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a highly accurate density approximation in one dimension to illustrate our general result,

and (iv) perform (orbital-free) PFT calculations in the WDM regime. Our method gen-

erates highly accurate density and kentropy approximations, skirts the need for separate

kentropy approximations, provides a roadmap for systematically improved approximations,

and converges more quickly as temperatures increase while maintaining accuracy at low

temperatures. At the same time, it bridges low and high temperature methods, and so is

uniquely suited to WDM.

7.2 Theory

At non-zero temperature, the energy is replaced by the grand canonical potential as the

quantity of interest[56, 169]. The grand canonical Hamiltonian is written

⌦̂ = Ĥ � ⌧ Ŝ � µN̂, (7.1)

where Ĥ, Ŝ, and N̂ are the Hamiltonian, entropy, and particle-number operators. In elec-

tronic structure theory, we typically deal with non-relativistic electrons, most commonly

within the Born-Oppenheimer approximation. The electronic Hamiltonian (in atomic units

here and thereafter) reads

Ĥ = T̂ + V̂ee + V̂ , (7.2)

where T̂ denotes the kinetic energy operator, V̂ee the interelectronic repulsion, and v(r) the

static external potential in which the electrons move. (We suppress spin for simplicity of

notation.) The grand canonical potential can be written in terms of potential functionals
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ground-state problem. The former is written

⌦̂ = Ĥ � ⌧ Ŝ � µN̂, (3.83)

where Ĥ, Ŝ, and N̂ are the Hamiltonian, entropy, and particle-number operators. The crucial

quantity by which the Hamiltonian di↵ers from its grand-canonical version is the entropy

operator:5

Ŝ = � kBln�̂ , (3.84)

where

�̂ =
X

N,i

wN,i| N,iih N,i| . (3.85)

| N,ii are orthonormal N -particle states (that are not necessarily eigenstates in general) and

wN,i are normalized statistical weights satisfying
P

N,i wN,i = 1. �̂ allows us to describe the

thermal ensembles of interest.

Observables are obtained from the statistical average of Hermitian operators

O[�̂] = Tr {�̂Ô} =
X

N

X

i

wN,ih N,i|Ô| N,ii . (3.86)

These expressions are similar to Eq. (3.53), but here the trace is not restricted to the ground-

state manifold.

In particular, consider the average of the ⌦̂, ⌦[�̂], and search for its minimum at a given

temperature, ⌧ , and chemical potential, µ. The quantum version of the Gibbs Principle en-

sures that the minimum exists and is unique (we shall not discuss the possible complications

5Note that, we eventually choose to work in a system of units such that the Boltzmann constant is kB = 1,
that is, temperature is measured in energy units.
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X

N

X

i
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Map  interacting  system  to  non-­interacting  system  with  same  density.

Kohn	
  and	
  Sham,	
  1965.

Finite-­‐Temperature	
  Kohn-­‐Sham
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Temperature-­dependent  free  energy:

Kinetic,  potential,  entropic  exchange-­correlation:

Free	
  Energies:	
  Helmholtz	
  and	
  XC
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Adiabatic	
  Connection
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ACF)via)scaled)density/temperature

August$23,$2016 IPAM$DFT 16

Change$of$variables$yields$thermal$connection$formula:

Combine$finite;temperature$ACF$(Pittalis,$et$al.,$2011)

with$coupling$constant;coordinate;temperature$scaling$(Pittalis,$et$al.,$
2011)

APJ(and(K.(Burke,(Phys.(Rev.(B(93,(205140((2016)

AX
τ

AC
τ

-KC
τ

FT adiabatic connection integrand

0 1
λ, interaction strength
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Heating*Things*Up*in*DFT

distance

Exact	
  Conditions	
  for	
  Thermal	
  DFT
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Adiabatic	
  Connection:	
  Heating

EX

EC
-TC

heating

0 1
λ, interaction strength
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Adiabatic	
  Connection:	
  Shifted

AX
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AC
τ

-KC
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FT adiabatic connection integrand
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Evidence:	
  Hubbard	
  Dimer	
  

Smith,  J.C.,  APJ,  Burke,  K.  Phys.  Rev.  B, 93, 245131  (2016).  
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The	
  Upside	
  Down	
  with	
  heating
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Map  interacting  system  to  strictly  correlated  system  with  same  density.

Reference	
  system

A⌧ [n] = USC [n] +

Z
d3r v

ext

(~r)n(~r) +K⌧
S [n] +A⌧

DC [n]

where

K⌧
S [n] = T ⌧

S [n]� ⌧SS [n]

U⌧
SC [n] =

X

i

w⌧i h 1
i |V̂ee| 1

i i

A⌧
DC [n] = E⌧

DC [n]� ⌧S⌧
DC [n]

= K⌧
DC [n] + U⌧

DC [n].
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Traditional  adiabatic  connection  formula  at  finite  temperature  (Pittalis,  2011):

Upside-­‐down	
  thermal	
  ACF

A⌧
C [n] =

Z 1

0

d�

�
U⌧,�
C [n]

A⌧
DC [n] =

Z 1

0
dµ 2µ K

⌧
µ2 ,µ

C [n]

Upside-­down  adiabatic  connection  formula  at  finite  temperature:

Different  integrand  temperature  due  to  quadratic  kentropic  scaling.
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Can  use  tied  coordinate-­temperature-­interaction  scaling  to  show:

Exact	
  Conditions	
  for	
  SCE

M
⌧
µ2

µ [n] = 2µ K
⌧
µ2 ,µ

C [n]

=
2

µ3
Kµ2⌧,µ3

C [nµ2 ]

As µ ! 1,

M
⌧
µ2

µ [n] ! 0

As µ ! 0,

M
⌧
µ2

µ [n] ! ZT SC system

Can  use  scaled  expression  to  examine  limits:

www.hypugaea.com 20



Since  we  can  write  the  correlation  kentropy in  terms  of  the  ACF  integrand,

Connecting	
  SCE	
  to	
  KS	
  ACF

we  can  also  write  the  upside-­down  ACF  integrand  in  terms  of  original:

Now  we  can  use  Hubbard  adiabatic  connection  (or  any  other  
exact  or  approximate  one)  to  plot  upside-­down  connection.

K⌧,µ
c [n] =

Z 1/µ2

0
W ⌧

� [n]d�� 1

µ2
W ⌧

1/µ2 [n]
<latexit sha1_base64="aDZARR+FiyGVGAJblr0YleavTt0="></latexit><latexit sha1_base64="aDZARR+FiyGVGAJblr0YleavTt0="></latexit><latexit sha1_base64="aDZARR+FiyGVGAJblr0YleavTt0="></latexit><latexit sha1_base64="aDZARR+FiyGVGAJblr0YleavTt0="></latexit>

M⌧
µ [n] = 2µ

Z 1/µ2

0
W ⌧

� [n]�W ⌧
1/µ2 [n] d�

<latexit sha1_base64="Uwpj9fVh5Yh44UOVOIFB3QfW8wk="></latexit><latexit sha1_base64="Uwpj9fVh5Yh44UOVOIFB3QfW8wk="></latexit><latexit sha1_base64="Uwpj9fVh5Yh44UOVOIFB3QfW8wk="></latexit><latexit sha1_base64="Uwpj9fVh5Yh44UOVOIFB3QfW8wk="></latexit>
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Odd	
  Preliminary	
  Results,	
  check	
  ZT

Mμ
τ=0

0.2 0.4 0.6 0.8 1.0
0

5000

10000

15000

μ

U=1 Δn=0

www.hypugaea.com 22



Preliminary	
  Results

Mμ
τ=0

0.2 0.4 0.6 0.8 1.0
0

5000

10000

15000

μ

U=1 Δn=0

www.hypugaea.com 23



Something’s	
  off…	
  zoom	
  in

2 TC
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Future	
  Work	
  &	
  Open	
  Questions
• Numerical  demonstrations:  asymmetric  Hubbard  model,  various  
uniform  electron  gas  parametrizations,  more  exact  conditions

• Zero-­point  oscillations  with  temperature  effects:  what  is  the  effect  of  
quadratic  temperature  scaling,  kentropy expansion

• Interpolated  approach  for  WDM?  Helpful  with  WDM  ionization  
processes?    Should  we  interpolate  between  low-­temperature/strong-­
interaction  and  high-­temperature/weak-­interaction  regimes?    Or  
another  scheme?

• FT  KS  SCE:  SCE  as  functional  for  FT  KS  DFT
§ What  is  the  effect  of  choice  of  Hartree definition?  
§ Will  FT  be  more  or  less  accurate  for  intermediate  interaction  
strengths/densities?

§ Will  ZTA  be  more  accurate  for  FT  KS  SCE  than  MKS?
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