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Forces on Dislocation Lines in Three Dimensions

Introduction

Dislocations are crystallographic defects.

Figure: Sketch of an edge dislocation in a cubic lattice.
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Forces on Dislocation Lines in Three Dimensions

Introduction

Dislocations are crystallographic defects.

Figure: Sketch of an edge dislocation in a cubic lattice.

e The defect is concentrated on lines.

e The vector b € B which characterizes the defect is called Burgers vector.
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Forces on Dislocation Lines in Three Dimensions

The Continuous Theory
In the continuous theory, one models dislocations as singularities of the elastic strain
B:Q - R3S

curl B = b®7’d7-l|1w

where the -y is the dislocation curve, 7 its tangent and b is the Burgers vector.
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Figure: Sketch of an edge dislocation (left) and a screw dislocation (right) in a deformed cylinder. The
dislocation line is the dashed, red line oriented downwards. The Burgers vector is drawn in blue.
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Forces on Dislocation Lines in Three Dimensions
Roadmap

e Understand the dynamics of curved dislocation lines.
e As a first step, study the asymptotic behavior of the induced elastic energy.
e Obtain the force as the variation of the effective energy.

e In a third step, we would like to solve the corresponding PDE (future work).
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Forces on Dislocation Lines in Three Dimensions
The Energy

For Q c R3, a fixed Burgers vector b ¢ R3 and a regular, closed curve v: [0, L] - Q, we define
the corresponding dislocation density as

_ 1
;,L—b@T’H‘,Y,

where T is the tangent of ~.
Moreover, we define the set of corresponding admissible strains to be

A, = {B el! (Q;R3X3) scurl B =pin D'(Q)}.

The elastic energy is then

: 1
E. = inf —CB: B dx.
= (1) BeA(n) JasB.(v) 2

Here, C € R3*3%3%3 s an isotropic elastic tensor i.e., CA = 2uAsym + Atrace(A) Id where p1, X are
such that C is positive definite on symmetric matrices.
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The Energy Il

Conti, Garroni, Ortiz ‘15: There exists a unique K € L3 (R3) n L2 (R3\ ) such that

loc
divCK =0,
curl K = py.
We use this solution to rewrite
1
E. = —CK: Kdx+ inf I-(u),
< (1) 0B, () 2 weH1 (:R3) < (u)

where

IE(u):l/ CVU:VudX+/ Ll'(CKI/)dHQ*/ u- (CKve) dH?.
2 JasB.(v) a0 9B ()
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Forces on Dislocation Lines in Three Dimensions

Results for Straight Parallel Dislocations

cylindrical symmetry,

straight, parallel dislocation edge/screw dislocations,

reduction to an orthogonal slice,

in-plane/out-of-plane components of the elastic strain satisfy 3 satisfy

curl B =" bydy,
K

where by is an admissible Burger's vector.
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Forces on Dislocation Lines in Three Dimensions

Results for Straight Parallel Dislocations

. 1 . .
Io(u) = / 7CVu:Vudx+/ u-(CKv)dH — 3 u- (CKve) dH?
JOU B () 2 Bl % J OB (x¢)
Cermelli, Leoni ‘05 in the edge case and Blass, Morandotti ‘14 in the screw case:
e Existence of minimizers u. for I. for fixed e.
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Forces on Dislocation Lines in Three Dimensions

Results for Straight Parallel Dislocations

. 1 . .
Is(u):/ 7CVU:deX+/ u-(CKl/)dHI*Z u-(CKve) dH!
JOU B () 2 Bl % J OB (x¢)
Cermelli, Leoni ‘05 in the edge case and Blass, Morandotti ‘14 in the screw case:
e Existence of minimizers u. for I. for fixed e.

e Strong Convergence of u. in H,LC(Q \ ) to a minimizer of

Io(u):/ %CVU:VUdX+/ u-(CKv) dH®.
Q o0
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Forces on Dislocation Lines in Three Dimensions

Results for Straight Parallel Dislocations

. 1 . .
Is(u):/ 7CVU:deX+/ u-(CKl/)dHI*Z u-(CKve) dH!
JOU B () 2 Bl % J OB (x¢)
Cermelli, Leoni ‘05 in the edge case and Blass, Morandotti ‘14 in the screw case:
e Existence of minimizers u. for I. for fixed e.

e Strong Convergence of u. in H,LC(Q \ ) to a minimizer of

Io(u):/%CVu:Vudx+/ u-(CKv) dH®.
JQ o0

e This leads to
" 1
E-(p)= —CK:Kdx+lp(u) +c+ O(e)
QU B= () 2
=|loge| Z@Z;(b” + F(x1,...,xy) +c+ O(g).
k
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Forces on Dislocation Lines in Three Dimensions

Results for Straight Parallel Dislocations

I (u) :/ Levu:vudss / Cu(CKv)dHE - Y u- (CKve) dH?
JOU B () 2 Jog % J OB (x¢)

Cermelli, Leoni ‘05 in the edge case and Blass, Morandotti ‘14 in the screw case:
e Existence of minimizers u. for I. for fixed e.

e Strong Convergence of u. in H,LC(Q \ ) to a minimizer of

Io(u):/§CVu:Vudx+/ u-(CKv) dH®.
JQ o0

e This leads to
" 1
E-(p)= —CK:Kdx+lp(u) +c+ O(e)
QU B= () 2
=|loge| Z@Z;(b” + F(x1,...,xy) +c+ O(g).
k

e The force on the k-th dislocation is then given by (edge case)
1
vXkF<xl,...,XN):—/ [(5¢50: 60)1a- 67 cso v ane’,
9B, () L\ 2

1 .
where By = K + Vug and 0 < r < 7z ming,; Xk = xj].

e In the screw case it simplifies even more.
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Results for Curved Dislocation Lines in Three Dimensions

First we consider the toy case C = Id.

1
Io(u) = ﬂVuFdx+/)u~KudH2—/‘ u- Kve dH?,
Q\B:(7) 2 12192 9B: ()

where K solves
divK =0 in R3,
curl K = iy in R3.
Existence of a minimizer u. for fixed £ > 0 is simple.

Theorem

Let uc be the minimizers for I.. Then there exists a a function ug € H*(;R3) such that
ue — ug in HX () and

loc
lim I (ue) = lo(wo),
e—0

where Iy(uo) = [o %|Vu0\2 dx + [5q to - Kv dH?2. Moreover, uy minimizes l.
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Results for Curved Dislocation Lines in Three Dimensions

Sketch of proof:

e Standard estimates

/ |Vu€\2f/ ue - Kve dH? - ue - Kv dH?
Q\B: (7) 9B (7) el9)

Z/Q . IVuel? = Col| Kvell 128, (49 e | 11 an. () = Clltell i ans. (v)) 1KV ] 1200 -
NBe (y

e By regularity of v we can choose C. independent from &.

e Typically K ~ but we can show |Kve | 2¢p8, (v)) = O-

e Extend ue to Q. Again constant does not depend on €. = Boundedness of extended u..
e Hence, there exists ug € HI(Q) and a subsequence such that vz — ug in HL.
e Lower semi-continuity: liminfe Iz (ue) > lo(uo).
e Also, lo(up) < le(up) > I (ue).
e This shows also fQ\BE(m,) [Vuc|? dx - [ |Vuo|? dx which implies the strong convergence in
Hi (2N 7).
Hence, the key is: |Kve 298, (1)) = 0-
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Forces on Dislocation Lines in Three Dimensions

Asymptotics for the Strain
Question: How does |Kve | 295, (4)) behave?

We know that

divK =0 in R3,
curl K = py in R3.

As div iy = 0, we have

K = curl(-A) Yy = —b ®/ 2 s (y) dHA(y).
5 4m|x - y3

Theorem

Let v be a C>% curve. Then there exists €9 = £o(| 7| c2.a ) > O such that for all 0 < £ < &g and
x € OB () it holds

K(x) = -b® (i F(m(x)) x ve (x) + % llog(e)| 7 (m(x)) x H(x(x)) + 0(1)).

2me
Here, m(x) is the point on ~y closest to x, v<(x) is the outer normal to dB: (), and H is the
curvature of . The O(1)-term is uniformly bounded for all v such that || c2.o < M.
In particular,
1
[Kvel 2¢08. (4)) < |logelez — 0.
Carnegie

Mellon
University



Forces on Dislocation Lines in Three Dimensions

The Force on a Dislocation Line in Three Dimensions

Now, we derive the force on the dislocation as the variation with respect to the curve of the
effective energy

1 1
Fe(py) = 7|Kw|2dx+/ 7|Vuw|2dx+/ Uy - Kyv dH.
JasB.(v) 2 Q2 Joq
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Forces on Dislocation Lines in Three Dimensions

The Force on a Dislocation Line in Three Dimensions

Now, we derive the force on the dislocation as the variation with respect to the curve of the
effective energy

1

FE(.UM/) =
JanB. (v) 2

1
|KyPdx+ [ Z|VuyPdx+ [ uy- KyvdH2
Q2 Flo)

Lemma

Let v € C** ([0, L]; Q) be a closed curve and @ € C>* ([0, L];R3). Then there exists § > 0 such
that the functions K : (=6,8) x Q\ Be(7y) — R¥3, (t,x) = Ky+tp(x) and

u:(=6,8) x Q> R3, (£,x) = tystp(x) are smooth.

Moreover, it holds

d
dt

- | S R !
t:OKﬁw(x)- b®vx/w[( pE— (y)) w(y)] dH (y).

=IWay
and
d .
-A (ﬁh:o”‘**“f’) =01inQ,
d _ d
\v4 Elt:OU/Y+t§9) v=- (E\t:OK’:) v on 0S.
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Forces on Dislocation Lines in Three Dimensions

The Force on a Dislocation Line in Three Dimensions

Theorem
Under the same assumptions.

dFe (#“/er)
dt

:_/03( )2|K.Y| ©-v+wy b (Ky+ Vuy)v - uy - Kyv dH?
t=0 %4

/( \b\2|'°g5‘H 0(1)).¢d7{1.
g

Again, the term O(1) is uniformly bounded as long as ||| c2,« is uniformly bounded.

This result is consistent with the fact that one can also use the asymptotics for K to show that

2 loge] | |0g el

Fe(py) = |b H!(7) +0(1).
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Forces on Dislocation Lines in Three Dimensions

The Force on a Dislocation Line in Three Dimensions
The corresponding results for the isotropic elasticity CA = 21Asym + Atrace(A) Id is:

Theorem
Under the same assumptions as before,

dFe (/J"Y'H-‘LP)
dt

/ loge| ((r)H @ + Vip(r) - H (r - 0) + V2H - ) + O(1)g,
t=0 Y

where (1) = £ (b-7)2+ £ 2)::;\ |b— (b-7)7[? is the line tension energy density per unit
dislocation.

To prove this we need again an asymptotic formula for the solution of

divCK, =0,
curl Ky = finy.
It can formally be written as
Ky = K +Nijit * (i )it

——
=solution for C=Id

where Nijkl = —(Bjakaps;/p + ﬁajaiapek,p) ‘8);7\" .
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Forces on Dislocation Lines in Three Dimensions

The Force on the Dislocation Line in Three Dimensions

Theorem
For a closed curve y € C>®, it holds for ¢ > 0 small enough and x € dB.(~y)
1(b-v [4p+3X
K =—|— ® (T xv)+ XV)®
() 5(47r(2u+)\y () s g () V)
b- 2 b-
+ﬁ7“((7xu)®(7xu)+u®u)+—TT®(T><V)+W
4 2+ A 27

3(b-7)
" sn

1 1 1
+\Iog6|(—b®(r><H) (Hx7)®T+-—(Hxb)®T+—(Txb)®H
4m 4m 8

3(b-(HxT)
- 8 T

1 A 1
-——(rxH)®b+ @7+ —(bxT)®H
8 2+ A 8w

+iH®(bxr)+ir@(be)Jri(be)@HMa,-j
87 47 47 8

+0(1).
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Forces on Dislocation Lines in Three Dimensions

The Force on a Dislocation Line in Three Dimensions

This also shows that (c.f. also Conti, Garroni, Ortiz ‘15)
Fe(u) = llogel [ w(r) d! + O(),
v

where (1) = f=(b- )2+ o 2u+)\|b (b-7)7[? which is consistent with

dFe (py+tp) (1) dH?

| f’y+tap
dt

~ |loge .
t=0 dt t=0
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Forces on Dislocation Lines in Three Dimensions

Future Work on the Dynamics

Again, first C = Id, no restriction on the movement of the line, and rescale time by |loge|:

r_ |b|2 -1
v'=—H+O(|loge|™).
2

e Abstract existence result for curve shortening flow in arbitrary dimensions available, Gage,
Hamilton ‘86.

e Understand regularity of the O(|loge|™!)-term and use a fixed point argument to obtain
existence.

e Study the limit € - 0.
e Dislocations cannot move in any direction.
e More realistic dynamics:
'YI = m(b7 T)H:
where m(b, 7) = projection into the plane spanned by b and 7 (if b || 7).

e Replace H by the variation of the anisotropic line tension energy.
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Future Work on the Dynamics

e Again, first C = Id, no restriction on the movement of the line, and rescale time by |loge]:

r_ |b|2 -1
v'=—H+O(|loge|™).
2

e Abstract existence result for curve shortening flow in arbitrary dimensions available, Gage,
Hamilton ‘86.

e Understand regularity of the O(|loge|™!)-term and use a fixed point argument to obtain
existence.

e Study the limit € - 0.
e Dislocations cannot move in any direction.
e More realistic dynamics:
7’ = m(b7 T)H:
where m(b, 7) = projection into the plane spanned by b and 7 (if b || 7).

e Replace H by the variation of the anisotropic line tension energy.

Thank you for your attention!
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