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Some Distribution Theorems for the Riemann Zeta
Function



Bohr-Jessen Theorem

Theorem (1932)

Let E be a fixed rectangle in the complex plane whose sides are
parallel to the real and imaginary axes, and let o > % be a fixed
real number. Then the limit

1
lim g neas {-T <t<T; log¢(o+it) € E})

T—o0

exists.




Selberg Theorem

Theorem (1949, unpublished)
For EE C C, we have

1 1 1/9 +
lim —meas —T<t<T: M

/ / @ 4) ddy.

ek =




Distribution Theorems for Dirichlet and Hecke
L-functions



The Case of the Fundamental Discriminant

If d is a fundamental discriminant, we set

La(s) = L(s, (d/)) = ¥

d
n

where (£) is the Kronecker symbol.




Chowla-Erdos Theorem

Theorem (1951)
If o > 3/4, we have

lim #{0<d<x; d=0,1 (mod 4) and Lg(o) < z}
T—00 .7)/2 -

G(2)

exists. Furthermore G(0) =0, G(o0) = 1, and G(z), the
distribution function, is a continuous and strictly increasing
function of z.




Elliott Theorem

Theorem (1970)

There is a distribution function F(z) such that

#{0< —d < z; d=0,1 (mod 4) and L4(1) < e*}
z/2

log1
:F(z)+O< o8 ng)
log x

holds uniformly for all real z, and real x > 9. F(z) has a probability
density, may be differentiated any number of times, and has the
characteristic function

oro= Tl (33 6= (-2 "+ (=D 0+ )

which belongs to the Lebesgue class L(—o00,00).




Granville-Soundararajan Theorem

In 2003, Granville and Soundararajan investigated the distribution
of values of Ly(1) as d varies over all fundamental discriminants
with |d| < x. They followed the approach of probabilistic random

models.



Granville-Soundararajan Theorem

In 2003, Granville and Soundararajan investigated the distribution
of values of Ly(1) as d varies over all fundamental discriminants
with |d| < x. They followed the approach of probabilistic random
models.

A weaker version of their results implies that the proportion of
fundamental discriminants d with |d| < x such that Ly(1) > 77
decays doubly exponentially in 7 = loglog z (i.e. is between
exp(—Bé) and exp(—A%) for some absolute constants

0 < A < B) and similarly for the low extreme values (i.e.

I (1)<C())

— err




Random Euler products

The idea of Elliott and then Granville-Soundararajan is to compare
the distribution of the values Ly(1) with the distribution of

L(L,X) =TI, (1 - X(p)pfl)f1 where the X (p)'s are
independent random variables given by:

0  with probability 1/(p + 1);
X(p) =41  with probability p/2(p + 1);
—1 with probability p/2(p + 1).
Then

E[(L(1, X; ) HE[l— p )" ]



lhara-Matsumoto’'s Work

Let k£ be Q or an imaginary quadratic field, and let §f C Oy, be an
ideal.

Consider characters x of H; = I/ F;.

Consider L(s, x) where L is either %(s,x) or log L(s, x).
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Theorem (2011)

Let o := R(s) > 1/2 + € be fixed, and let |dw| = (dzdy) /2.
Assume the GRH. Then there exists a density function M, (w)
such that

lim
N(f)— |H’|

f prime

#{XE Hf L(s,x;) € S} = /M ) |dw|,

if S C C is either compact or complement of a compact set.




lhara-Matsumoto M-Function

The density function M, (w) and the function M, (z) are Fourier
duals:



lhara-Matsumoto M-Function

The density function M, (w) and the function M, (z) are Fourier
duals:

Mq(z) = > Aa)Az(a)N(a) .

aCOy



Mourtada-Murty Theorem

Theorem (2015)

Let 0 > 1/2+¢€, and assume GRH. Let F(Y') denote the set of the
fundamental discriminants in the interval [-Y,Y| and let

N(Y) =#F(Y). Then, there exists a probability density function
M, such that

1
lim ——

Jm eyl € FY); (La/La) (o) < 2} = /_ OO M, (t)dt.

Moreover, the characteristic function ¢r. (y) of the asymptotic
distribution function F,(z) = [*_ Mqy(t)dt is given by

_ 1 P iylogp) P (iylogp)
(pF"(y)_I;[<p+l+2(p+1)exp< p7 —1 Jr2(;04-1)exp p°+1/)"




A Value-Distribution Result for Cubic Hecke
L-functions



The Setup

o Let k = Q(¢3) and Oy = Z[(3] be its ring of integers.
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The Setup

o Let k = Q(¢3) and Oy = Z[(3] be its ring of integers.

@ k has class number 1, and any ideal a in Oy with
(a,39%) = 1 has a unique generator a, with a =1 (mod 3).

@ The (c)-ray class group of k is denoted by
H((c)) = 1({))/ P({c))-
o For x. € Hy and R(s) > 1, let

L(s, x.) z”

be the Hecke L-function associated with the Hecke character
Xe. For a non-trivial x., this L-function has an analytic
continuation to the whole complex plane.
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The family C

Consider the set

C:={ce€ Oy; c#1issquarefreeand c=1 (mod (9))}.

Useful Estimate:

. B ox _N(c) N 3ress—1Cx($)
N (Y)_CGZC p( Y > 4|H(9)’Ck(2)y

One can show that, for ¢ € C, the cubic residue symbol
Xe(-) = (3)3 is an ideal class (Hecke) character.
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@ For c € C and x.(-) = (%), let

Lc(s) = L(s, x¢)L(s, Xc)-

e For R(s) > 1, we have

_ (5)5 (5)s
Lc(S) - (33 _ 1)2 ; N(ab)s
a=1 (mod (3))
b=1 (mod (3))

o We set

log Lc(s) (Case 1),
L.(s) =
(5) {(Lé/LC)(S) (Case 2).



The function L.(s)

Another look at L.(s):
The function L.(s) is the quotient of the Dedekind zeta functions
associated with the extension k(c'/3)/k. In other words,

. Ck(cl/3) (S)
Lels) = Ce(s)




The function L.(s)

Another look at L.(s):
The function L.(s) is the quotient of the Dedekind zeta functions
associated with the extension k(c'/3)/k. In other words,

. Ck(cl/3)(5)
Lels) = Ce(s)

The classical Ly(s):
The quotient of the Dedekind zeta functions associated with the

extension Q(+/d)/Q is

La(s) = R

¢(s)




The Problem

Let z be a real number, and let o > 1 be fixed. Does L(c)
possess an asymptotic distribution function F,? We are interested
in studying the asymptotic behaviour as Y — oo of

1

N #{ceC:N(c) <Y and L.(o) < z}.




The Main Result

Theorem (Akabry - H.)

Let o >1/2+ €. Let N(Y') be the the number of elements ¢ € C
with norm not exceeding Y. There exists a smooth density
function M, such that

Ylgnoo N( ] #{ceC:N(c)<Y and L.(o0)<z}= /; M, (t) dt.

The asymptotic distribution function F( f M, (t) dt can
be constructed as an infinite convolutlon over prime ideals p of k,

Fo(2) = % Fop(2),




The Main Result

Theorem (Continuation)

Moreover, the density function M, can be constructed as the
inverse Fourier transform of the characteristic function ¢r_(y),
which in (Case 1) is given by

¢, (y) = exp (—2iylog(1 - 377))

o8
N(p)?

)

I (o * S 5 oo (o
— exp | —2iy log
p1(3) N(p) +1 3 N(p)+1 ji=0

and in (Case 2) is given by

_ . log3
YF, (y) = exp | —2iy =1

1 1 N(p) 3 ( . <C§ log N(p) ))
+ — X —2iyR [ ————= .
L <N(p> 13N +1 = T\ NG —d




The case 0 = 1

Theorem (Brauer-Siegel)

If K ranges over a sequence of number fields Galois over QQ, degree
Ny and absolute value of discriminant |Dy |, such that
Ng/log|Dg| tends to 0, then we have

log(hx Ri) ~ log | D |2,

where hy is the class number of K, and Ry is the regulator of K.




The case 0 = 1

@ By the class number formula we know that

(27)%V/3he R,
VIDe
where h., R., and D, = (—3)®>(N(c))? are respectively the

class number, the regulator, and the discriminant of the cubic
extension K, = k(c!/3).

@ By the Brauer-Siegel theorem

Lo(1) =

log (heRe) ~ log | D.|'/?,

as N(¢) = .



The case 0 = 1

Corollary

Let E(c) = log (h.R.) — log|D.|'/%. Then

1
lim ——

YAOON(Y)#{CEC:N(C) <Y and E(c) SZ}z/_oo M, (t) dt,

where z = z + log(4v/37%) and M (t) is the smooth function described
in the main result (Case 1) for o = 1.




The case 0 = 1

@ The Euler-Kronecker constant of a number field K is defined

by /
v = lim (CK(S) + L ) .

s—1 CK(S) s—1

@ We have ,
Li(1)

L.(1)




The case 0 = 1

Corollary

There exists a smooth function M (t) (as described in the main
result (Case 2) for o = 1) such that

YlgnooN( )#{CGC N(c) <Y and vk, <z} = / M, (t) dt,

where Z = z — .




The Key Lemma

Lemma

Let f be a real arithmetic function. Suppose that

o0

S et m)g=n/N

which is continuous at 0. Then f possesses a distribution function F'. In
this case, M is the characteristic function of .




The Key Lemma

Lemma

Let f be a real arithmetic function. Suppose that

o0

S et m)g=n/N

which is continuous at 0. Then f possesses a distribution function F'. In
this case, M is the characteristic function of I'. Moreover, if

M (y)| < exo (=nlyl),

for some ), > 0, then F(z) = [*_ M(t)dt for a smooth function M,
where

M(z) = (1/2n) / exp (—izy) M (y)dy.




The Steps of The Proof

o Step One: Establishing N
limy o0 gty St 0xp (iyLe(0) exp(~N(e)/Y) = Mo(y),

- The method is based on the previous works of Luo and
Ihara-Matsumoto.

- A version of Polya-Vinogradov inequality and a version of large
sieve inequality both due to Heath-Brown are two main
ingredients.

- Another ingredient is a zero density estimate proved by
Blomer, Goldmakher, and Louvel.
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The Steps of The Proof

o Step One: Establishing N
limy o0 gty St 0xp (iyLe(0) exp(~N(e)/Y) = Mo(y),

- The method is based on the previous works of Luo and
Ihara-Matsumoto.

- A version of Polya-Vinogradov inequality and a version of large
sieve inequality both due to Heath-Brown are two main
ingredients.

- Another ingredient is a zero density estimate proved by
Blomer, Goldmakher, and Louvel.

e Step Two: Finding a product formula for Mg(y).
o Step Three: Proving that Mg(y) has exponential decay

following a method devised by Wintner and employed by
Mourtada and Murty.



Step 1

Fixo >1/2+4+¢€ andy € R. Then

YWN* Zexp iyLe(e)) exp(—N()/Y) = My (y),

where x means that the sum is over ¢ such that L.(c) # 0.




Step 1

Fixo >1/2+4+¢€ andy € R. Then

Zexp iyLe(0)) exp(=N(¢)/Y) = My (y),

Y%oo N*

where x means that the sum is over c¢ such that L.(c) # 0. The
function M (y) is given by

3 Ay ((1 = ¢3)™)Ay ({1 — G3)™)

<o 3(ritr2)o
71,722
y Z Ay (@®m)A, (b3m)
ged(abm,(3))=1 N(a3b3m2)o H (1 + N(p)il)
ged(a,b)=1 plabm

p prime




For R(s) > 1, we have

L(S7Xc) - H(l - Xc(p)N(p>78)71

p



For R(s) > 1, we have
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For R(s) > 1, we have

L(S7Xc) - H(l - Xc(p)N(p>78)71

p

L Xe(p) 1og (N(p)) N(p)~*
L 5 Xc Z 1— e P)N(p) 5

eXp( L ch> He ( Zylog (P)(L;(ﬁ]((?ﬁgp)—j




For R(s) > 1, we have

L(S7Xc) - H(l - Xc(p)N(p>78)71

p

exp (v 50 = [T (2108 LD XONG) 1)

Write exp (%) =302 Gr(x)t" for (|t| < 1). Hence,



For R(s) > 1, we have

L(S7Xc) - H(l - Xc(p)N(p>78)71

exp (v 50 = [T (2108 LD XONG) 1)

Write exp (%)

o2 o Gr(2)t" for (|| < 1). Hence,

e (10 (5x0)) = [T G (—iglog (NG)) (xelp)NG) )"

p r=0
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)
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1 T
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The Arithmetic Function A,

We define A\, to be an arithmetic multiplicative function on Oj:

In (Case 1),
o )
Ay(p??) = Hao, <§/> ’

1 T
with Ho(u) =1 and Hy(u) = — [T @w+n-1).
" n=1

In (Case 2), '
M) = G, (-2 108N ).

r

1 /r—1
with Go(u) =1 and G,(u) = Z ( >u".
=nl\n—-1

Moreover, for any € > 0 and all |y| < R, we have

Ay(a) <er N(a)°



@ For 0 > 1 we have

)‘y(a))‘y(b)Xc(abz)
N(ab)e '

exp (iyLe.(o)) = Z

a,bCOy



More on Step 1

@ For 0 > 1 we have

)‘y(a))‘y(b)Xc(abz) .

exp (iyLe(o)) = Z N(ab)

a,bCOy

oFor%<aglandc€ZCwehave

exp (iyLe(o) = 3

a,bCOg

1
— / exp (iyLe(o + u)) I'(u) X “du,
21 L

Ay(a)A (b)xc(a[32) N(ab)
et e (%)

for an appropriate contour L.



(log¥)*

|
(ST
S

(logy)*

Figure: The rectangle Ry, 4

An element ¢ € Z¢, if L(s,x.) # 0 in Ry, a. Otherwise, c € Z.



We prove that

> exp (iyLe(o)) exp(~N(c)/Y)

ceC

= " exp (iyLe(0)) exp(~N(c) /Y) + O(Y?)

ceZc¢
= (I) — (I1) + (IIT) + O(Y?),

. My(A (0)xe(ab?)  ( N(ab) N(
”)Z<Z ey e (- ))eXp< )

ceC \a,bCOy



Step 2

In (Case 1) we have

Mo (y) = exp (72iy10g(1 _ 3—0))
! 1/ N _
’ "Hm (N(") 17 <N(p) + 1> g o (722yl°g

In (Case 2) we have

¢
N(p)“

1=

)

M, _ log3
o (y) = exp | —2iy T

1 1( N(p) 2 < . ( ¢ log N(p) >>
+ — —2iyR | =—m .
< I <N<p> +1'3 <N<p> ¥ 1) 227 (Nor - g




Proposition

Let § > 0 be given, and fix o > % For sufficiently large values of
Yy, we have

‘Ma(y)‘ < exp (—Cly\5‘5> :

where C' is a positive constant that depends only on o and §.




More on Step 3

Recall in (Case 2)

We prove that

‘Mam(y)’ <

1
N(p) +1
for all p with

2y log 2
2y log 2y < N(p) < ylog2y
2.360 1.80




The number of prime ideals satisfying this inequality is

ES
o

I, (y) > y=.



The number of prime ideals satisfying this inequality is

ES
o

I, (y) > y=.

It follows that

6, ()] =TT [V ()] < 08256 < exp (~C7 ),
p

where C'is a positive constant depending only on o.



Thank you for listening!



