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1. Introduction: Motivation of the problem



Prescribing the Gaussian curvature on singular surfaces

(X, g) be a cpt Riemann surface; g = e'g conformal in X\ {p1,...,pm}
K, associated Gaussian curvature Igg associated Gaussian curvature in X \ {p1,...,pm}
(X, g) admits conical singularities at the points py, . . ., p of
orders a, . . . , oy rESpectively
m
— Dgv 42K, = 2Kz — 4T Y 0l (%)
j=1

v
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Prescribing the Gaussian curvature on singular surfaces

(X, g) be a cpt Riemann surface; g = e'g conformal in X\ {p1,...,pm}
K, associated Gaussian curvature Igg associated Gaussian curvature in X \ {p1,...,pm}
(X, g) admits conical singularities at the points py, . . ., p of
orders a, . . . , oy rESpectively
m
— Dgv 42K, = 2Kz — 4T Y 0l (%)
j=1

v

Problem [Troyanov]

Given K definedon X, py,...,pm € X, a1,..., 0 > —1

3g=€ginZ\ {p1,...,pu}
s.t. (2, g) admits conical singularities at p;’s of orders ¢;’s and that Kz = K ?

namely Jv solution of (¥%) ?
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Prescribing the Gaussian curvature on singular surfaces
Let us set

AG(xy)zd—L

= : : =
u(x) = v(x) +47TZOcJG(x,pj) where { [ Glx, )V, = 0

=1 =

=:hp (x)
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Prescribing the Gaussian curvature on singular surfaces

Let us set

AG(xy):5—ﬁ

u(x) =v(x) +4nr Z o;G(x, pj) where { .G

= 5 G(x,y)dV, =0

=:hy (x)

Then the equation can be rewritten as follows
_ L A &
—Agu+ 2K, = 2Ke" — 5] Zaj,
=1

where

K(x) = e ™9K(x), K(x)~d(x,p;)*¥K(x) near each p.
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Prescribing the Gaussian curvature on singular surfaces

Let us set

AG(xy)zd—L

u(x) = v(x) + 47rZajG(x,pj) where { [ Glx,y)dV, = 0 =]

j=1 p)

=:hy (x)

Then the equation can be rewritten as follows
_ L A &
—Agu+ 2K, = 2Ke" — 5] Zaj,
=1

where

K(x) = e ™9K(x), K(x)~d(x,p;)*¥K(x) near each p.

Integrating (**) and applying the Gauss-Bonnet Theorem

A_Z/Kedv_z/KdV+47rZa,_47r +Za,

j=1
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Prescribing the Gaussian curvature on singular surfaces

Assuming that K, is constant by the Uniformization Theorem, we can rewrite the equation as

RN "N
[y Kerav, %]

This problem is usually called the mean field equation of Liouville type.
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Prescribing the Gaussian curvature on singular surfaces

Assuming that K, is constant by the Uniformization Theorem, we can rewrite the equation as

au=a| K _ 1)
[y Kerav, %]

This problem is usually called the mean field equation of Liouville type.

The mean field problem not only appears in geometrical contexts, but also in Physics.

Physical motivations

Periodic vortices in Electroweak theory of Glashow-Salam-Weinberg
[Lai, 1981], [Yang, 2001], [Bartolucci-Tarantello, 2002]

Periodic vortices in Chern-Simons-Higgs theory
[Dunne, 1994], [Tarantello, 2007]

Stationary turbulence for Euler flow with vortices
[Caglioti-Lions-Marchioro-Pulvirenti, 1992], [Tur-Yanovsky, 2004]
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Variational formulation

Euler-Lagrange functional

I(u) = %/z |Voul*dv, + E)\l/xudVg —)\log/zf(e"dVg

definedin X ={ucH' (D) : / Ke'dV, > 0}.
b
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b

Rafael Lopez Soriano Liouville problems with sign changing potentials



Variational formulation

Euler-Lagrange functional

I(u) = %/E |Veu|*dV, + |—;|/EudVg —/\log/zf(e"dVg

definedin X ={ucH' (D) : / Ke'dV, > 0}.
b

Moser-Trudinger type inequality [Troyanov, 1991]
There exists a constant C > 0 such that
1

log [ Ke'aV, < , Vul’av, + C, MT
g/z ¢ 0Ve = 167Tmlnj:1,”_,m{1,1+05j}/;| ufdv (MT)

forevery u € H'(Z) with [ udV, = 0.
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Variational formulation

Euler-Lagrange functional

I(u) = / |Voul*dv, + 5] / udv, —/\log/ Ke'dV,

definedin X ={ucH' (D) : / Ke'dV, > 0}.
b))

Moser-Trudinger type inequality [Troyanov, 1991]

There exists a constant C > 0 such that

1 2
I Ke'dv, < dv, C MT
og/ ¢ Ve = 167 minj=1,... {1,1+ o} /2 Nelfe; 4 €, (MT)

forevery u € H'(Z) with [ udV, = 0.

e if A < 87 minj— ... .{1, 1+ o;}: I is coercive and w.l.s.c. = 3 a minimizer.

.....

e if A\ = 87 minj—;

.....

m + «;f: Iy 1s bounde elow but 1s no longer coercive;
{1,1+4 a;}: I is bounded below but is no long i

@ if A > 87 minj=i,...»{1,1+ a;}: the functional I is not even bounded from below.
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Variational formulation

Euler-Lagrange functional

I(u) = %/z |Voul*dv, + E)\l/xudVg —)\log/zf(e"dVg

definedin X ={ucH' (D) : / Ke'dV, > 0}.
b
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Variational formulation

Euler-Lagrange functional
1 A -
I(u) = f/ |Voul*dv, + —/ udV, — /\log/ Ke"dV,
2 )s 1= Js =

definedin X ={ucH' (D) : / Ke'dV, > 0}.
b))

Most of the time we consider a; > 0.
The case a; < 0 has been treated (for K > 0) in [Carlotto-Malchiodi, 2012], [Carlotto, 2014].

Moser-Trudinger type inequality

There exists a constant C > 0 such that

log / SV, < o / VulldVe + € Vue H'(S) with [oudVe=0. (MT)
b} )]
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Variational formulation

Euler-Lagrange functional

I(u) = / |Voul*dv, + 5] / udv, —/\log/ Ke'dV,

definedin X ={ucH' (D) : / Ke'dV, > 0}.
b))

Most of the time we consider a; > 0.
The case a; < 0 has been treated (for K > 0) in [Carlotto-Malchiodi, 2012], [Carlotto, 2014].

Moser-Trudinger type inequality

There exists a constant C > 0 such that

log / SV, < o / VulldVe + € Vue H'(S) with [oudVe=0. (MT)
b} )]

e if A < 8m: I is coercive and w.l.s.c. = 3 a minimizer.
e if A\ = 8m: I is bounded below but is no longer coercive;

o if A > 8m: the functional /) is not even bounded from below.
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Compactness (K > 0)

Blow—up alternative [Bartolucci-Tarantello, 2002] ([Brezis-Merle, 1991], [Li-Shafrir, 1994])

LetK € C%! (%) and K > 0, and let u, a sequence of solutions of (1) such that
fz Ke"dV, < C, then as A\, — A the following alternative holds (up to a subsequence)

a) uy is bounded from above in X;
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Compactness (K > 0)

Blow—up alternative [Bartolucci-Tarantello, 2002] ([Brezis-Merle, 1991], [Li-Shafrir, 1994])

LetK € C%! (%) and K > 0, and let u, a sequence of solutions of (1) such that
fz Ke"dV, < C, then as A\, — A the following alternative holds (up to a subsequence)

a) uy is bounded from above in X;

b) maxs (un — log [, Ke""dV,) — +o00, and there exist a finite (blow up) set
S = {x1,...,x} C X such that u,(x;,,) — +oo with x;,, — x; € S and u, - —oc0
uniformly on compact sets of X \ S.
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Compactness (K > 0)

Blow—up alternative [Bartolucci-Tarantello, 2002] ([Brezis-Merle, 1991], [Li-Shafrir, 1994])

LetK € C%! (%) and K > 0, and let u, a sequence of solutions of (1) such that
fz Ke"dV, < C, then as A\, — A the following alternative holds (up to a subsequence)

a) uy is bounded from above in X;

b) maxs (un — log [, Ke""dV,) — +o00, and there exist a finite (blow up) set
S = {x1,...,x} C X such that u,(x;,,) — +oo with x;,, — x; € S and u, - —oc0
uniformly on compact sets of X\ S. In addition,

Ke'n .
f K:un av, Z Bidy; weakly in the sense of measure,

where f5; = 87 if x; # p; and §; = 8w (1 + o) if xj = p;
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Compactness (K > 0)

Blow—up alternative [Bartolucci-Tarantello, 2002] ([Brezis-Merle, 1991], [Li-Shafrir, 1994])

LetK € C%! (%) and K > 0, and let u, a sequence of solutions of (1) such that
fz Ke"dV, < C, then as A\, — A the following alternative holds (up to a subsequence)

a) uy is bounded from above in X;

b) maxs (un — log [, Ke""dV,) — +o00, and there exist a finite (blow up) set
S = {x1,...,x} C X such that u,(x;,,) — +oo with x;,, — x; € S and u, - —oc0
uniformly on compact sets of X\ S. In addition,

Ke'n .
f K:un av, Z Bidy; weakly in the sense of measure,

where f5; = 87 if x; # p; and §; = 8w (1 + o) if xj = p;

In particular,

A=Y B € {8mr+ 3, 8m(1 + ag)y | r € NU {0}, € {0, 11} \ {O}.
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Compactness (K > 0)

Blow—up alternative [Bartolucci-Tarantello, 2002] ([Brezis-Merle, 1991], [Li-Shafrir, 1994])
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Compactness (K > 0)

Theorem [Bartolucci-Tarantello, 2002], ([Brezis-Merle, 1991], [Li-Shafrir, 1994])

If K € C°(X) and K > 0, the set of solutions of the problem is compact if

¢ A, = 87rr+i87r(1 + oj)n;|r e NU{0},n; € {0,1} 5 \ {O}.

=1
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Compactness (K > 0)

Theorem [Bartolucci-Tarantello, 2002], ([Brezis-Merle, 1991], [Li-Shafrir, 1994])

If K € C°(X) and K > 0, the set of solutions of the problem is compact if

¢ A, = 87rr+i87r(1+aj)nj|r€NU{0},nj€ {0,1} » \ {O}.

=1

These values are related with the integral of the entire solutions
—Au = |x[**¢" inR>  such that [x[**e"“ dx < C,
R2
which satisfies that
/ 2" dx = 87(1 + ),
R2

[Prajapat-Tarantello, 2001], [Chen-Li, 1991].
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Some previous results

Theorem [Bartolucci-De Marchis-Malchiodi, 2011]

If x(X) < 0, then for any positive K € C°(), the mean field problem admits a solution for any
A€ (8m,+00) \ Am.

v

Theorem [Malchiodi-Ruiz, 2011]

Y =5%05={peX: A<8r(l+a)}andK > 0. Let A € (87, 167) \Am, q; € (0, 1]
and |©,| # 1, the mean field problem admits a solution.
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Some previous results

Theorem [Bartolucci-De Marchis-Malchiodi, 2011]

If x(X) < 0, then for any positive K € C°(X), the mean field problem admits a solution for any
A€ (8m,+00) \ Am.

v

Theorem [Malchiodi-Ruiz, 2011]

Y =8,0,={peT: A<8r(l+q;)}and K > 0. Let A € (87, 167) \ A, o; € (0, 1]
and |©,| # 1, the mean field problem admits a solution.

Non existence result [Bartolucci-Lin-Tarantello, 2011]

Y =S,K=1,m=1,a >0,\¢€ (87,87(l + ai)) then (*) does not admit a solution.
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Some previous results

Theorem [Bartolucci-De Marchis-Malchiodi, 2011]

If x(X) < 0, then for any positive K € C°(X), the mean field problem admits a solution for any
A€ (8m,+00) \ Am.

v

Theorem [Malchiodi-Ruiz, 2011]

Y =8,0,={peT: A<8r(l+q;)}and K > 0. Let A € (87, 167) \ A, o; € (0, 1]
and |©,| # 1, the mean field problem admits a solution.

Non existence result [Bartolucci-Lin-Tarantello, 2011], [Troyanov, 1991]

Y =S,K=1,m=1,a >0,\¢€ (87,87(l + ai)) then (*) does not admit a solution.
In particular the rear drop conical singularity on S* does not admit constant curvature.

Rafael Lopez Soriano Liouville problems with sign changing potentials BIRS, Banff




Some previous results

Theorem [Bartolucci-De Marchis-Malchiodi, 2011]

If x(X) < 0, then for any positive K € C°(X), the mean field problem admits a solution for any
A€ (8m,+00) \ Am.

v

Theorem [Malchiodi-Ruiz, 2011]

Y =8,0,={peT: A<8r(l+q;)}and K > 0. Let A € (87, 167) \ A, o; € (0, 1]
and |©,| # 1, the mean field problem admits a solution.

Non existence result [Bartolucci-Lin-Tarantello, 2011], [Troyanov, 1991]

Y =S,K=1,m=1,a >0,\¢€ (87,87(l + ai)) then (*) does not admit a solution.
In particular the rear drop conical singularity on S* does not admit constant curvature.

Other results with K > 0

Leray-Schauder degree: [Chen-Lin, 2003, 2015] Blowing—up solutions:
[Esposito-Grossi-Pistoia, 2005], [Chen-Lin, 2015] Generic Multiplicity: [De Marchis, 2010],
[Bartolucci-De Marchis-Malchiodi, 2011]
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2. Our contribution:

The singular mean field problem
with sign changing potentials.



Our contribution: Sign changing potentials

We study the existence of solutions for the mean field type problem

Ke" 1
« ( [ Kevav, |2|>
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Our contribution: Sign changing potentials

We study the existence of solutions for the mean field type problem

N "N
J5 Ket dV, |3

@ Most of the available works deal with the case K > 0. However, we allow K to change
sign.

o From a geometric point of view, there is no reason for K to be strictly positive.
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Our contribution: Sign changing potentials

We study the existence of solutions for the mean field type problem
Ke" 1

_A :A P p— .
« (fEKe“dVg |2|>

@ Most of the available works deal with the case K > 0. However, we allow K to change
sign.

o From a geometric point of view, there is no reason for K to be strictly positive.

As far as we know, this case has not much been considered in the literature. For that reason we
analyze some of the most fundamental questions in the analysis of PDEs:

Existence and compactness of solutions.
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Our hypotheses
Let X be a compact surface without boundary, consider the problem
YN B RS U )
[ Kerdv, |Z|

where A > 0, K = Ke™" and K and the singular points p;’s verify
(H1) K is a sign changing C> function with VK (x) # 0 for any x € X with K(x) = 0.
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Our hypotheses

Let X be a compact surface without boundary, consider the problem

—DNgu = A {{78 L in
Jx Ke av, [X]

where A > 0, K = Ke™" and K and the singular points p;’s verify

2, ey

(H1) K is a sign changing C> function with VK (x) # 0 for any x € X with K(x) = 0.

Let us define
YT={xeT:Kx >0}, ¥ ={xeX:K() <0},

By (H1), I is a union of regular curves.

I'={xeX:K(x) =0}
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Our hypotheses

Let 3 be a compact surface without boundary, consider the problem

—DNgu = A {{78 L in
Jx Ke av, [X]

where A > 0, K = Ke™" and K and the singular points p;’s verify

2, )

(H1) K is a sign changing C> function with VK (x) # 0 for any x € X with K(x) = 0.

Let us define
YT={xeT:Kx >0}, ¥ ={xeX:K() <0},
By (H1), I is a union of regular curves.
H2) {p1,...,pe} C X" and {pes1,...,pu} C 2.

Therefore p; ¢ I" forallj € {1,...,m}.

I'={xeX:K(x) =0}
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A strategy to find critical points of ), of saddle type

Let A > 87, we seek topological variations of the energy sublevels. [Djadli-Malchiodi, 2008]

Roughly speaking, functions at low energy level tend to concentrate around a finite number of
points of 3.
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A strategy to find critical points of ), of saddle type

Let A > 87, we seek topological variations of the energy sublevels. [Djadli-Malchiodi, 2008]

Roughly speaking, functions at low energy level tend to concentrate around a finite number of
points of 3.
i
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A strategy to find critical points of ), of saddle type

Let A > 87, we seek topological variations of the energy sublevels. [Djadli-Malchiodi, 2008]

Roughly speaking, functions at low energy level tend to concentrate around a finite number of
points of 3.

@ Find Z compact and non contractible and construct ¢ and W s.t. for some large L enough
S.t.

Z 5 h<-1} -5 Z st. Wod~1dz

then ®(Z) is not contractible in {/x < —L}. As a consequence, the functional has a
min-max geometry.
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A strategy to find critical points of ), of saddle type

Let A > 87, we seek topological variations of the energy sublevels. [Djadli-Malchiodi, 2008]

Roughly speaking, functions at low energy level tend to concentrate around a finite number of
points of 3.

@ Find Z compact and non contractible and construct ¢ and W s.t. for some large L enough
S.t.
E2h<-1} 5z st. Wod~1dz

then ®(Z) is not contractible in {/x < —L}. As a consequence, the functional has a
min-max geometry.

@ The Palais-Smale property is not known for this type of problems. This difficulty can be
bypassed by the monotonicity trick of Struwe joint with a compactness of solutions
property.
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A strategy to find critical points of ), of saddle type

Let A > 87, we seek topological variations of the energy sublevels. [Djadli-Malchiodi, 2008]

Roughly speaking, functions at low energy level tend to concentrate around a finite number of
points of 3.

@ Find Z compact and non contractible and construct ¢ and W s.t. for some large L enough
S.t.

E2h<-1} 5z st. Wod~1dz

then ®(Z) is not contractible in {/x < —L}. As a consequence, the functional has a
min-max geometry.

@ The Palais-Smale property is not known for this type of problems. This difficulty can be
bypassed by the monotonicity trick of Struwe joint with a compactness of solutions
property.

This approach has been used in: [Djadli, 2008], [Carlotto-Malchiodi, 2012], [Malchiodi-Ruiz,
2012], [Battaglia-Jevnikar-Malchiodi-Ruiz, 2015], [LS-Ruiz, 2016], [Jevnikar-Yang, 2017]...
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Compactness

e For sign changing potentials the first compactness result is given in [Chen-Li, 1997].
However, that paper is concerned with the scalar curvature prescription problem. The
solutions are positive, so we cannot apply the result.
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Compactness

@ For sign changing potentials the first compactness result is given in [Chen-Li, 1997].
However, that paper is concerned with the scalar curvature prescription problem. The
solutions are positive, so we cannot apply the result.

@ One of the difficulties in our study is that we do not know a priori whether the term
/ |K|e" dV, )
by

is uniformly bounded or not. By standard regularity results, this would give a priori W'
estimates (p € (1,2)) on u. Instead, integrating the mean field problem, we know that
fz Ke" is bounded. Observe that if K > 0, then (2) holds directly.
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Compactness

@ For sign changing potentials the first compactness result is given in [Chen-Li, 1997].
However, that paper is concerned with the scalar curvature prescription problem. The
solutions are positive, so we cannot apply the result.

@ One of the difficulties in our study is that we do not know a priori whether the term
/ |Kle" aV, )
by

is uniformly bounded or not. By standard regularity results, this would give a priori W'
estimates (p € (1,2)) on u. Instead, integrating the mean field problem, we know that
fz Ke" is bounded. Observe that if K > 0, then (2) holds directly.

o Our strategy is obtain uniform integral estimates, which allow one to derive a priori
estimates in the region { K(x) < 0}. Then we obtain a priori estimates in a neighborhood
of the region { K(x) = 0}. Finally, we can apply the classical compactness-quantization
results in the region { K(x) > 0}

Rafael L6pez Soriano Liouville problems with sign changing potentials BIRS, Banff



Compactness

@ Recall that, given a positive function K, the set of solutions is compact if A does not belong
to the critical set A,,. For the sign changing case, consider the set

14
Ap = 8mr+ Y 8m(1+apn: r € NU{0},m € {0,1} p \ {0}. 3)

=1
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Compactness

@ Recall that, given a positive function K, the set of solutions is compact if A does not belong
to the critical set A,,. For the sign changing case, consider the set

14
Ap = 8mr+ Y 8m(1+apn: r € NU{0},m € {0,1} p \ {0}. 3)

=1

Theorem, [De Marchis-LS-Ruiz, 2016]

Assume that a, ..., a;, > —1 and let K s.t. (H1) and (H2) are satisfied, then the set of
solutions of the problem (1) is compact if A & A,.

Remark

The assumption (H1) is necessary. Otherwise, there are some examples of blowing-up
solutions. [Borer-Galimberti-Struwe, 2015], [Del Pino-Roman, 2015], [Struwe, 2017]
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A sketch of the proof of the compactness theorem

Let u, be a solution of (1) with A = \,:
0. By the Kato’s inequality, we obtain that

|17 —][ u, |l < C foranyp € [1,+00) and u, —][ u, > —C.
b b
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A sketch of the proof of the compactness theorem

Let u, be a solution of (1) with A = \,:
0. By the Kato’s inequality, we obtain that

|[ue, —][ u, |l < C foranyp € [1,+00) and u, —][ u, > —C.
> 53

1. Using the previous estimates, we get an integral estimate for subdomains ¥; C X% or
X1 CXT,

/ |Kale" < C, )
P

Rafael Lopez Soriano Liouville problems with sign changing potentials BIRS, Banff



A sketch of the proof of the compactness theorem

Let u, be a solution of (1) with A = \,:
0. By the Kato’s inequality, we obtain that

|[ue, —][ u, |l < C foranyp € [1,+00) and u, —][ u, > —C.
> 53

1. Using the previous estimates, we get an integral estimate for subdomains ¥; C X% or
X1 CXT,

/ |Kale" < C, )
P

2. By subharmonic estimates joint with (4), for every § > 0,

up(x) < C  foranyx € {K(x) < —d}. )
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A sketch of the proof of the compactness theorem

Let u, be a solution of (1) with A = \,:
0. By the Kato’s inequality, we obtain that

|[ue, —][ u, |l < C foranyp € [1,+00) and u, —][ u, > —C.
> 53

1. Using the previous estimates, we get an integral estimate for subdomains ¥; C X% or

Y,CXT,
/ |K.|e" < C,
P

2. By subharmonic estimates joint with (4), for every § > 0,

up(x) < C  foranyx € {K(x) < —d}.

3. As a consequence of the estimates obtained by the Kato’s inequality,

un(x0) — un(x1) < C  where K(xo) < Oandx; € X.

“)

&)

(©)
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A sketch of the proof of the compactness theorem

4. By alocal moving planes and (6),

Un (%) + C1 > a(x0), forxo € {K <e}andx € A, C 5", @)

where € > 0 and A, is a cone with vertex at xo.
Key idea: Via a conformal transformation we can pass to a domain Q. C R2.
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A sketch of the proof of the compactness theorem

4. By alocal moving planes and (6),

un(x) + C1 > un(x0), forxg € {K <e}andx € A,, C s, 7)

where € > 0 and A, is a cone with vertex at xo.
Key idea: Via a conformal transformation we can pass to a domain Q. C R2.

x; = —2e

T

X2

Q. is the whole region
Q. Nn{W < 0}

X1
M m Q. N{wW > 0}

X1 =€

0

Moving plane method
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A sketch of the proof of the compactness theorem

4. By alocal moving planes and (6),

un(x) + C1 > un(x0), forxg € {K <e}andx € A,, C s, (8)

where € > 0 and A, is a cone with vertex at xo.
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A sketch of the proof of the compactness theorem

4. By alocal moving planes and (6),

Un (%) + C1 > a(x0), forxo € {K <e}andx € A, C 5", 8)

where € > 0 and A, is a cone with vertex at xo.

5. Combining the integral estimate with (8),

un(x) < C forany x € {—e < K < e}
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A sketch of the proof of the compactness theorem

4. By alocal moving planes and (6),

Un (%) + C1 > a(x0), forxo € {K <e}andx € A, C 5", 8)

where € > 0 and A, is a cone with vertex at xo.
5. Combining the integral estimate with (8),

un(x) < C forany x € {—e < K < e}

6. We can apply quantization results of [Bartolucci-Tarantello, 2002], [Li-Shafrir, 1994] in
the region {K > €} to conclude the proof of the Theorem.
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A sketch of the proof of the compactness theorem

4. By alocal moving planes and (6),

Un (%) + C1 > a(x0), forxo € {K <e}andx € A, C 5", 8)

where € > 0 and A, is a cone with vertex at xo.
5. Combining the integral estimate with (8),

un(x) < C forany x € {—e < K < e}

6. We can apply quantization results of [Bartolucci-Tarantello, 2002], [Li-Shafrir, 1994] in
the region {K > €} to conclude the proof of the Theorem.

Open Question

Extend the compactness theorem to surfaces with boundary (Dirichlet or Neumann condition)
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Two existence results

Theorem | [De Marchis-LS, 2016] [De Marchis-LS-Ruiz, 2016]
Let ai,...,c0 > 0,and A € (8km,8(k+ 1)m) \ Ag. Assume (H1), (H2) and

(H3) NT := #{connected components of 1} > k or £ has a connected component which is
not simply connected,

then (1) admits a solution.
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Two existence results

Theorem | [De Marchis-LS, 2016] [De Marchis-LS-Ruiz, 2016]
Let ai,...,c0 > 0,and A € (8km,8(k+ 1)m) \ Ag. Assume (H1), (H2) and

(H3) NT := #{connected components of 1} > k or £ has a connected component which is
not simply connected,

then (1) admits a solution.

For the special case k = 1, we obtain

Theorem 2 [De Marchis-LS, 2016] [De Marchis-LS-Ruiz, 2016]
Letai,...,a¢ > 0and X € (8, 167) \ A¢. Assume (H1), (H2) and
(H4) Oy ={p;eXT: A< 8n(l+a;)} #0,

then (1) admits a solution.
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Two existence results

Theorem 1 [De Marchis-LS, 2016] [De Marchis-LS-Ruiz, 2016]
Let ai,...,c0 > 0,and A € (8km,8(k+ 1)m) \ Ag. Assume (H1), (H2) and

(H3) NT := #{connected components of 1} > k or £ has a connected component which is
not simply connected,

then (1) admits a solution.

For the special case k = 1, we obtain

Theorem 2 [De Marchis-LS, 2016] [De Marchis-LS-Ruiz, 2016]
Letai,...,a¢ > 0and X € (8, 167) \ A¢. Assume (H1), (H2) and
(H4) Oy ={p;eXT: A< 8n(l+a;)} #0,

then (1) admits a solution.

T T
87 8m(1+ ) A 8r(l+«y) 167

In this situation p; ¢ © and p; € O,.
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Description of the low sublevels, A € (8km, 8(k + 1))
The problem (1) is the Euler-Lagrange equation of the energy functional

\ 3
I(u) = %/E|Vu|2dVg+ E/EudVg —/\log/EKe"dVg,

defined in
X={uecH (D) : / Ke'dV, > 0}.
z
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Description of the low sublevels, A € (8km, 8(k + 1))
The problem (1) is the Euler-Lagrange equation of the energy functional

In(u) = l/ |Vul*dV, + i/ udv, —/\log/ Ke'dvy,
2)s %] Js 5
defined in
X={ucH (D) : / Ke'dV, > 0}.
s

By Moser-Trudinger type inequalities, we show:

Proposition
Assume (H1), (H2) and X € (8w, 8(k + 1)m). Let u, € X, if I (u,) — —oo, then
r+ i .
Fie — o € Bary(X),
J5 Ktemdv,

namely o = Zle ti0p; s.t. t; € [0, 1], Zle ti=1,pi €St
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Description of the low sublevels, A € (8km, 8(k + 1))
The problem (1) is the Euler-Lagrange equation of the energy functional

I(u) = %/;|Vu|deg+%/zudVg—/\log/zi(e"dVg,

defined in
X={uecH (D) : / Ke'dV, > 0}.
z

By Moser-Trudinger type inequalities, we show:
Proposition
Assume (H1), (H2) and X € (8w, 8(k + 1)m). Let u, € X, if I (u,) — —oo, then

Ktet

—— g €Ban(Tt+
[ Ktewav, HE),

namely o = Zf:] ti0p; s.t. t; € [0, 1], Zle ti=1,pi €St

We can retract £+ to a compactset Z C &1\ {p1,--- ,pu}.
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Description of the low sublevels, \ € (8km, 8(k + 1)x),
ke N

Applying Proposition 1 and using the retraction from ¥+ onto Z, we prove that.
Proposition

Assume (H1), (H2). Then for L > 0 sufficiently large there exists a continuous projection

U 1" — Ban(2).
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Description of the low sublevels, \ € (8km, 8(k + 1)x),
ke N

Applying Proposition 1 and using the retraction from ¥+ onto Z, we prove that.
Proposition

Assume (H1), (H2). Then for L > 0 sufficiently large there exists a continuous projection

U 1" — Ban(2).

Remark

If (H3) holds, then Bary(Z) is not contractible.
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Description of the low sublevels, \ € (8km, 8(k + 1)x),
ke N

Applying Proposition 1 and using the retraction from ¥+ onto Z, we prove that.
Proposition

Assume (H1), (H2). Then for L > 0 sufficiently large there exists a continuous projection

U 1" — Ban(2).

Remark

If (H3) holds, then Bary(Z) is not contractible.

For pp > 0and o0 = ZL] ti0x; € Bari(Z), we define

2
@, : Bar(Z) = I, ©u(0) = puo(x logZ’t(H xx))>’

Lemma

Given L > 0 there exists (L) > 0 such that for u > p(L), Ix(¢u,0) < —L; J
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A non existence result in S?

o Following the ideas of [Chen-Li, 1995] for the Nirenberg problem, we are able to show
some cases of non existence if k > N and O = 0.
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A non existence result in S?

o Following the ideas of [Chen-Li, 1995] for the Nirenberg problem, we are able to show
some cases of non existence if k > N and O = 0.

Non Existence Theorem [De Marchis-LS, 2016]

Letp € S*and a > O withm = 1, p; = p, a1 = a, then there exists a family of functions K
such that (H1) and (H2) hold but equation (1) does not admit a solution for A € (87, +00).
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A non existence result in S?

o Following the ideas of [Chen-Li, 1995] for the Nirenberg problem, we are able to show
some cases of non existence if k > N and O = 0.

Non Existence Theorem [De Marchis-LS, 2016]

Letp € S*and a > O withm = 1, p; = p, a1 = a, then there exists a family of functions K
such that (H1) and (H2) hold but equation (1) does not admit a solution for A € (87, +00).

@ We choose K s.t. K, rotationally symmetric w.r.t. p, monotone in the region where is
positive and K(—p) = maxg K.

o The idea is to pass from S? to R? and applying the moving spheres technique, which
provides a contradiction via a priori estimates.
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A non existence result in S?

o Following the ideas of [Chen-Li, 1995] for the Nirenberg problem, we are able to show
some cases of non existence if k > N and O = 0.

Non Existence Theorem [De Marchis-LS, 2016]

Letp € S*and a > O withm = 1, p; = p, a1 = a, then there exists a family of functions K
such that (H1) and (H2) hold but equation (1) does not admit a solution for A € (87, +00).

@ We choose K s.t. K, rotationally symmetric w.r.t. p, monotone in the region where is
positive and K(—p) = maxg K.

o The idea is to pass from S? to R? and applying the moving spheres technique, which
provides a contradiction via a priori estimates.

Remark

‘We can say that both existence theorems are somehow sharp.
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3. The problem with negative orders



Existence results for o <0 & K > 0

Theorem [Carlotto-Malchiodi, 2012]  (using [Bartolucci-Montefusco, 2007])

Let A € (8m(1 + min; o), +00) \ A, then () admits a solution if Bary  (X) is not contractible, where

i ifgj = p;
Barna(Z) =D 60, > 5=1,4> 0, €5, 81> €(q) <A, &g)={ T 58T

1 otherwise
g€l g€ g€
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Existence results for o <0 & K > 0

Theorem [Carlotto-Malchiodi, 2012] (using [Bartolucci-Montefusco, 2007])

Let A € (8m(1 + min; o), +00) \ A, then () admits a solution if Bary  (X) is not contractible, where

Bary o (3) = théqj : th =1,4>04 €3, 8n25(q].) <Ap, &g) = {}+a,~ ifgj = pi

otherwise
g €J 9 €J g €S

Algebraic conditions for the solvability [Carlotto, 2014]

Bar, () is not contractible if and only if there exist a number k € Nandaset/ C {1,2,...,m},
possibly empty, such that k + card (/) > 0 and
A> 87 [k+2(1+ai) AX<ST [k+ > (1+a)
i€l

ie{1yur
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Existence results for o <0 & K > 0

Theorem [Carlotto-Malchiodi, 2012] (using [Bartolucci-Montefusco, 2007])

Let A € (8m(1 + min; o), +00) \ A, then () admits a solution if Bary  (X) is not contractible, where

Bary o (3) = théqj : th =1,4>04 €3, 87r25(q].) <Ap, &g) = {i+a,~ ifgj = pi

otherwise
g €J 9 €J g €S

Algebraic conditions for the solvability [Carlotto, 2014]

Bar, () is not contractible if and only if there exist a number k € Nandaset/ C {1,2,...,m},
possibly empty, such that k + card (/) > 0 and
A> 87 [k+Z(l+ai) AX<ST [k+ > (1+a)
i€l

ie{1yur

Remark

Ageom = 4m(x(2) + 35, o) < 87 and  Acir = 8m(1 + min; o) € (0, 87).
Therefore Ageom > Acrie only if x(X) =2 and %ZJ aj > min; o).
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Work in progress for o;; < 0 & K sign-changing

[De Marchis-Kallel-LS, w.i.p.] using ([De Marchis-LS-Ruiz, 2016])
Let K sign-changing, K € C>%(), VK # 0in {K = 0} and p; ¢ {K = 0}.
Let A € (m(1+ minj aj), +00) \ Ag, then (x) admits a solution if Bary  (XV) is not contractible, where

1 i if g = pi
Barna(SH)= 9> 08, Y 6=1,620,¢ €TF, 81> (g) <Ap, &(g) = {580
g€ ;€S q;i€J
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Work in progress for o;; < 0 & K sign-changing

[De Marchis-Kallel-LS, w.i.p.] using ([De Marchis-LS-Ruiz, 2016])

Let K sign-changing, K € C>%(), VK # 0in {K = 0} and p; ¢ {K = 0}.
Let A € (m(1+ minj aj), +00) \ Ag, then (x) admits a solution if Bary  (XV) is not contractible, where

Bary o (S1)= > 465 > 5=1,4>0,q €T, 87> &(g) <A ,5(4;)={i+°“'if"":”"

otherwise
g€ g€ qi€J

v

Algebraic conditions for the solvability [De Marchis-Kallel-LS, w.i.p.]

777
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Work in progress for o;; < 0 & K sign-changing

[De Marchis-Kallel-LS, w.i.p.] using ([De Marchis-LS-Ruiz, 2016])
Let K sign-changing, K € C>%(), VK # 0in {K = 0} and p; ¢ {K = 0}.
Let A € (m(1+ minj aj), +00) \ Ag, then (x) admits a solution if Bary  (XV) is not contractible, where

1 i if g = pi
Barna(SH)= 9> 08, Y 6=1,620,¢ €TF, 81> (g) <Ap, &(g) = {580
g€ ;€S q;i€J

Algebraic conditions for the solvability [De Marchis-Kallel-LS, w.i.p.]

777

Remark

Since aj > —1, then Ageom = 47 (X(X) + >-; @j) can be arbitrarily large.
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4. Remarks and open problems



Remarks and open problems

@ An open problem is the existence/non-existence in case that N < k. [D’Aprile-De
Marchis-Ianni, 2016]
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Remarks and open problems

@ An open problem is the existence/non-existence in case that N* < k. [D’Aprile-De
Marchis-Ianni, 2016]

o Is it true that for other functions K which change sign the a priori estimates remains true?
(for example if K admits saddle points)

@ What happens if K > 0? Could the solution blow—up at minimum?
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Remarks and open problems

@ An open problem is the existence/non-existence in case that N* < k. [D’Aprile-De
Marchis-Ianni, 2016]

o Is it true that for other functions K which change sign the a priori estimates remains true?
(for example if K admits saddle points)

@ What happens if K > 0? Could the solution blow—up at minimum?

@ Is it possible to obtain an analogous result for the Toda system or other Liouville type
systems?

—Auy = 2Kie" — K2e™, in %,
—Auy = 2Ky — K€", in%,

with K, K> sign changing.
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