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Hence u(s, x) = P {W(t) > t? for some t > s|W(s) = x} satisfies
the heat equation:
0 1 9?

—u(s,x) =

g5l X) = =55 5u(s:x),

and u(s,x) =1, x > s2, u(s,x) = 0, x - —o0.



Distribution location of maximum (Chernoff (1964))

o Let M, = maxyc[s—pnW(t). Then:

max {W(t) -t} = My — s*> + O(h)
te[s—h,s]



Distribution location of maximum (Chernoff (1964))

o Let M, = maxyc[s—pnW(t). Then:

max {W(t) — t°} = M;, — s> + O(h)
te[s—h,s]

Using the spatial homogeneity of Brownian motion we get,

taking W(t) = W(t) — My + s,

P{max{W(t) — 2} > My —s* | W(s), W(s — h), M,,}

t>s

= }P’{max{W(t) — t2} >0 | W(s) = W(s) — I\/Ih~l—s2}

t>s



Distribution location of maximum (Chernoff (1964))

o Let M, = maxyc[s—pnW(t). Then:

max {W(t) — t°} = M;, — s> + O(h)
te[s—h,s]

Using the spatial homogeneity of Brownian motion we get,
taking W(t) = W(t) — My + s,

P{max{W(t) — 2} > My —s* | W(s), W(s — h), M,,}

t>s

= }P’{max{W(t) — t2} >0 | W(s) = W(s) — I\/Ih~l—s2}

t>s

= u (s, W(s) — My + s?)



Distribution location of maximum (Chernoff (1964))

o Let M, = maxyc[s—pnW(t). Then:

max {W(t) — t°} = M;, — s> + O(h)
te[s—h,s]

Using the spatial homogeneity of Brownian motion we get,
taking W(t) = W(t) — My + s,

P{max{W(t) — 2} > My —s* | W(s), W(s — h), M,,}

t>s

- P{Tzasx{W(t) - t2} >0 | W(s) = W(s) - Mh+52}

= u (s, W(s) — My + s?)
= u(s,s%) (= 1) + {W(s) — My} dau(s, s?) + O,(h).



Distribution location of maximum (Chernoff (1964))
e Similarly:
P {trgth{W(t) — 2} > My — (s — h)* | W(s— h), Mh}

= u(—s,5%) (= 1) — {My — W(s — h)} dau(—s,s%) + Op(h).



Distribution location of maximum (Chernoff (1964))
e Similarly:
P {tgth{W(t) — 2} > My — (s — h)* | W(s— h), Mh}
= u(—s,5%) (= 1) — {My — W(s — h)} dau(—s,s%) + Op(h).
e Conclusion:
P{Z € [s — h,s]}

=P W(t) -t W(t) -t
{ter[gg;;’s]{ (t) = £ > max {W(t) - £°},

max {W(t) — t* > max {w(t) - tz}}

te[s—h,s] t<s—h



Distribution location of maximum (Chernoff (1964))
e Similarly:
P {trgth{W(t) — 2} > My — (s — h)* | W(s— h), Mh}
= u(—s,5%) (= 1) — {My — W(s — h)} dau(—s,s%) + Op(h).
e Conclusion:
P{Z € [s — h,s]}

=P W(t) -t W(t) -t
{ ma (we) - &> mex (o) - ).

max {W(t) — t* > max {w(t) - tz}}

te[s—h,s] t<s—h

~EA{M, — W(s)} {M}, — W(s — h)} dau(s, s*)dau(—s, s%)



Distribution location of maximum (Chernoff (1964))
e Similarly:
P {trgth{W(t) — 2} > My — (s — h)* | W(s— h), Mh}
= u(—s,5%) (= 1) — {My — W(s — h)} dau(—s,s%) + Op(h).
e Conclusion:
P{Z € [s — h,s]}

=P W(t) — t2 W(t) — t?
{ ma (we) - &> mex (o) - ).

max {W(t) — t* > max {w(t) - tz}}

te[s—h,s] t<s—h

~EA{M, — W(s)} {M}, — W(s — h)} dau(s, s*)dau(—s, s%)

2
~ hE ( m[g>§] B(x)) dau(s, s*)Dau(—s, s%) (B = Brownian Bridge)
x€|0,



Distribution location of maximum (Chernoff (1964))
e Similarly:
P {tgth{W(t) — 2} > My — (s — h)* | W(s— h), Mh}
= u(—s,5%) (= 1) — {My — W(s — h)} dau(—s,s%) + Op(h).
e Conclusion:
P{Z € [s — h,s]}

=P W(t) -t W(t) -t
{ ma (we) - &> mex (o) - ).

max {W(t) — t* > max {w(t) - tz}}

te[s—h,s] t<s—h
~EA{M, — W(s)} {M}, — W(s — h)} dau(s, s*)dau(—s, s%)
2
~ hE ( m[?));] B(x)) dau(s, s*)Dau(—s, s%) (B = Brownian Bridge)
x€|0,
= Lhdu(s, s%)dou(—s,5%), h | 0.



Chernoff's theorem

Theorem (Chernoff (1964))
Let u(s,x) =P{W(t) > t* for some t > s|W(s) = x}.
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Theorem (Chernoff (1964))

Let u(s,x) =P{W(t) > t* for some t > s|W(s) = x}.

Then the density fz of Z = argmax{W(x) — x?} is given by:
fz(s) = 302u(—s, s%)hu(s, s%).

where u(s, x) solves the heat equation:

subject to:

u(s,x) =1, x>s° u(s,x) -0, x— —o0.



Computation of density

Original computations of this density were based on numerically

solving Chernoff's heat equation.
But (Groeneboom (1984)):

dhu(— 552)~c1exp{ 2s —cs} s — 00,

where ¢ ~ 2.9458 and ¢; ~ 2.2638. This entails that a numerical
solution of this partial differential equation on a grid will not give a
really accurate solution!
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Cameron-Martin-Girsanov

(1) under P) {X; = W, : t > s} is standard Brownian motion
with X = x,

(2) under Q) {X; = W, — t>: t > s}, with X; = x.
Cameron-Martin-Girsanov: Q(5*) << P(sX) on {Ft:t>s},

where Fy = o{X, : u € [s, t]} and Z’,,S’i;

= Z;, and where
Ft

t
Zy = exp{2/ Xudu—2(tXe — sXs) — %(t3 - 53)} , t>s.
S
Hence, if x < 0, s < t, and 79 is the first time X; hits zero:

QLX) {7y € dt}
= exp {2sx - %(t3 — 53)}

t
L EPEY {exp {2/ Xu du} | 70 = t} PEX) {1 € dt}.
S
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Airy functions

Let, for A > 0, uy be the unique non-negative solution of the
boundary problem

0" (x) = (A= 2x)u(x) =0, x <0, IX%U( x)=1u(x) <1, x<0.

The unique solution is given by
Ai(271/3) — 41/3x)
Ai(271/3))

ux(x) = , x <0. (1)

Al is a particular solution of the equation f”(x) — xf(x) = 0.
Consider the process

Y, =e f ()\ 2XV) (Xt)

where X; is standard Brownian motion, starting at x < 0 at time s.
Y: is a local martingale (Ito’s formula). Hence, if t > s.

EPE e 12X ) v _ pPey iy (),



Airy functions

Conclusion:

/ e MNP [l X
te(s,00)

Ai(2713) — 41/3x)
Ai(2-13x)

0= t} PEX) {1y € dt}

= U)\(X) e X < 0,



Airy functions

Conclusion:

_ _ (s.x) t
/ o Nt=s) P {e t_2X, dv
te(s,00)

Ai(271/3) — 41/3x)
Ai(2-1/3)) ’

To = t} PEX) {74 € dt}

= U)\(X) e X < 0,

So we can compute:
Q(s,x) {7_0 c dt}
= exp {2sx — %(t3 - 53)}
B (o |y )y )

where Q) is the probability measure of {W; — t2: t > s},
starting at x at time s.
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Inverse Laplace transforms

Inversion of the Laplace transform along the imaginary axis:

QLX) {1y < 00} = / QLX) {ry € dt}
te(

5,00)

2
_ s /°° Ai(21Biv — 413x) /Oo itv—3(s2)?
_ e 3 dt dV.
o oo Ai(2-1/3iv) t=0

So we would be done if we can deal with the properties of the
integral in the last line, since Chernoff's function u(s, x) satisfies

u(s,x) = QB {1y < c0}.

Taking the special case s = 0, we get:

1 [ 1
= / =3 dt = Hi(iv),
t

m =0

where Hi denotes Scorer’s function Hi.
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Z o 323 Iph(—2)| < %7‘( -0

for § > 0 arbitrarily small, where ph(
This means that

/oo Ai(2_1/3iv — 41/3X> /OO eitv—%(s+t)3 dt dv
V=0 Ai(2-13iv) :

—2z) denotes the phase of —z.

0

has a non-integrable integrand if x = 0. Whereas in fact:
s(0—1/3; 1/3

lim /oo A1(2 / v—4 / X) / eitv—%($+t)3 dt dv

x10 Ai(2-13iv) t—0

—|IPQSX){T0<OO}:1
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Indirect approach

For this reason the limit
Q™) {15 = 0o} = lim Q1) {1y > t}
t—00
was computed by first determining the transition density

Q) {X? € dy}, t>s, x,y <0,

of the process X?, which is the process X, killed when reaching 0.
Details of this computation in appendix of Groeneboom (1989),
yielding:
QU {ro = o}
/oo i AL(IO)Bi(i¢ — 4Y3x) — Ai(ig — 4Y/3x)Bi(i¢)
= Cs.x e 7
[ VSRS Al(lf)

where € =273y and ¢, = 4713 exp{(2/3)s® + 2sx}.

dv,



Since we also know:

Q) {m = )

2 3 m 1/ -
. p25xt3s /oo A1(2 /35y — 41/3X) /OO eitv—%(s-i-f)a dt dv
2w Voo Ai(2—1/3iv) =0 ’

we must have the analytic relation

(2 0=1)

e e
27T V=—00 AI(IE) t=0

o AI(I€)BI(i€ — 4Y3x) — Ai(i€ — 4Y/3x)Bi(i€)
= GCs x e T
| /oo Ai(i€)

V.



Since we also know:
QU {m = oc}

2
2$x+§s3 ) i(o—1/3;, _ 21/3 o 9
e / A1(2 v —4 x)/ e’t"_§(s+t)3 dt dv.
v t=0

=l s AI(271BiV)

we must have the analytic relation
(@) {ro = o0} =)

2 3 2sx 00 s oo
e3® / Ai(i§ — 4'/x) / Sv=3 (5 gp gy
v t

o T A e
_ o Ai(i€)BI(i€ — 413x) — Ai(i€ — 4Y/3x)Bi(i€)
T /v—_oo ) Ai(i€) v

If we could prove this relation analytically, we wouldn't need to
introduce the process XZ, and we would not need the complicated
computations in the appendix of Groeneboom (1989).
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Let the function f : R x (—o00,0) — R be defined by

00 (e _ al/3 0o
Flon) = & / (i —47x) / o340 gy g
27 v=—00 Al(lf) t=0

where € = 213y, Then f satisfies the partial differential equation

0 _ 10%f(s,x)
Ef(.s,X) = —57 — 2Xf(S7X).

23
Moreover 0 < f(s,x) < e 2735 limesyoo f(s,x) =0, and

23
. _ o35 . 2sx — .
le?g f(s,x)=e , throo ef(s,x)=0, seR
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Lemma (PDE for second expression)
Let the function g : R x (—00,0] — R be defined by

g(s,x)
_ L AGOBI(i€ — 413x) — Ai(i€ — 413x) Bi(i€)
B /v__oo ‘ Ai(i€) av,

where ¢ = 2-Y3v. Then g satisfies the partial differential equation

0 0°g(s, x)
%g(sax) = *%T — 2xg(s, x).
Moreover,
2
l)('% g(S,X) = Oa Xlrpoo e2sxg(5,x) = e_§53, s> 0.
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(i)
2
Q(S,X){TO < OO} _ e2sx+§s3 f(S, X),
and

2
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Theorem

(i) Let f and g be as in the preceding lemmas. Then:

2
f(s,x) = e 2755 _ g(s,x), seR, x<O0.

(i)
QLX) {7y < 0} = &‘2SX+%53 f(s,x),
and
Q(s,x){TO = oo} = e25x+%s3g(s7x)‘
Proof.

2
f(s,x)+g(s,x) — e 2735 =, seR, x<0.
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Suppose h attains a strictly positive maximum over R, at an
interior point (so, x0) € R2. Then d1h(so,x0) = 0. Hence

0= 81h(50,X0) = —%6§h(SO,X0) - 2X0h(50,X0).
Since h satisfies the same partial differential equation as f and g:

1 0%h(s, x)

O1h(s, x) = B

—2xh(s,x) (=0, if (s,x) = (s0,%0))

This implies: 93h(so, x0) = —4x0h(s0, x0) > 0, since
xp < 0 and h(SO,Xo) > 0.
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Proof of h(s, x) = f(s,x) + g(s,x) — e *>73% =0.

One can show h(s,0) =0, s € R, and:

lim h(s,x)=0,¥se€R, and lim h(s,x) =0, Vx <0.
X—>—00 5—00
Consider an infinite rectangle R. = {(s,x) : s > ¢,x <0}, c € R.
Suppose h attains a strictly positive maximum over R, at an
interior point (so, x0) € R2. Then d1h(so,x0) = 0. Hence

0= 81h(50,X0) = —%6§h(50,x0) - 2X0h(50,X0).
Since h satisfies the same partial differential equation as f and g:

1 0%h(s, x)

O1h(s, x) = B

—2xh(s,x) (=0, if (s,x) = (s0,%0))

This implies: 93h(so, x0) = —4x0h(s0, x0) > 0, since
xo < 0 and h(sg, x0) > 0. Contradiction with h(sp, x0) is maximum.
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Rc can only be attained on the line s = c.
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Proof of h(s, x) = f(s,x) + g(s,x) — e *>73% =0.

So a strictly positive maximum or strictly negative minimum over
Rc can only be attained on the line s = c.

Suppose that a strictly positive maximum is attained at the point
(c,x0), where xg < 0. Then we must have: 91h(c,x) <0,
implying by the partial differential equation for h:

d3h(c,x0) > —4xoh(c, x0) > 0,

contradicting the assumption that h attains its maximum on the
line s = ¢ at the point (c, xp).



WIN

Proof of h(s, x) = f(s,x) + g(s,x) — e *>73% =0.

So a strictly positive maximum or strictly negative minimum over
Rc can only be attained on the line s = c.

Suppose that a strictly positive maximum is attained at the point
(c,x0), where xg < 0. Then we must have: 91h(c,x) <0,
implying by the partial differential equation for h:

d3h(c,x0) > —4xoh(c, x0) > 0,

contradicting the assumption that h attains its maximum on the
line s = ¢ at the point (c, xp).

Conclusion: h is identically zero on R.. Since the argument holds
for all ¢ € R, we get that the function h is identically zero on

R X (—o0,0].



Theorem (Groeneboom (1984),Daniels and Skyrme (1985))

The probability density f of the location of the maximum of the
process t — W(t) — t?, t € R, is given by

f(s) = 3g(s)g(~s).

where
—IUS

22/37T oo Ai(i271/30)
where Ai is the Airy function Ai.

du.
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Theorem (Groeneboom (1984),Daniels and Skyrme (1985))

The probability density f of the location of the maximum of the
process t — W(t) — t?, t € R, is given by

f(s) = 38(s)g(—s),

where
—IuS

8(s) 22/37T oo Ai(i271/30) du.

where Ai is the Airy function Ai.

Distribution of the maximum itself:

Janson, Louchard, and Martin-L&f (2010), Groeneboom (2010)
Groeneboom and Temme (2011) and Groeneboom, Lalley, and
Temme (2013) (joint density of max and argmax).



Henry Daniels




Density of Z = argmax{W(t) — t?, t € R}

Figure: The density fz of the location of the maximum Z of
W(t) —t2, t e R.



Density of Z = argmax{W(t) — t?, t € R}
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Figure: The density fz of the location of the maximum Z of
W(t) —t2, t e R.

Also:
var(Z) = 1E mtax{W(t) —t?},

as proved in Groeneboom (2011) and Janson (2013), and (not
using the relation with Airy functions) in Pimentel (2014).



The density can be computed by two lines in Mathematica:

= FIX_1:= (17 (2%xPi)) * 2" (1/3) *
Re[NIntegrate[Exp[-] *uxXx] /A ryA [I *2~ (-1/3) xu], {u, -10, 10}1]

n2l= gIX_1 = (1/72) »f [x] »f [-X]
nap= Plot [g[X], {X, -2, 2}]
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0af
Out[3]= E
03f
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