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Stochastic Optimization [ Data | Decisions |

Decision Problem : z" € argminzez Ew+ [L(z, Y)] Cost Optimal

Portfolio Management Autonomous Driving

T

e s

» z : Financial position » z : Travel route
» Y : Market prices » Y : Traffic
» L : Risk / return > L : Travel time
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Stochastic Optimization [ Data | Decisions |

Decision Problem : z" € argminzez Ews [L(z, Y)|X = X] Cost Optimal

Portfolio Management Autonomous Driving

e

Mn,trn

z : Financial position z : Travel route
Y : Traffic
L : Travel time

X : Holiday, Weather,

Y : Market prices
L : Risk / return
X : Oil, Twitter chatter,

v v vVvY
vV Vv Vv .yvy

Supervised Training Data :
» X = (x1,...,%,) € R"P
» Y :=(n,...,yn) ER"

Prescriptive Analytics : Formulate decisions based on data, not distributions.
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Naive Formulations | Data H Decisions|

Decision Problem : z* € argmin,ez Ew+ [L(z, Y)|X = X] Cost Optimal

Formulate decision z, (., based on data, not distributions.

B. Van Parys (MIT) Bootstrap Robust Analytics Banff 3/13



Naive Formulations | Data H Decisions|

Decision Problem : z* € argmin,ez Ew+ [L(z, Y)|X = X] Cost Optimal

Formulate decision z, (., based on data, not distributions.

» Sample Average Formulation :
saa : 1
Zptm € argminzez 3oy L(z,yi) - 5

Fails to learn from covariate information X = X.
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Naive Formulations | Data H Decisions|

Decision Problem : z* € argmin,ez Ew+ [L(z, Y)|X = X] Cost Optimal
Formulate decision z, (., based on data, not distributions.
» Sample Average Formulation :
n t(:n S argmanEZZ (xi»vi) (27 y:) . %

Fails to learn from covariate information X = X.

» Empirical Formulation :

emp

n trn S argmlnzez Z(x =X,y;) L(Z,y,') : %

Fails to generalize to covariate information X = X # x;.
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Naive Formulations | Data H Decisions|

Decision Problem : z* € argmin,ez Ew+ [L(z, Y)|X = X] Cost Optimal

Formulate decision z, :,,, based on data, not distributions.

» Sample Average Formulation :

x aa

nt!n S a"gm'nzezz (i) L(Z7yi) : %

Fails to learn from covariate information X = X.

» Empirical Formulation :

r mp

n trn S argmlnzez Z(x,_x’y/) L(Z,y,') : %

Fails to generalize to covariate information X = X # x;.

» ML Formulations : Learn and generalize

Bertsimas and Kallus. “From predictive to prescriptive analytics.” (2014)
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Nearest Neighbors Formulation | Data | Decisions |

Decision Problem : z" € argminzez Eu- [L(z, Y)|X = X] Cost Optimal
Formulate decision z, (., based on data, not distributions.
» Nearest Neighbors Formulation :
Z'tm €argminzez 35 L(z,yi) - 1{xi € Ni(X)} - s
where 1=5% . 1{x € Ni(X)}-s

where N(X) the k nearest observations to X.
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Nearest Neighbors Formulation | Data |- Decisions |

Decision Problem : z" € argminzez Eu- [L(z, Y)|X = X] Cost Optimal

Formulate decision z, (., based on data, not distributions.

» Nearest Neighbors Formulation :

nn

Zy% €argminzez >0y L(z,yi) - 1{xi € Ne(X)} - s
where 1= Z(Xi~)/i) {x € Nk(x)} - s

where N(X) the k nearest observations to X.

» Budgets cost of decisions in context X = X based on k-NN

X| pressssnsnnnnnnnaring ey
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Nadaraya-Watson Formulation | Data | Decisions |

Decision Problem : z" € argminzez Eu- [L(z, Y)|X = X] Cost Optimal
Formulate decision z, (., based on data, not distributions.
» Nadaraya-Watson Formulation :
Zytm € argminzez Z(Xi,y/) L(z,yi) - Sn(xi,X) - s
where 1=3 ) 5:(x,%)-s

where S(x,X) a smoothing function.
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Nadaraya-Watson Formulation | Data | Decisions |

Decision Problem : z" € argminzez Eu- [L(z, Y)|X = X] Cost Optimal

Formulate decision z, (., based on data, not distributions.

» Nadaraya-Watson Formulation :

nw

Ztm €argminzez 35 L(z,yi) - Sa(xi, X) - s
where 1=3 ) 5:(x,%)-s

where S(x,X) a smoothing function.

» Budgets cost of decisions in context X = X based on kernel smoothing

» 1
L(z,Y) e
‘.
A .
X X
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| Data H Decisions |

Prescriptive Analytics

Decision Problem : z* € argminzez Ews [L(z, Y)|X = K] Cost Optimal
Budget :  ¢™(z,Mp irn, X)
Mo, trn Nearest . .
Decision : z,r,l’?l.n € argminzcz Cnn(Z, Mn,trn,)_()

Neighbors

Budget : ™ (z,Mn trn, X)

Nadaraya
Watson

Decision :  z,%, € argminzez ¢ (z,Mp, 110, X)

Bertsimas and Kallus. “From predictive to prescriptive analytics.” (2014)
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Prescriptive Analytics | Data H Decisions|

Decision Problem : z* € argminzez Ews [L(z, Y)|X = K] Cost Optimal

Prescriptive Analytics : Zn,trn € argmingez (2, My trn, X) Budget Optimal

Budget :  ¢™(z,Mp irn, X)
MnAtrn Nearest

Neighbors Decision :  z,%,, € argminzez ¢"*(z,Mp, 1, X)

Budget : ™ (z,Mn trn, X)

Nadaraya
e . nw . nw =
Watson Decision :  z,%, € argminzez ¢ (z,Mp, 110, X)

Bertsimas and Kallus. “From predictive to prescriptive analytics.” (2014)
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Prescriptive Analytics | Data H Decisions|

Decision Problem : z* € argminzez Ews [L(z, Y)|X = K] Cost Optimal

Prescriptive Analytics : Zn,trn € argmingez (2, My trn, X) Budget Optimal

Budget :  ¢™(z,Mp irn, X)
Mo, trn Nearest

Neighbors Decision :  z,%,, € argminzez ¢"*(z,Mp, 1, X)

Budget : ™ (z,Mn trn, X)

Nadaraya
e aw . nw -
Watson Decision :  z,%, € argminzez ¢ (z,Mp, 110, X)

Bertsimas and Kallus. “From predictive to prescriptive analytics.” (2014)

Comparison:

+ Decision z, ¢ based on data, not distributions.
— Budget optimal # cost optimal
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Robust Prescriptive Analytics | Data |H Decisions

Decisions z, i;, based on a nominal budget c often disappoint on test data :

test training
1 - -
C(zn,trru Mn,tst, X) > C(Zn,trn7 Mmtrn; X)~

Better known as the “optimizer’s curse” .

We propose making prescriptions z, .., based on a robust budget c’.

B. Van Parys (MIT) Bootstrap Robust Analytics

Banff

7/13



Robust Prescriptive Analytics | Data |H Decisions

Decisions z, i;, based on a nominal budget c often disappoint on test data :

test training
1 - -
C(zn,trru Mn,tst, X) > C(Zn,tnn Mmtrn; X)~

Better known as the “optimizer’s curse” .

We propose making prescriptions z, .., based on a robust budget c’.

» Statistical robustness, i.e.,

test training
M*" ; M X "(z, M X)) <b
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requires “stochastic data”; a contradiction in terms.
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Robust Prescriptive Analytics | Data |H Decisions

Decisions z, i;, based on a nominal budget c often disappoint on test data :

test training
1 - -
C(Zn,trny Mn,tst, X) > C(Zn,tnn Mmtrn; X).

Better known as the “optimizer’s curse” .

We propose making prescriptions z, .., based on a robust budget c’.

» Statistical robustness, i.e.,
test training
*n r - r r -
M C(Zn.trn, Mmtst,X) >c (Zn‘l‘rna Mnftrnyx) S b7
requires “stochastic data”; a contradiction in terms.

» Bootstrap robustness, i.e.,

bootstrap training
Mn r M - r r M - < b
n,trn C(Zn,trna n,btspyX) >c (Znﬁt,mn ILtTl]jX) D,

is the next best thing. Bootstrap data is synthetic test data drawn with
replacement from training data.
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Bootstrap Robust Analytics | Data | Decisions

A budget ¢ is bootstrap robust relative to a nominal budget c if

bootstrap training

n — _ oy —~ = _
Mn,trn C(Zn‘t"fh MIthSFHX) > c (Zn,trrn Mn,tnhx) S b7

Nominal vs Robust Budgets:
(N) Cost (over)-calibrated to given training data M, ¢

Cc (27 Mn,trn’)?) =® 1
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Bootstrap Robust Analytics

A budget ¢ is bootstrap robust relative to a nominal budget c if

bootstrap training

n — _ oy —~ = _
Mn,trn C(Zn‘t"fh MIthSFHX) > c (Zn,trrn Mn,tnhx) S b7

Nominal vs Robust Budgets:
(N) Cost (over)-calibrated to given training data M, ¢

¢ (z,Mp trn, X) E: 5
A
o= =
/ No
y) 3

| Data H Decisions
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Bootstrap Robust Analytics | Data | Decisions

A budget ¢ is bootstrap robust relative to a nominal budget c if

bootstrap training

n — _ oy —~ = _
Mn,trn C(Zn‘t"'H MIthSFHX) > c (Zn,trr‘n Mn,tnhx) S b7

Nominal vs Robust Budgets:
(N) Cost (over)-calibrated to given training data M, ¢
(R) Cost calibrated to bootstrap data M, isp as well.

Cc (27 Mn,trn, )?) =0 1
cr(z’ Mmtrn,)’%)
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Distributionally Robust Optimization — Tractability | Data [ Decisions

Robust Predictive Analytics :
2} on €argmin ¢’ (2, My trn, X) :=max c(z, M, X)
zeZ M
s.t. B(M, Mn,trn) S r.

DRO counterpart with respect to convex set

{M : B(M,M;mn) < r}.

Theorem 1 :
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Distributionally Robust Optimization — Tractability | Data [ Decisions

Robust Predictive Analytics :
2 n €argmin ¢’ (z, My trn, X) :=max c(z, M, X)
’ zeZ ’ M
s.t. B(M, Mn,tru) S r.

DRO counterpart with respect to convex set

{M : B(M,M;mn) < r}.

Theorem 1 :

» Both robust NN and NW are as tractable their nominal counterparts. E.g.

zy " € argmingez ¢ (z,Mp irn, X) = max, Dy Sn(xi, %) - L(z, 1) - P(xi, 1)
s.t. Z(Xia)’i) P(Xi,yi) =S5,
Z(xnyl‘) Sn(xi, %) - P(xi,yi) = 1,

s-B(P/s,Mp:) <s-r.
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Distributionally Robust Optimization — Disappointment | Data | Decisions

Robust Predictive Analytics :

Z) on €argmin Cr(za My, trn, )_() ‘=max C(z’ M’)_()
zeZ M
s.t. B(M, Mn,trn) S r.

Entropy ball :

B(M,Mr.) == 52,y MOx, 1) - log (sl

Theorem 2 :

» Robust predictive analytics with entropy ball is bootstrap robust:

bootstrap train

n . — oy —
Mnytrn C(zn,trny Mn,b(,spyx) >c (zn¢t1'117 Mn,trn;X) S eXp(_n N r)a Vn
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Distributionally Robust Optimization — Disappointment

Robust Predictive Analytics :

. _ _
Zp trn €ArE min ¢ (z, My trn, X) i=max c(z,M, x)
ze

s.t. B(M, Mn,trn) S r.

Entropy ball :

B(M, M) = Y.,y M(xi, ;) - log (M) .

Theorem 2 :

M, (xi,yi)

| Data H Decisions

Disappointment.

—— Nominal
——r = 0.002
——7r = 0.008

200

» Robust predictive analytics with entropy ball is bootstrap robust:

" . — oy —~
Mn,trn C(zn,tnn Mn,bt,spyx) > 9 (zn.trna Mn.trnyx) S eXP(*n : r); Vn

bootstrap

train

100 600
Samples n

1 n r = re_r =
n |Og Mn,trn (C(Zn,trna Mn,btspyx) >c (Zn4trna Mn,trnax)) — —I’7 n— oo
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Proof Sketch | Data H Decisions

Large deviation theory:

Csiszar (1984): Let C be a convex set of distributions.
Then,

Mgrn (Mbtsp S C) S eXP(_” ) I\;Iréfc B(M7 Mt,tn)), vn.

At the same time

% |0gM(’,1rn (Mbt,sp € C) — — I\}IréfC B(M, Mtrn), n — oQ.
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Proof Sketch | Data H Decisions

Large deviation theory:

Csiszar (1984): Let C be a convex set of distributions.
Then,

M{., (Mbesp € C) < exp(—n - ’\;Irgz B(M, M), Vn.

At the same time

% log M{,, (Mpisp € C) — — h}Iréfc B(M, M), n— oo.

Proof sketch : It only remains to be shown that

bootstrap train
P P N
C:= {Mbtsp : C(Ztnn Mbtsp7x) >c (Ztrn7 M“'IHX)}
is convex for the NW and NN formulations. Indeed, infucc B(M, M) = r, by

construction of the robust budget ¢” from its nominal counterpart c.
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News-Vendor Problem | Data |H Decisions

B\ News Vendor Problem

AR
‘.’j‘\\‘?\g%"%“%\\ z" € argminz>o Eyx [Chuy - Z — Geell - Min(z, Y)|X = X]

» Y : Uncertain demand
» X : Weekday, Extra Edition, Weather, ...
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News-Vendor Problem | Data |H Decisions

P\ News Vendor Problem
?;};,g\%‘,%\\ z* € argmin;>o Em+ [cbuy - 2 — Geern - min(z, Y)|X = X]
AR
%“ » Y : Uncertain demand
» X : Weekday, Extra Edition, Weather, ...

Nadaraya-Watson Formulation

1,000 —o— Nominal
—a— Robust
8
o
2
B,
=
<
R
3
s
=
o

200 400 600 800 1,000
Samples n
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News-Vendor Problem | Data |H Decisions

B\ News Vendor Problem

e
Eﬁg“:’é&\@\\ z* € argmin,>o Ev+ [cbuy * Z — Gsen - min(z, Y)| X = X]

» Y : Uncertain demand
» X : Weekday, Extra Edition, Weather, ...

Nadaraya-Watson Formulation Nearest Neighbors Formulation
1,000 —— Nominal 1,000 —— Nominal
—=— Robust —=— Robust
3 3 800
) o
= E 3
% £ 600
7 xR
3 3
= £ 400
o e}
200
200 400 600 800 1,000 200 400 600 800 1,000
Samples n Samples n
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Conclusions [ Data |H Decisions

1. The statistical bootstrap provides a data-driven robustness notion
2. Distributional robust analytics is as tractable as its nominal counterpart

3. Distributional robust optimization safeguards against over-calibrated decisions
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https://arxiv.org/abs/1711.09974
https://github.com/vanparys/bootstrap-robust-analytics-julia

| Data H Decisions

Conclusions

1. The statistical bootstrap provides a data-driven robustness notion
2. Distributional robust analytics is as tractable as its nominal counterpart

3. Distributional robust optimization safeguards against over-calibrated decisions

Bertimas and Van Parys. “Bootstrap Robust Prescriptive Analytics”, 2017.
https://arxiv.org/abs/1711.09974

& github

https://github.com/vanparys/bootstrap-robust-analytics-julia
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