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Relativistic model: Coupled Dirac - Klein—Gordon equations

@ one relativistic nucleon
@ S: o-meson ~~ medium range attractive interaction

@ V: w-meson ~~ short range repulsive interaction

Equation of the model:
—ia-VV + B(m+ SV + V¥ = (m— p)V,
(—A+m2)S = g2V By, (DKG*)
(A +m)V = gi|v).

o V:R?® - C* quantum state of the particle

3
o a=(a1,a2,a3), -V = E a;Ox;

Jj=1

_ (0 o« 8= 1> 0
Ok = Ok 0 - 0 -1,
_ (0 1 (0 =i (1 0 Pauli tri
01 = 1 0 , 02 = i 0 , 03 = 0 1 aull matrices

0 < u < m: energy of the particle
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Non-relativistic limit

Equation of the model: ¥V = (?)

—ioc-V(+(S+V+u)y =0,

—io-Vip=02m—pu+ S — V)(,
(—a+m)S = —go (v - [¢P),
(A +mZ)V = gZ(lvlf +1¢P)-

Non-relativistic limit: m, m,, m,, — +o00 of the same order
Nuclear physics: g5, 8. — +00 comparable to the masses

(DKG)

2
Sz—g—;(|w|2—\4|2) Vo g“u«m +1¢P)

Scaling: ¥(x) = —=dm(/mx) and C(x) = Xom(v/mx)

7 i
—io - Vxm +2(S+ V4 1) =0
—io - Vém = (2m—p+ S — V)(xm/2m)
L 1/g & 2 1 ga gw |xm|*
5+V—‘a( s ) 10 ag (g T )
1 /g | & 2 1 (& &)\ |l
5*‘“*5(?3,*@)"1’""*@(?3’?3) m
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Non-relativistic limit: o model

o model: V=0,g,=0

2
Choice of parameters: iz =kl = S~ —k|pm|]> + O(1/m)
mO'

—io - VXm+ 25¢m + 2pudm =0
—io - Vém = xm+ O(1/m)

In the limit m — +o00, we recover the NLS equation

— A — 2k|¢°¢ + 2u¢ = 0 (NLS*)

Assumption: ¢ = ¢ (é)
— Dy — 25]p|*p + 2up = 0 (NLS)

Remark: For x, > 0, the nonlinear equation NLS has a unique positive solution. It is
radial, decreasing, and non-degenerate. Non-degenerate: the kernel of the linearized
operator at our solution is trivial, i.e. it is given by span{y, Ox ¢, Ox, ¥, Ox; ¢}

o Enus(p) = / |Vl — f/ l|* on H*(R?) is unbounded from below

@ ¢ is concentrate at the origin when & is large
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Non-relativistic limit: o — w model

2 2 2
Choice of parameters: & _gm, & £u

2 ) 55 A

A 1
S+ V= =Zléml’ + 51xnl* + O(1/m) S =V = —2ml¢nl*+ O(1)

—io - Vm = Xm (1 + Sz_—mv) +0(1/m)

In the limit m — +o00, we recover the equation

o o-Vo¢ lo- Vo> 2X _ N
e V<1,|¢|2>+(17‘¢|2)2¢ 0 |¢|"¢ +2up =0 (nNLS*)
Assumption: ¢ = ¢ <(1))
Ve > [Vel? 2\
— V- — = 2up =0 NLS
(1 — 0P (1 |<p|2)290 9 | "0 + 2up (n )
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Nonlinear Schrodinger equation for a nucleon

Vo ) Vel
-V o — = +2up =0 nNLS
(1_|ﬂ2 (1—¢¢|)¢ |¢\¢ Hp ( )

_1 Ve
€)= [, oo~ 3

NLS with a variable mass

Energy functional:

Vol?
X ={pe (R, Vel
{ecrm) [ a0

Remark: If o € X then p € H'(R?,C?) and |¢o|> <1 ae. in R®

< +oo} c H'(R?)

Theorem 1 (Lewin-RN 2014)

For % > 1 > 0, the nonlinear equation (nNLS) has a unique solution 0 < ¢ < 1 that

tends to 0 at infinity, modulo translations and multiplication by a phase factor. It is
radial, decreasing, and non-degenerate.

Remark: The existence part of this theorem is contained in some previous works in
collaboration with M. Esteban and L. Le Treust
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Perspectives

Perspectives:
@ Cauchy problem

i8t¢):—o'-V< 56— a6l

$(0,x) = ¢o(x)

questions: existence of local or global solution, rigorous derivation (work in progress
with J. Lampart, L. Le Treust, J. Sabin), stability of stationary solutions

o N-body problem, N >1

|V¢J|2 E/ 2
Ean(® 22/]1@3 1— po R3p¢

under the constraints 0 < po < 1, / i pj = dj and / po = N. Here
R3 R3

o~w> o V|
1—|of? (1—19%)

N
O =(p1,--,0n) et po =Y _ g

questions: existence of minimizers in different regimes of parameters (works in
progress with J. Lampart and M. Lewin)
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