < B <0 andQ ¢ Sing, then there is no solutions close to the quadratic
profile.
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Meas of, the qovee]

@ We first solve the boundary equation F(, f,®) = 0 through the implicit function
theorem : if Q ¢ Sing then we can locally parametrize the conformal mapping
& = N(Q, f), with A smooth enough.

@ We implement bifurcation argument to the equation

H(Q,f) 2 G(Q,f,N(Q,f)) =0

@ Identify the dispersion set given by
Suisp = {Q L Ker 9 H(Q, ) # {0}}.
@ Dimension of KerdrH(2, f5)?

© Transversality assumption ?
@ Separation between Sgis, and Ssing
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Srusctune of the limeanined openaton

@ Set x = then

A
4a-%)
_l 2
OrH(Q, ) = [X z*]ld + K
with I a compact operator.

Q If x € (—o0,1) then OrH(Q, fy) is a Fredholm operator with zero index.
Q If x € (1,00), OrH(L, fy) is injective but the range is not not closed !

Despite this bad structure, we prove the local uniqueness for the nonlinear problem.
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@ The resolution of the kernel equation leads to a Volterra type integro-differential
equation. It may solved through transforming it into an ordinary differential
equation of second order with polynomial coefficients. This latter one is related to
Gauss hypergeometric function

F(a, b; c; z) Z k kz— Vz € D.
— !

The Pochhammer symbol (x)x is defined by

x4+ k)
O ="rG
@ Assume that Re(c) > Re(b) > 0, then
F(a,b;c;z) = FEZ—b)/ 1—5) "1 (1—25)"%ds, Vze C\[1,+o0).
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Dispersion set

@ We obtain the result :

B A
Sdisp = {Q =3 + Ix In>1,x<1 st ((x)= 0},
with
1
Cn(x) £ Fa(x) [1 - x4+ :‘Jf’f)x] +/0 Fo(mx)7" [ —1+ 2xr} dr,
and
—\/n2 / n2
Fa(x) = F(an, bpin+1;x), an= nfw’ b, = an_ks

@ What about existence and the distribution of the real roots of {(n}n?
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Partial results for A+ B < 0

@ There exists ng s.t. for any n > ng, there exists only one real solution x, € (0,1) to
Cn
@ The sequence n > ny — x, is strictly increasing converging to 1.
© Asymptotic behavior :
K Cr 1
Xn:]-—*+*2+0 >
n n n

where
—KT

+o0
and C,{:li272+2/‘ (e%dr
0

_pAtB
1+7)?

A

@ Notice that for the singular set Ssng = {3?”, neN“U {+oo}}

2
~ -2 1
X,,:]_—E-i-lﬁ2 +O(73)
n n n
Thus, for m > myg
Xon # Ko, ¥ 0 > 1
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Thank you for your attention!




