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Kesource Lrisd:s 1: something That can be
wused o Aelp you (1n contrast Zo SOMeZ‘/?/ng

Useless) N o



Example: Bipartite enz‘ang/ea’ stales are
wuseful, as opposed Zo separable states

\.

MBEC

Fuantum privacy

72/8/0/‘2‘&2‘[0/7

7o view 12 as a resowrce theory, need "fFee
operalions, Chal do rnol creale entanglement:
LOCC = Jocal operalions & classical corm.

[Yorodecki3, Lev. Mod. Phys. 20091



2. Fesowrce CAheorres
of staZes

Z» 3enera/, for a resource theory whose

ofjecls are guantum states, we need:

* for every system A, a set F(A) of Free’
stales (=useless states);

* for every two systems A, B, a set F(A— B)
of flee guantum channels (cplp mMaps);

* wswch Thal Free channels map Free stales
Zo Free staZes.

[ Brandédo/Gour, PLL 201571



2. Fesowrce CAheorres
of states

Purposes of a resource theory of ?aanz‘am

states:

- (esoarce measuUres on siales = monolones
wunder Free channels

- Is the Theory reversible? (7THis means
Zhat The Free operalions rnduce a linear
order on The stZates.)

[ Brandédo/Gour, PLL 201571



2. Fesowrce CAheorres
of states

Purposes of a resource theory of ?aanz‘am

states:

- (esoarce measuUres on siales = monolones
wunder Free channels

- Is the Theory reversible? (7THis means
Zhat The Free operalions rnduce a linear
order on The stZates.)

- Implementing Zasks (not another statel)

[ Brandédo/Gour, PLL 201571






3. Channels as resoclrces

ﬂ)e 5/704(/0’ cOnsfa’er asS possfé/e resodrée any
o L/'ecz( In our Theory. 7T hus, not only
?aanz‘am stales but also channels...

Woew? Example: Shannon Cheory — resources
are channels N fFors Alice Zo Boé) /ocal
channels are free. Transform channels by
encOa’/ng and a’edoa’/ng, j.e. composition with
fFee channels: N' = D °N °E £or instance Zo
Zern a noisy channe! 1nto a less nhoisy one..

CCK Develak/Warrow,/ AW, TEECE-TT 200871



3. Channels as resoclrces

Denote the swbsetd of channels FFornr A 2o B
¢hat are free by F(A— B). For owr purposes,
we need Three essential axrons:

1 Do/ng noz‘/’z/ng Is Free: /bf%é F( A A).

2\ The Ffee sels F(A— B) are Copologically
closed, 1.e. linils of free maps are Free.

3) Composition and Zensor product of Free
channels are FFee: F(B—CNeF(A—= BY ¢ F(A—-C),

F(A— BYQF(A'— B ¢ F(AA'— BB).

L Gowr, 1S08.02808; Lic/Yean, 1904.02630, Lic/Aw), 1904.0420I17]



3. Channels as resoclrces

Denote the swbset of channels fFonr A 2o B
¢hat are free by F(A— B).

Note Zhat Zhis rncledes FFee
states: F(A) = F(C—H)

[ Gouwr, 1808.0250%, Liw/Yuan, 1904.02650, Lic/ AL, 1904.0420I1



3. Channels as resoclrces

Some additiona/ properties that mMay oF mMay
not hold:

4y Trace/partial ¢race 1s Free: 77;46 F(A—C).

5) &very system Aas some Ffree stales, i1.e.
F(B) = F(C—B) 15 nonenpty.

G) 7T he fFree sets F( A— BY are convex.

) In systerr composed of n identical pards,

¢he permulalions are Free, r.e. for A "= 4B
1 e WA AT, for all

L Gowr, 1S08.02808; Lic/Yuan, 1904.02630, Lic/Aw), 1904.0420I7]



4. Channels, superchannels

& ?aanz‘am crrceel1Zs

To build a theory of channels as resources,
e need o wunders?and hoeo Zo Transtorr

one 1into another.



4. Channels, superchannels
& ?aanz‘am CIrCUITS

To build a theory of channels as resources,
e need o wunders?and hoeo Zo Transtorr

one 1into another.

Axiomatically, we want a swuperchannel/: a
map O that Zafes ouartum channels (cptp
mMaps) To guantum channels (cplp maps on
a polentially different system); it showld be
linear and ils extensions 1d®0 showld behave
Zhe same.



Lemma: A map © on ouantum channels is a
superchanne! 1#¥ 1T can be writden as

O(MNY = D (MY &

gl

kS

CCAiribella/D Ariano / Perinotdi, PEL 200871



5. Fesowurce Theories
of ?aanz‘am channels

7o make a resowurce theory, we need Zo
1dentity Che Free oé/'eczz‘s and The Free
Cranstormations — 1hn TAe present case, ThHey
coill Curn out o be essentially Che same.

From the previous examples, we are used Zo
Zhe 1dea Chat The Ffree channels are gien.



5. Fesouwrce Theorres
of guantum channels

Kecall The axrons:

) Do/ng noz‘/’zinﬁ Is Free: /.0’/46 F( A A).

2\ The Ffree sels F(A- B) are Copologically
closed, i.e. lirnls of free maps are Free.

3) Composition and ZCensor product of Free
channels are FFee: F(B—=CYF(A-B) c F(A—-C),
F(A—- BYQF(A'= B ¢ F(AA - BB).



Definition: A fFee Zranstorsration of
channels 1s a superchanne/ © That can be
decomposed into Free channels. I.e.,

z
B B’
T
N - O( N =
|
A A

)4)
s.Z. & ¢ F(A'-ACY and D e F(BC— B).



Definition: A fFee ranstormalion of
channels 1s a superchanne/ O Chat can be
decomposed into Free channels.

Observation: Given fFee superchannels O and
=, Cherr composition O°Z and Tensor product
ORZ are Free, Zoo.

(7T His is becacse The FFee channels are
closed wnder composition and Zensor

products: "completely fFee - Gilad Gouwr




Definition: A fFee ranstormalion of
channels 1s a superchanne/ O Chat can be
decomposed into Free channels.

Observation: Given fFee superchannels O and
=, Cherr composition O°Z and Tensor product
ORZ are Free, Zoo.

(7T His is becacse The FFee channels are
closed wnder composition and Zensor

products: "completely fFee - Gilad Gouwr

Note: We care for the (free) realisation G
Ffree superchannels. More than simply askr
Zhat Chey map free channels o Free ones



A/ow, Zhe resource Z‘/’leol‘y 1S aéoé(Z‘ possfé/e
fFee channe! Cransformations, N ~ N = O(N).

OFZen we are happy coith approximation:
N~ N = O(N), co.r? 2he diariond rnorrr on

cplp rMaps.



A/ow, Zhe resource Z‘/’leol‘y 1S aéoé(Z‘ possfé/e
fFee channe! Cransformations, N ~ N = O(N).

OFZen we are happy coith approximation:
N~ N = O(N), co.r? 2he diariond rnorrr on

cplp rMaps.

7o decide transformability, e seef Zo
classity all rmonotones, i.e. real/valued
functions £ on channels s.Z. #(F)=0 and +or
all free swuperchannels O, A IN) = FLO(N)).



Cons?rections oFf ronoZones

. Generating pocoer: Let w be a resource
rmonolone on sz‘az‘es, Zhen

QW) = S47 w(NM1d(p))-w(p)

defines a ronolone on channels, cofrch
extends w.



Constructions of rronotonrnes

. Generating pocoer: Let w be a resource
rmonolone on sz‘az‘es, Zhen

QW) = S47 w(NM1d(p))-w(p)

defines a ronolone on channels, cofrch
extends w.

2. Distance measures: l.et d be cortractive
on states (a metric or divergence), Zhen

ANy = inf sup d(NRId(p),LRid(p))
leF P

defines a rornolonrne orn channels.



Cons?rections oFf ronoZones

3. Fobustrness is defined as

LANY = an’"),,mx(/\///l.), here
elF

DMQX(A///L} = /03 miin N sZ. N < NL is Zhe
max—relalive entropy, extended Fronr
stales o channels.



Constructions of rronotonrnes

3. Fobustrness is defined as

LANY = an),,mx(/\///[.), here
elF

DMQX(A///L} = /03 miin N sZ. N < NL is Zhe
max—relalive entropy, extended Fronr
stales o channels.

T here is also a srroolh version:

LM = inf /n/’DMaX(A/’//L),
N LeF

) &
where N' rens over channels corth N=N
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A)/’ly do we Aave so many monotlones? Ln
fact, often there cill be many /ne?a/\/a/enz‘

ThHis 1s related Yo Zhe Ffact thHhat N ~ N
wunder Ffree superchannels 1s wswally not a
linear, only a partial order. Irreversibilidy!

Example: Pure A/parz‘/ie states wnder LOCC
or SEL Irfinide set of m@'or/'saz‘/on
condidions necessary and swufFicient...

[ Nielsen, PEL 199971



Zn some Theories, reversibilidy (i.e. linear
ora’er/ns) 1s restored in an asymplotic /init
of /arge naméer of Cop/es.

Many examples eidher coay:

1) Mixed entangled states coith LOCC:

bound enfang/emenz‘, Zoo of e—-measures
CLCFA Christand/, PHhD thesis 200671



Zn some Theories, reversibilidy (i.e. linear
ora’er/ns) 1s restored in an asymplotic /init
of /arge naméer of Cop/es.

Many examples eidher coay:

1) Mixed entangled states coith LOCC:

bound enfang/emenz‘, Zoo of e—-measures
CCFA Christand/, PHhD Zhesis 200671

2) Mixed entangled states corith SEPP
(=a/most separaé//fz‘ y-preserving channels):
Leversible corth unigue ?aanz‘/r/kr E.0p).

[ Brandao/ Plenio Nalure Phys. 2008,
Brandio/Gour, PEL 201571



Zn some Theories, reversibilidy (i.e. linear
ora’er/ns) 1s restored in an asymplotic /init
of /arge naméer of Cop/es.

Many examples eidher coay:

1) Mixed entangled states coith LOCC:

bound enfang/emenz‘, Zoo of e—-measures
CCFA Christand/, PHhD Zhesis 200671

2) Mixed entangled states corith SEPP

(=a/mos? s eparaé///z‘ y—-presem/fnﬁ channels):
Leversible corth ungue guant £ler E.(p).

4 Free operatlions rnot closed wnder Q! 4



3) (7 Ahermodynamics oy modely Systerrs
cith Yamillonian at Cemperature 7, and
wunder (G1bbs —preserving channels:

—~Work Is a special resource, a state 1€
of a batllery.

—~tork extractable o many copies of N
is LNy = sep KTS(NP)Y-TrN(p)

P —~£75(p)+7rp¥/ %

Free enerqy difFerence
afler—before :-)

[ Navascwés/ Garcia—Pintos, PEL 2015,
Faist/ Berta/ Brandéo, 1SOZ.056107]



3) (7 Ahermodynamics oy modely Systerrs
cith Yamillonian at Cemperature 7, and
wunder (Gibbs ~preserving channels:
—~Work Is a special resource, a state 1€
of a batllery.
—*A)or,é eXZ‘raCZ‘aé/e Fron many COP/.% of N
is W(Ny = swp KTS(NPY)Y-TrN(p)

° ~K75(p)+7rp¥/
—lurns out o be the asymptotic cost of
imp/emenz‘/ng many copies of N/

[ Navascuwés/ Garcla—-Pintos, PEL 2015,
Faist/ Berta/ Brandéo, 1SOZ.056107]



44 fnz‘dng/emenz‘ —assisted cormrmunicalion
between Alice and Bob: Inz‘eresz‘/ns because
all stales are fFree, but only Che local
channels are Free.

[ Benneld/Devetak/ arrow,/Shor/ AW, TEECE-TT7 201471



44 fnz‘dng/emenz‘ —assisted cormrmunicalion
beteween Alice and Bob: Inz‘eresz‘/ng because
all stales are fFree, but only Che local
channels are Free.

S&(éZ‘/?eory of channels FFor :4//68 Zo Boé
s reversible, and the rate of comverting N
into a perfect binary classical channel is Che
entanglement —assisted guantum capacity:

Cé-(AA = Tpa;( I(f4:3}p s.Z. p=(1dx M)

[ Benneld/Devetak)/ W arroew/Shor/ A, TEECE-TT 201471



6. On mulliple resocrces

For states, i¥ you wunderstand one, you
wunderstand many: having access o resource
staZes Pl s Pyy vy P, IS Che same as Aaving
access Zo p, ®P,©..0p, — JUST anolher state.
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For channels, i¥ you hae N and M, you can
clearty build NOM, but also The
compositions NoFeM and MoF'oN, coith Free
channels F and F.



6. On mulliple resocrces

For states, i¥ you wunderstand one, you
wunderstand many: having access Zo resource
staZes Pl s Pyy vy P, IS Che same as Aaving
access Zo p, ®P,©..0p, — JUST anotlher staZe.

For channels, i¥ you hae N and M, you can

clearty build NOM, but also The

compositions NoFeM and MoF'oN, coith Free

channels F and F.

Axiomatic way: No —stgnd//fng channels, and

supermaps beleween thent.. Free supermaps?
CCF Bisio/Perinot?s, arXw:1806.095547]



6. On mulliple resocrces

7o avord Z(/’/orny ISSUES (which however may have
to be confronted eventuallyy, /el's sTick with FFee
Cransformalions as Ae/ng Zhose realised 5}/
a Free QUGHTLUPT CIrCUIT, toI1Th s/ots 1n
which 2he resowrce channels are Zo be
inserted 1n a given causal order:

O (Freely realised crrceit)

CCAiribella/D Ariano / Perinotdi, PEL 200871



6. On mulliple resocrces

;4czz‘aa//y Cransforms a memory channe!/ into
a channely, by means of a fFree memory
channe/:

A B A2 : B2

O (Freely realised crrceit)

CCAiribella/D Ariano / Perinotdi, PEL 200871



And more generally, memory channels o

PMEMOrY channels:

CCAiribella/D Ariano/ Perinot?di, PEL 200571



And more generally, memory channels o

PMEMOLY charnnels:

Note: Even when The input M 3 s 4
product of independent channels, Che

owlput N D= 0o M /s in general a memory
channel/! CCAiribella/D Ariano/ Perinot?di, PEL 200571



Means: e coan? a resource Z‘/’/eory not of
channels, but of memory channels (corsbs),
Cransformed o other swchHh o J'ecis Via

Ffreely realised memory channels (combs).

Nateeral metric: comb—extdension of O —norm.

CCAiribella/D Ariano / Perinotds, Europhys. Le??. 200871



Means : ﬂ)e toant a resource Z‘/’leo/‘y not of’
channels, but of memory channels (combs),
Cransformed 2o other swchH o J'ecz(s VIiQ
Freely realised memory channels (combs).

Nateiral medric: comb—extension of O —norm.

Oaz(sfana’fng prok/‘ecz‘/ coork in pProgress:
Define monolones #or Ul=1a% C/’ldnne/s, or
extend Ttherr Flror stales and channels.
For product channels, ariortised measires
are 3000’ candidales (see Mark Wilde's Zalf).



Oaisfana’/ng project Jcoork ir pProgress:
Define monotlones for memory channels, or
extend therm FFor stales and channels.
Generalised ariortised channe/ divergences:

For a a’/\/ergence D on stales, and a’egree ~Z
memory channels N=N (D and M=M(Z>, /et

DANIUMY = seep D((O Nyp11(Oo NyTY-D(plI0)

e
Tt e de 7est states (o)
(deq. Z+1) [ Berta/¥/irche/Kawr/ tilde, 1S08.01498;

Wanqg/ Wilde, 1907.06306]






F. KFesowrce erasure

Universal guantifier of resourceness: Yol
muChH randoriness 1s refa/rea’ Zo a’esz‘roy a
3/\/817 resowrce channe! N7

L Groisman/ Popesce/Aw), PRA 2005,
BerZ‘a/Mq/'enz, 1708.00360; Anshe/Hsieh/Jain, 1708.0035I]



F. Kesowurce erasure

lnversal/ ?aanz‘/r’/’er of resowurceness: Yoo
mUChH randorness 1s re?a/rea’ Zo a’esz‘roy a
3/\/817 resou rCce c/’zanne/ A/ 4

Asswume that Zhere is a #fFee FeF(A' =By and
an ensemble 0 U ,\4 s of free wunitaries, s.Z.

Zé@ Vi (MRFY U ~ M c F(AA'~ BB,

/=

L Groisman/ Popesce/An), PEA 2005,
Berta/ Majenz, 1708.00360; Anshu/¥/siehs/Jain, 1708.00381]



F. Kesowurce erasure

lnversal/ ?aanz‘/r//’er of resowurceness: Yoo
mUChH randorness 1s re?a/rea’ Zo a’esz‘roy a
3/\/817 resou rCce c/’zanne/ A/ 4

Asswume that Zhere is a #fFee FeF(A' =By and

an ensemble 0 U ,\4 s of free wunitaries, s.Z.
S0 VNP E M e AR~ BB,

=1’
7 Aenr Ay f”orgefz‘[ng / (1.e. %/(p) < /03 £ 417s)
we destroy The resource.

L Groisman/ Popesce/An), PEA 2005,
Berta/ Majenz, 1708.00360; Anshu/¥/siehs/Jain, 1708.00381]



F. Kesource erasure

Asswume that there is a #FFee FeF(A'=B'Y and
an ensemble 5/9, YU ,\4 £ of free wnitaries, s.Z.

Z(/@ Ve (MRFY U ~ M c F(AA'~ BB,

/=

T hen by r”orgez‘z‘/ng ; ( /03 £ 4i1s) e
destroy The resource, approximately:

6057; (MY = s /03 £

L Groisman/ Popesce/An), PEA 2005,
Berta/ Majenz, 1708.00360; Anshu/¥/siehs/Jain, 1708.00381]



F. Kesource erasure

Asswume 2hat Zhere is a FFee FeF(A' = B'Y and
an ensemble §p. U V. 2 of free wunitaries, s
Z(/ﬁ \4°(A/®f)°é/,- ~ M e F(AA'— BB
/=1 —

\

5?4/\/4/@/7{ Zo N ¥ he resocrce
Cheory has Free stales and Free
partial Crace! Asswume FForr noco..

L Groisman/ Popesce/Aw), PRA 2005,
Berta/ Majenz, 1708.00360; Anshe/sieh/ Jain, 1708.0038I]



F. Kesowurce erasure

Asswume that there is a #FFee FeF(A'=B'Y and
an ensemble {/9, YU ,\4 £ of free wnitaries, s.Z.

Z(//? Vi (NRFY U ~ M e F(AA'— BB').
/=1’

COS7; (MY = s /03 £

Theorem: COST (M = LEINY + O1), with
e/2 < T < 2¢

¢ 4554(/)7//73 Cheory has Free permutalions.

Proof’ uses generalised ‘comex-spl/it lemma)

CLice/ AL, arXiv:1904.0420I.
Extends Anshe/sieh/Jain, 1705:00381 for states!’]



5. Conc/usrion

o Channels nol enough: Memory channels
for a minimal self-consistent Theory!

o GGenera/ ?aesz‘ rons are Ahard o anseoer,
but there are some common Features:
/og—roéasfness plays a wuniversal role
both £or resowrce destrection (exdends
Zo general memory channels V), and #or

channe! simietialion.. [ CF Garcia Diaz et
al., 1505.04045 #or coherence; Faist/Berta/
Branddo, 1ISOF.05610 Ffor Therrodynariics]



5. Conc/usionr
o Juestion abocut asymptlotics: Kale of
randorness 7o a’eSZ‘roy resou rce N ®n?

COST UM = sug lipint)sup) COSTE (WD /n
=S4z //M(/n/’/sap) LA (/\/®r8/n

= 777



5. Conc/usrion

o Juestion aboul asymplotics: Kale of
randomness Zo a’eSZ‘roy resowurce N ®n.7

COST UM = sug lipint)sup) COSTE (WD /n
=S4z //M(/nr”/sap) LA (/\/®r8/n

= 777

For stales [ Brandao,/Gowr, PEL 2015, Anshee/
Wsieh/ Jain, 1705.003817]:
COS7 (p) = D[;O(p> //M r1in D(p®711c)/

oclk

Feantum asymplolic eguipartition
property: From states to channels?!
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