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Euler-Kronecker Constant

Definition
Let
Cr(s) = =7 + co(K) + 1 (K)(s = 1) + ea(K)(s = 1) + - -
Then
_ c(K)
YK = O

is called the Euler-Kronecker constant of K.
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lhara's prime counting function

Definition
For x > 1, set

This is analogous to the de la Valle Poussin function

Aln 1
S A,

n<x n<x
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Characteristic features of @k ()

@K(x)zxil > (Né)k—1> log N (p)

N(p)k<az

o It is a continuous function of z.

@ The oscillating term in the explicit formula for @k (z) has the
form

1 (P — 1) (z=P — 1)
D2 -
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lhara's Theorem

Theorem (lhara, 2006)
(i) Assume the Generalized Riemann Hypothesis (GRH) for (k (s).
Then there exist positive constants ¢y, co such that
—cy log|di| < vk < caloglog |dk|.
(ii) We have
VK = li_>m (logx — Pr(x) — 1).
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lhara's Observation

VK = le (logzx — P (z) — 1)

() = % > <N&k - 1> log N (p)

N(p)k<z

The function @k (z) is an “arithmetic approximation" of log z. If
the field K has many prime p with small norm, then ®x ()
increases faster than log x, at least for a while. Thus, for such K,
the value of vx can be “conspicuously negative".
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Example 1: Cyclic extensions of degree p contained in

@(Cp2>

@ For odd prime p, let K, be the unique cyclic extension of
degree p over Q contained in Q((y2).

o K, is totally real with dg, = p*~2.

e / splits completely in K, <= =1 =1 (mod p?)
<= pis a Wieferich prime in base /.
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Example 1: Cyclic extensions of degree p contained in

@(Cp2>

o W(p)={l<p; P71 =1 (mod p?)}.
@ The list of non-empty W (p) with p < 100 is

W(11) = {3}, W(43) = {19}, W(59) = {53},

W (71) = {11}, W(79) = {31}, W(97) = {53}.
e 2 € W (1093) and 2 € W (3511).
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Example 1: Cyclic extensions of degree p contained in

@ CpQ

Euler-Kronecker constants of global fields and primes with small norms

Table 1.
P 4 Vp ep
3 176741 0.00270354]
5 169927 00122214
7 184723 0032591
1 —1.43032 00577191
13 0472016 0.107757
17 283 0210134
19 453974 0.25948
23 447731 0.346256
29 233163 0.46998
31 462896 0.540857
37 5.6175 0.70755
41 428883 0.805977
a3 —0.916538) 0.81504
a7 ~2.66375 091587
53 6.05396 6071 117309
59 0.428977) 0.447956) 130809
61 4.623 464288 140864
67 6.03706 605918 16139
71 157591
7 181104
79 192486
8 210718
89 237227
97 254395
101 275782
103 2.7859
107 3.00361
109 3.07587
1069) 517394
1087) 527617
1091 53.0135
1093] 46.4644
1097) 53.4188
1103] 53.8033
109) 0.666736) 0.178118] 540736
3499| 9.81761 11521 206.78
3511 —2423.07 —2421.45 185.836
3517] 7.66195 937476 207.986
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A Problem

Does g (p) Possess an asymptotic distribution function?
Is it possible to construct a certain density function M, such that

lim #{p <Y; vk < 2}
Y >0 #{p S Y}

_ /_ OO M(t)dt?

The Euler-Kronecker constants of number fields Amir Akbary



Example 2: Quadratic fields

The following are due to lhara under the assumption of GRH.

e For imaginary quadratic fields, 0 < yx < 1 holds for
|d| < 43, but yx < 0 for diy = —47, —56. For example

—-0.072 < Yo(v/=47) < —0.053.
@ For real quadratic fields, 0 < v < 2 holds for dx < 100, but

—0.181 < Yo(vasT) < —0.167.
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Example 2: Quadratic fields

Theorem (Mourtada-Murty, 2015)

Assume GRH. Let F(Y') denote the set of the fundamental
discriminants in the interval [-Y,Y] and let N(Y') = #F(Y).
Then, there exists a probability density function M, such that

1 =
Jim e ld € FOY): v < 2} = | v

Moreover, the characteristic function ¢, (y) of the asymptotic
distribution function F,(z) = [~ M(t)dt is given by

1 P iylogp) P (iylogp)
= _ - + .
#5752 I;I(p+1+2(p+1) exp< p° —1 2(p+ 1) o p? +1
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Example 3: Cubic extensions of Q(v/—3)

° k=Q(v-3). |
e Oy =7Z[C3], (3= e

@ Consider the set
C :={c € Oy; c# 1lissquare free and ¢ =1 (mod (9))}.

e For ¢ € C consider the extension k(c!/?)/k.
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Example 3: Cubic extensions of Q(v/—3)

Theorem (A. - Hamieh, 2018)

Let N(Y') be the the number of elements ¢ € C with norm not
exceeding Y. There exists a smooth function M;(t) such that

1 z
Jim e €CNE <Y and gz}:/_li(t) dt,

where Z = z — .
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Example 4: Cyclotomic extensions Q(¢,)

e For prime ¢ denote yg(c,) by 7q-
) dQ(Ca) = qq72.
@ lhara’s general bounds imply that, under GRH, there exist

positive integers ¢; and co such that

—ci1qlogg < 74 < c2logq.

@ Since primes of small norms in a cyclotomic field have size ¢ so
for ¢ large we expect that v, > 0. So the lower bound
—c1qlog g appears to be far from optimal.
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Example 4: Cyclotomic extensions Q(¢,)

1) 74 > 0.
2) For fixed € > 0 and ¢ sufficiently large we have

g

—e<
logq —

3
<=
2—|—

N | =
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Example 4: Cyclotomic extensions Q(¢,)

Theorem (Ford-Luca-Moree, 2014)

1) We have Y964477901 — —0.1823.. ..

2) Under the assumption of the Hardy-Littlewood conjecture, there
are infinitely many prime q for which v, < 0. Moreover,

lim inf g = —0

g—oo loggq
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Example 4: Cyclotomic extensions Q(¢,)

Suppose A is an admissible set (i.e., there is no prime p such that
p | nll;_ (ain+ 1) for every n > 1). Then the number of primes
n < x such that n,ain+1,--- ,asn + 1 are all prime

> x/(log x)5+L.
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An appearance of 7, in studying some inequalities equivalent
to the GRH
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Notation

@ ©(n) is Euler's function.
@  is the Euler-Mascheroni constant.

@ p; denotes the i-th prime
@ (Ny) denotes the sequence of primorials, where

k
Ne =[] pi
i=1

is the k-th primorial.
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Nicolas" Criterion for the Riemann hypothesis

The Riemann hypothesis is true if and only if there are at most
finitely & € N for which

N,

< Y
©(Ng)loglog Ny —
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Question

Can we develop a similar theorem for the Generalized Riemann
Hypothesis (i.e., all the non-trivial zeros of ((s) are located on
the critical line R(s) = 1/2.)7
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Joint Work With Forrest Francis (UNSW, Canberra)
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GRH Criterion

Theorem (A. -Francis, 2018)

Let ¢ <10 or ¢ = 12,14. The GRH for the Dedekind zeta function

of Q({y) is true if and only if there are at most finitely k € N for
which

Ny, 1

— — = }
(V) (log(p(g) log Ny,)) 7@~ (@ 1)
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The Primorials in .S,

¢ Sya={neN;p|n = p=a (modq)}
@ The k-th primorial in S, ,

k

- def _

N = Ntba(k) = Hpiv
=1

where p; is the i-th prime in the arithmetic progression a
(mod q).
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Mertens' Theorem in AP

Theorem (Williams/ Languasco and Zaccagnini)

Let x > 2 and q,a € N be coprime. Then,

1 ()

p<z (log ) #(@
p=a (mod q)

as ¥ — 0o, where

and
—1 ifp=a (mod q),
o(p: g, a) = v(q) p=a (mod g)
—1 otherwise.

v
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GRH Criterion

Theorem (A. - Francis, 2018)

Let ¢ <10 or ¢ = 12,14. The GRH for the Dedekind zeta function

of Q({y) is true if and only if there are at most finitely k € N for
which

Ny, 1

— — = }
(V) (log(p(g) log Ny,)) 7@~ (@ 1)

The Euler-Kronecker constants of number fields Amir Akbary



GRH Criterion

@ Under the assumption of GRH, the proof uses an explicit
formula involving the zeros of Dirilchlet L-functions for an

auxiliary function.

@ The proof relies on computation of

for certain values of ¢, which are closely related to ~,.

o We have

Fq= Z ©*( log + 27, — ¢(q) (v + log 2) — log m + 2.

dlq
d#1
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GRH Criterion

Theorem (A. - Francis, 2018)

Assume GRH for the Dedekind zeta function of Q((,). Then there
are at most finitely k € N for which

Nk o1
(V1) (log(p(q) log Ny)) 7@~ €l 1)

is satisfied if and only if

lim sup Z Z

Ty peZ(x)p(

< 2Rq’1.
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GRH Criterion

o Z(x) ={peC; L(p,x) =0, R(p) = 0and p # 0}.

@ X’ denotes the primitive Dirichlet character which induces the
Dirichlet character x.

o Ry1=#{be (Z/qZ)* | v¥? =1 (mod q)}.
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GRH Criterion

Theorem (A. - Francis, 2018)

Assume GRH for the Dedekind zeta function of Q((,). Then there
are at most finitely k € N for which

Nk o1
(V1) (log(p(q) log Ny)) 7@~ €l 1)

is satisfied if and only if

lim sup Z Z

Ty peZ(x)p(

< 2Rq’1.
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GRH Criterion

o We speculate that

hmsupz Z Z Z = Fy.

%
T X pPEZ(X") X peZ(x)

e We have

Fq= Z ©*( log + 27, — ¢(q) (v + log 2) — log m + 2.
dlq
d#1
@ Since vy, does not get “conspicuously negative" we speculate
that the number of ¢ for which GRH is equivalent to a Nicolas
type inequality is finite.
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