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____________________________________________________________________
Inspired by SDDP

Stochastic optimization j\

m Optimizes expected value .
P P Inmln EP[f(mvg)]

m Requires knowledge of distribution

Robust optimization

m Optimizes for the worst case scenario

m Uses only support information (uncertainty set) mmin I?QEX f(x, )
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____________________________________________________________________
Multistage Robust Optimization

T
L T ¢
minimize  ma E x
EGEX 2 q; t(€ )
subject to T;(&) @1 (1) + Wixy(€") > H&,

}V£ €=Vt
xy (&) e R™, & = (&, , &)
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____________________________________________________________________
Multistage Robust Optimization

T
minimize I??é( ;q;—mt(gt)
subject to E(&t) :Bt_l(étil) + tht(gt) Z Htst }
VE e E, Vi
zy(€) ER™, &8 = (&1, , &)

Features/Difficulties:

m Optimize over decision policies @(+)
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-_____________________________________________________
Applications

Hydro Scheduling &
Reservoir Management

Path Planning

Long Term Energy
Application with Storage
Long Planning Horizons SR

| -
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Nested Formulation
The multistage problem can be expressed through a nested formulation

. T . T . T
min q; 1 + | max min qs T2 + |-+ max min qrxT
x1E€EX] €2€E2ma€Xa(21,62) Er€ErxreXT (2T _1,6T)
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Nested Formulation

The multistage problem can be expressed through a nested formulation

. T . T . T
min g, 1+ | max min go T2+ |-+ max min qgrxr
® €X £2€E0ma€X2(x1,£2) Er€EreTE€XT (BT —1,€T)

Qo (a1) (cost to-go)

First stage problem
min qlT:Bl + Qg(xl)

x1 €R"1
Wlazl Z h1
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Nested Formulation

The multistage problem can be expressed through a nested formulation

. T . T . T
min g, €1 + | max min gy T2+ |-+ + max min qrxr
©1EX £2€EE2wa €N (w1,£2) Er€Erxer X (2T —1,€T)

Q3 (a2) (cost to-go)

Qa(@1) (cost to-go)

First stage problem
min g 1 + Qa(x1)

x ER™1
Wiz > hy
t stage problem
Qi(xs_1) = max min gz + Qry1(xy)

£ €S T ERME
Tz + Wiz, > Hi§,
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Nested Formulation

Q> Q3 Qr Qr1

Cost to-go functions Q;(x;_1) are
m Convex

m Piecewise linear
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Nested Formulation

AN

Qs Qs Qr Qri1

Cost to-go functions Q;(x;_1) are
m Convex
m Piecewise linear

If only we knew these functions...

Qt(mt_l) = max min th.’Bt + Qt+1(33t)

£:€5; i €R™t
Tz + Wi, > HLE,
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Nested Formulation

S N
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Cost to-go functions Q;(x;_1) are
m Convex
m Piecewise linear

If only we knew these functions...

Qi(x¢—1) = max min g @ + Qup1(xy)

£:€5; i €R™t
Tz + Wi, > HLE,

This problem is still not easy (in fact is NP-hard).
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Nested Formulation

NPT AN

Q2 Q3 Qr Ory1

Cost to-go functions Q;(x;_1) are
m Convex
m Piecewise linear

If only we knew these functions...

Qi(x4—1) = max min g s+ Qppa ()

i Eext=, xER™E
Tz, 1+ Wiy > HiE,

This problem is still not easy (in fact is NP-hard). However,
m “Practable” algorithms can address problem
m inner problem convex in for each &;
m Polyhedral £; = replace with ext =, == problem decomposes
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Approximate Dynamic Programming

Cost to-go functions Q;(x;_1) are
m Convex

m Piecewise linear

Qt(wt—l)

T € Xy
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Approximate Dynamic Programming

Cost to-go functions Q;(x;_1) are
m Convex
m Piecewise linear

Approximate using under-estimator Q (; 1)

Qt(wt—l)

T € Xy
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Nested Benders for Robust Optimization

A
o

T3

L@

T3

m Maintain outer approximation Q,(x; 1) per node
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Nested Benders for Robust Optimization

I of =g min - alw+ Qi (=)
\/ x5 T, le + Wiz, > H\&,
/ N
/ \ f"{ PACTRY
\\ Q,(wi-1)
7 > i
\ / \\ o € X
\ 7
i $3/
BN

m Maintain outer approximation Q,(x; 1) per node
m Forward Pass: Explore one scenario at a time
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Nested Benders for Robust Optimization

&, &, mlf = arg min thwt +gt+1(xt)
i L 4 @ ERM !
3 % $3" Tyx; |+ Wz, > H,
/ \ T 7 PACTRY
d ' 3
O NS o
| e
\ / 3\\ T € Xy
R ;
333 [Hz@ - Ttwil]Tﬂ'! - QIH(W:W! - (IL)
RN

m Maintain outer approximation Q,(x; 1) per node
m Forward Pass: Explore one scenario at a time
m Backward Pass: Introduce Benders cuts, refine outer approximations
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Nested Benders for Robust Optimization

f : T
x] = arg min x; + 9, (x;
(=arg min - q/@ +Q, ,(w)

4
Y T, m‘LI + Wz, > H/&,
N
/'4 Qt(ﬂ:z—l)
N Q(mi-1)
k4
T € Xy

: T
max min q, x; + Q, (x;
£ €extEy T ER™ ¢ _H—l( )

\* Tt wtf_l + Wza:t 2 Htgt

Maintain outer approximation Q, (x; 1) per node

Forward Pass: Explore one scenario at a time

Backward Pass: Introduce Benders cuts, refine outer approximations
Exhaustive enumeration: we refine at all nodes (all scenarios) several times
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-_____________________________________________________
Nested Benders for Robust Optimization

Maintain outer approximation O, (x; 1) per node

Forward Pass: Explore one scenario at a time

Backward Pass: Introduce Benders cuts, refine outer approximations
Exhaustive enumeration: we refine at all nodes (all scenarios) several times
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T
Cut Sharing and SDDP

Exploit the Markov property: Maintain one approximation Q, (x; 1) per stage
& 3
CINC - G X
\ \ a
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Cut Sharing and SDDP

Exploit the Markov property: Maintain one approximation Q, (x; 1) per stage
& 3

"

f . N .
x] = arg 111161%&1}” q/x: + 9 (1)
T, w, W, > HE,

i
/<
SN
\
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Cut Sharing and SDDP

Exploit the Markov property: Maintain one approximation Q, (x; 1) per stage

53 f .
! x] = arg min .+ 9,  (x
! i gmtem q/ = & +)

&
1 Wt$1>Ht§f
N\ Tt ﬂ
BEAP £
! 3 O

$ @@/
SDDP ¥ -

T T \r‘ \

/
T
/
\
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Cut Sharing and SDDP

Exploit the Markov property: Maintain one approximation Q, (x; 1) per stage

3 f .
! x] = arg min .+ 9,  (x
' t gm,eR"t Qr LT & 1)

&
1 Wt$1>Ht§f
N\ Tt %
PRSP £
! 3 o

$ @@/
SDDP ¥ -

/
T
/
\

T T \r‘ \

SDDP:
m Small number of refinements
m Good performance in practice
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Cut Sharing and SDDP

Exploit the Markov property: Maintain one approximation Q, (x; 1) per stage

53 f .
! x] = arg min .+ 9,  (x
! i gmtem q/ = & +)
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\/ th, W, > HE, i

/
T
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~

& & 7
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SDDP:
m Small number of refinements
m Good performance in practice
m Stochastic termination criterion
m Stochastic convergence
m No distributional information for robust optimization
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Robust Dual Dynamic Programming (RDDP)

Which scenario/state do we propagate forward?
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Robust Dual Dynamic Programming (RDDP)
Main Idea: maintain both

®m an outer approximation

Qt(wt—l)
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Robust Dual Dynamic Programming (RDDP)
Main Idea: maintain both

®m an outer approximation

m and an inner approximation

Qt(wt—l)

Ty € Xy

In the forward pass:
® use inner approximation to choose scenario
m use outer approximation to choose decisions (points of refinement)
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Robust Dual Dynamic Programming (RDDP)
Main Idea: maintain both

®m an outer approximation

m and an inner approximation

Qt(wt—l)

Ty € Xy

In the forward pass:
® use inner approximation to choose scenario
m use outer approximation to choose decisions (points of refinement)
In the backward pass:
m refine both inner and outer approximations
Angelos Georghiou (McGill University) DRO Workshop 2018
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-_____________________________________________________
Why Use an Inner Approximation?

Intuitively speaking,

Outer Approx.  Inner Approx.

minimizing a convex function
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-
Forward Pass

We want “nature” to be optimistic in its choice, use inner approximation

¢ =arg max  min @+ Qra(zy)

£ Cext By xRt
T; w{_l + Wiz, > H &,
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-
Forward Pass

We want “nature” to be optimistic in its choice, use inner approximation

f ; T re)
= arg max min T+ x
& g, Wax - min - g T Qry1(xt)
T; w{_l + Wiz, > H &,
Based on “optimistic nature”, make optimistic decision, use outer approximation

f_ :
T, = ar min Ty + Q Tt
t g JER™ qt 7t+1( )

T; wtf_1 + Wiz, > Hté{
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Forward Pass

We want “nature” to be optimistic in its choice, use inner approximation

f ; T re)
= arg max min T+ x
& g, Wax - min - g T Qry1(xt)
T; fB{_l + Wiz, > H &,
Based on “optimistic nature”, make optimistic decision, use outer approximation
f— ; T
x; = arg min T T
t g:ctE]R”l, q: Tt + gt+1( t)

T; wtf_1 + Wiz, > Hté{

Ca;'\/r Nat
— ature
Decision /::\%/% =i

00 \v/@ )

maker
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Backward Pass: Refining Approximation

Inner approximation: Starting with x{71

& =arg max  min g @ + Qr1(x)

£ Cext 2@ ER™E
T: 1’{71 + Wiz, > Hi§,

with optimal solution Oy (z/ ,)
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Backward Pass: Refining Approximation

Inner approximation: Starting with a:,{il

b : T Vel
= arg max Imin Ty + x
& g&eextEtwteR"t q; Ty Qt+1( t)

T: w{q + Wiz, > Hi§,
with optimal solution Oy (z/ ,)

m add (2], Oi(x/ ,)) to approximation Q,

Qt(fﬁtq)
Q,(xi1)

(m{—h@t(m{—l))

T € Xy
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Backward Pass: Refining Approximation
Outer approximation: Starting with *’B{qr use £ from inner approximation

Q@ )= min gz +Q, (=)

xR
Tzl | + Wiz, > H £

with 7r; be the optimal solution of the dual problem
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Backward Pass: Refining Approximation
Outer approximation: Starting with *’B{qr use £ from inner approximation

Q@ )= min gz +Q, (=)

xR
Tzl | + Wiz, > H £

with 7r; be the optimal solution of the dual problem

Qt(mt—l)
gt (mt—l)

, N
T € X N

[H&) —Toxl || — Q (W] m —q,)
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Termination Criterion

Stage-1 Problem:
B using inner approximation get upper bound

J = min qlTwl + Qa(z1)
Wiz > hy
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Termination Criterion

Stage-1 Problem:
B using inner approximation get upper bound

J = min qlTwl + Qa(z1)
Wiz, > hy
m using outer approximation get lower bound

o T
J = Juin gy @+ 9, (1)
Wiz > hy

Since 9, (1) < Qa(w1) < Qa(wy) for all & € R™

J<J < T

Termination Criterion: J =J*=J
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-
RDDP v.s. Nested Benders & SDDP

Nested Benders:
© Finite convergence
® Deterministic bounds

© No relative complete recourse
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RDDP v.s. Nested Benders & SDDP

Nested Benders: SDDP:
© Finite convergence © Lightweight iterations
© Deterministic bounds © Limited memory requirements
© No relative complete recourse © Relative complete recourse required
© Exponential effort (to complete © Stochastic upper bounds
every iteration) © Stochastic convergence

RDDP: Combines best of Nested Benders & SDDP

© Finite convergence © Lightweight iterations
® Deterministic bounds © Limited memory requirements

© No relative complete recourse

© Implementable strategy at every iteration
© Exponential number of iterations required in worst case
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-
RDDP Extensions

T
L T ¢
minimize g T
inimiz Iéleaax q; (&%)

t=1
subject to  fi(z1) <0 VEeE
Filwe 1 (E71), &, mi(€7)) <0 VEeE, Vi

x (6 eR™, €eZandt=1,...,T,
Extensions:

m Non-linear (convex) case: fi(+,&;,-) are jointly quasi-convex
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RDDP Extensions

T
L T ¢
minimize g T
inimiz IélEaEX q; (&%)

t=1
subject to  fi(z1) <0 VEeE
ft(wtfl(st_l%gtaxt(gt)) S 0 vé. S Ev Vt

x (6 eR™, €eZandt=1,...,T,
Extensions:

m Non-linear (convex) case: fi(+,&;,-) are jointly quasi-convex

m Random recourse
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t=1

¢e=
subject to  fi(z1) <0 VEeE
ft(wtfl(st_l%gtaxt(gt)) S 0 vé. S Ev Vt

x (6 eR™, €eZandt=1,...,T,
Extensions:

m Non-linear (convex) case: fi(+,&;,-) are jointly quasi-convex
m Random recourse

T, (&) me—1(€71) + Wi(&)mi(€') > Hy&,

m Random objective function

m Asymptotic convergence guaranties (cost to-go convex but not piecewise
linear)
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Numerical Results: Inventory Control

Uncetain Demand
Production (using factor model)
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Numerical Results
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Numerical Results: Nested Benders Decomposition

| Instance | Trajectories Runtime Memory |

5-4-3 256 1.3s 18MB
5-4-4 4,096 44.6s 260MB
5-4-5 65,536 924.23s  20.2GB
5-4-6 1,048,576 — —

m Nested Benders Decomposition is completely impractical for T > 5

e

NAITING FOR NESTEL
'BENDERS TO CONVER(
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Numerical Results: RDDP

Scalability w.r.t. horizon T' = {50, 75,100}
m 5 products (5 states)

m 4 random variables per stage (2* = 16 scenarios)
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Numerical Results: RDDP

Scalability w.r.t. horizon T' = {50, 75, 100}
m 5 products (5 states)

m 4 random variables per stage (2* = 16 scenarios)
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m RDDP scales better than linear decision rules w.r.t. the horizon. ..

m in addition to converging to the optimal solution
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Numerical Results: RDDP

Scalability w.r.t. products = {10, 15,20}
m 4 random variables per stage (2% = 16 scenarios)
m horizon T' = 25
100 10-4-25 100 15-4-25 100

50

relative distance %
o

relative distance %
o

relative distance %
o

-100' =100 =100
0 50 100 150 200 0 100 200 300 400 500 600 0 400 800 1,200 1,600
optimization time (secs) optimization time (secs) optimization time (secs)

Angelos Georghiou (McGill University) Robust Dual Dynamic Programming DRO Workshop 2018 23 /27



Numerical Results: RDDP
Scalability w.r.t. products = {10, 15,20}

m 4 random variables per stage (2% = 16 scenarios)
m horizon T'= 25
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m RDDP does not solve the “curse of dimensionality”
m But, can address problem instances of practical interest ...
m while converging to the optimal solution
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Numerical Results: RDDP

Scalability w.r.t. random variables = {5,7,9}
m i.e., scenarios per stage = {32,128,512}
m products = {6,8,10}
m horizon T' =25
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m Complexity of two-stage problem can affect scalability
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m Complexity of two-stage problem can affect scalability
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Numerical Results: SDDP

Initial inventories Io,(£°)

Order 20% 25% 30% 35% 40%
frequency A Solved Gap Solved Gap Solved Gap Solved Gap Solved Gap
5 70% 18%| 60% 20%| 40% 20%| 20% 72%| 0% 100%
7 20% 13%| 50% 17%| 80% 5% | 10% 26%| 0% 100%
10 0% 14%| 0% 14%| 20% 18%| 10% 23%| 10% 73%

m SDDP can easily miss the optimal solution!

SDDP
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Robust Dual Dynamic Programming

DRO Workshop 2018

26 / 27



Angelos Tsoukalas Wolfram Wiesemann
American University of Beirut Imperial College Business School
Olayan School of Business

[1] GEORGHIOU, A., TSOUKALAS, A. AND WIESEMANN, W.
Robust Dual Dynamic Programming
Under revision, 2016-2018.

m angelos.georghiou@mcgill.ca

m https://mcgill.ca/desautels/angelos-georghiou

Angelos Georghiou (McGill University) Robust Dual Dynamic Programming DRO Workshop 2018 27 /27


mailto:angelos.georghiou@mcgill.ca
https://mcgill.ca/desautels/angelos-georghiou

