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Stochastic Programming
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Machine Learning



Stochastic Programming

PLQLP E[H)
G
Objective:  R[P)=) P(L ([ )
£ 1
Optimizer: x*(IP) € argmin c(x, P)
xeX

A :
Machine Learning




Separation of Estimation and Optimization

Phase 1:

training data ~ P’

Phase 2:

objective c(x, Pgst)

estimator Py, ==—p P ——p

atio” ~optimizer x* (P )

— Estimator not tailored to optimization problem!



Predictors & Prescriptors
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Predictors & Prescriptors

ldea:
> Predictor: ~ 0(x,&y,...,¢7)

> Prescriptor:  X(&4,...,¢7) € argminc(x,¢q,...,¢7)
xeX

OCompressingO the statistical information:

training samples - empirical distribution
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Data-Driven Predictors & Prescriptors

Definition:

> Predictor:  ¢(x, Pr)

> Prescriptor:  §(P-)! DU JRUP )
I

OCompressingO the statistical information:

training samples - empirical distribution

e A Y I A

- - 7 "t >P;



Data-Driven Stochastic Programming

predictor ¢(x, Pr)

P T | —> prescriptor (P )
training data ~ PN
Examples:
» SAA predictor ®[P)= R[Py)= —7: Zw (L)

> Plug-in predictor O [, ﬁ’?) = K|, PH\(R?))

> DRO predictor ®[,P)= PD[R[P)
PeP(P7)

> etc.



Out-of-Sample Disappointment

Mean-squared error:  Ep  "c(x,P)! 6(x,P7)"




Out-of-Sample Disappointment

Mean-squared error:  Ep  "c(x,P)! &(x,P7)"
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Out-of-Sample Disappointment

Mean-squared error:  Ep  "c(x,P)! &(x,P7)"
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Positive surprise Disappointment

Out-of-sample disappointment: P R[P)> & [ P



Partial Orders for Predictors & Prescriptors

& less conservative than ©
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Partial Orders for Predictors & Prescriptors

& less conservative than ©

FHl!lch # ®([P)S$ ®([P) %P

F(LP)

([ P)
[, P

FR

C1 =c C2 ,&F LQFRPSI

(&, ¢ ) less conservative than (&, §:)

(F.9)! x (F,q) % F(q (P),P)$ &G (P),P) W



Optimizing over Optimization Problems

The best predictor:
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Optimizing over Optimization Problems

The best predictor:

PLQLPLEH
VXEMHFW W%owﬁrémwsxr([m)) U#[, P

PLORLP) > ®[P) ! HUIRDY

disappointment




Optimizing over Optimization Problems

The best predictor:
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Optimizing over Optimization Problems

The best predictor:

PLQLPLEH
VXEMHFW W%oeﬁlr{mwsxr([m)) U#[, P

Weak solution: Strong solution:

i

P P

F<, F — 'Finfeasible FIHDVLEOHF" -0



Optimizing over Optimization Problems

The best predictor:

PLQLPLEH
VXEMHFW W%owﬁrémwsxr([m)) U#[, P

The best predictor-prescriptor pair:

minimize- . (0.8
(2,5)1X « (6,%)
1
subjectto limsup =

log P® (c(Q(PT),IP) > 6(Q(pr),@7)) 1" P
s |



Large Deviation Principles

G /
Relative entropy: I(P',P) = Z P()0 F(‘;I;(L))j



Large Deviation Principles

G /
Relative entropy: I(P,P) = Z P()0 F(‘;I;(L))j

N

estimator data-generating
realization distribution



Large Deviation Principles

G /
Relative entropy: I(P',P) = Z P()0 F(%)

Weak LDP: ;1 , ,...1 PL L GDDRG WK

LlogP’ (B,1D )" # inf I(P%P)

limsup —
. P 7 P/#D

OL P5@|H@?J>(ﬁ7 e D) > -k V|V|(P’, P)

[— 00




Large Deviation Principles

P'()

Poo(ﬁr € D) ~ e T
P()

r= inf I(PP",P)
P"eD




Distributionally Robust Predictors/Prescriptors

Distributionally robust predictor:

#[P)= PD[ RLP) 4GP)! D U JRRGRP)
V. WI(P,P)! | .
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Distributionally robust predictor:

HLP)= PD[ KLP) 4P) ! DU J g P
‘L) V WI(P,P)! | .

estimator
realization



Distributionally Robust Predictors/Prescriptors

Distributionally robust predictor:

#[P)= PD[ RLP) 4GP)! D U JRRGRP)
V. WI(P,P)! | .

Reverse distributionally robust predictor:

R LP)= PD[ K[P) %(P") € argmin ¢.(x, P')
vV WIR.P) 1 | Xex




Distributionally Robust Predictors/Prescriptors

Distributionally robust predictor:

#[P)= PD[ RLP) 4GP)! D U JRRGRP)
V. WI(P,P)! | .

Reverse distributionally robust predictor:

RLP)= PD[ K[P) x:(P') € argmin ¢(x, P')
V. WI(P,P)! | Xex

estimator /\/

realization




Optimizing over Optimization Problems

Meta optimization problem (MOP):

PLQLPLEH
VXEMHFW W%oeﬁlr{mwsxr([m)) U#[, P
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Feasibility

7KHRUHIP®> WKROVHDVLLEOQ?2

c(x.P) > &(xP) = c(xP)> PD{e(xQ):1(P,Q)" A

= I(P,P)>r



Feasibility

/KHRUHIR> WKHRQVHDV LEO 2

c(x.P) > &(xP) = c(xP)> PDIe(xQ):1F,Q)" 1

=1 I(P,P)>r

P'()
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P'(1)



Feasibility

/KHRUHIR> WKHRQVHDV LEO 2

c(x,P) > ¢ (x,P) =  ¢(x,P)> 5 ||33{[C(X, Q) :I(P,Q)" r}

=1 I(P,P)>r
P'()

(P, P) > |

P'( )




Feasibility

7KHRUHR> WKROQVHDVILEO Q2

c(x,P) > ¢ (x,P) =  ¢(x,P)> 5 E{[C(X, Q) :I(P,Q)" r}

=1 I(P,P)>r

P'()

1
limsup —
T—>c>op T
1 C
I limsup 7_Iog P I(Pr,P) >r
T—o00 4 $
1" inf I(P,P):I(P,P)>r 1" r
P'eP

logP> c¢(x,P) > ¢/(x, Pr)
l




Optimality
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CrAcCc = " x,Py: c(x,Pp) < max {c(x,P) : I(Py, P) # r}



Optimality
7KHRUHIR> WKFHROWWURQJIO\LREW?
CrAcCc = " x,Py: c(x,Pp) < max {c(x,P) : I(Py, P) # r}

— 3P . K[P')< R[P) DQGP',P )= U< |

P'()

P'( )




Optimality
7TKHRUHI®» WKHRQVWURQJIO\IRBW?
CrAce =" xPh: 6(xPp) < max {c(x,P): I(Fp, P) # 1)
— JP : R[P)< K[P) DQGP',P )= U< |

[ (x, Po) ! P0)
— P'I P :c(x,Py) > é(x, P

P()




Optimality
7TKHRUHI®» WKHRQVWURQJIO\IRBW?
CrAce =" xPh: 6(xPp) < max {c(x,P): I(Fp, P) # 1)
— JP : R[P)< K[P) DQGP',P )= U< |

[ (x, Po) ! P0)
— P'I P :c(x,Py) > é(x, P

P’ eint D(x,Pp)
< liminf = log P Pt € D(x, Pp)

- T—>o0

P()

|
| 1 -

< limsup =log P5° Pr € D(x, Po)
T— o0 T
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Properties of Optimal Predictor

Unique strong solution of (MOP)
Has distributionally robust  interpretation

- Worst-case expectation over relative entropy ball

¢ & decay rate of out-of-sample disappointment
Tractabillity

- Convex program for generic P’

- SOCP with O(T) hyperbolic constraints for empirical P’

Explicit finite sample guarantee (no unknown constants)
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