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Adjacency matrix and Laplacian matrix of a graph

Definition

Let X be a weighted graph on vertices 1,2,--- , n. Denote the
weight of the edge between vertices v and v by w, ,. Then the
adjacency matrix A(X) of X is an n x n matrix and is defined via

S Wiy, v if v and v are adjacent
w 0 if v and v are not adjacent,

and the Laplacian matrix of X is defined as L(X) = D(X) — A(X),
where D(X) is a diagonal matrix whose u-th diagonal entry is the
degree of vertex u: deg(u) = 2wy,y + >_, 2, Wu,v- If D(X) is a
scalar matrix, then X is said to be regular.
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Adjacency matrix and Laplacian matrix of a graph

Definition

Let X be a weighted graph on vertices 1,2,--- , n. Denote the
weight of the edge between vertices v and v by w, ,. Then the
adjacency matrix A(X) of X is an n x n matrix and is defined via

S Wiy, v if v and v are adjacent
w 0 if v and v are not adjacent,

and the Laplacian matrix of X is defined as L(X) = D(X) — A(X),
where D(X) is a diagonal matrix whose u-th diagonal entry is the
degree of vertex u: deg(u) = 2wy,y + >_, 2, Wu,v- If D(X) is a

scalar matrix, then X is said to be regular.

Both A(X) and L(X) are symmetric matrices. If X does not have
loops, then L(X) is positive semi-definite with 1 = (1,1,---,1)7
as an eigenvector associated to eigenvalue 0.
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Quantum state transfer on graphs

Fidelity of state transfer

Let M be the Laplacian matrix L(X) (resp. the adjacency matrix
A(X)) of a (weighted) graph X on n vertices. Let U(t) = e'™M,
then the Laplacian (resp. adjacency) fidelity of transfer on graph
X from vertex u to vertex v at time t is given by

puv(t) = [(U(1)),,, 2 = le] U(t)e[?.
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Quantum state transfer on graphs

Fidelity of state transfer

Let M be the Laplacian matrix L(X) (resp. the adjacency matrix
A(X)) of a (weighted) graph X on n vertices. Let U(t) = e'™M,
then the Laplacian (resp. adjacency) fidelity of transfer on graph
X from vertex u to vertex v at time t is given by

puv(t) = [(U(1)),,, 2 = le] U(t)e[?.

The fidelity is a number between 0 and 1.
Q If pu(t) =1 for vertices u, v and time t
@ If u=# v, then X is said to admits Laplacian (resp. adjacency)
perfect state transfer (PST) between u and v.
@ If u= v, then X is said to be Laplacian (resp. adjacency)
periodic at vertex u at time t.
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Quantum state transfer on graphs

Fidelity of state transfer

Let M be the Laplacian matrix L(X) (resp. the adjacency matrix
A(X)) of a (weighted) graph X on n vertices. Let U(t) = e'™M,
then the Laplacian (resp. adjacency) fidelity of transfer on graph
X from vertex u to vertex v at time t is given by

puv(t) = [(U(1)),,, 2 = le] U(t)e[?.

The fidelity is a number between 0 and 1.
Q If pu(t) =1 for vertices u, v and time t
@ If u=# v, then X is said to admits Laplacian (resp. adjacency)
perfect state transfer (PST) between u and v.
@ If u= v, then X is said to be Laplacian (resp. adjacency)
periodic at vertex u at time t.
Q If pu(tm) — 1 as m — oo, then the system admits Laplacian
(resp. adjacency) pretty good state transfer (PGST) between
uand v.
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Fractional revival

Fractional revival in terms of fidelity

If there is a time t, and two distinct vertices u and v such that
Puu(t) + puv(t) = 1, with p,,(t) > 0, then we say there is
Laplacian (resp. adjacency) fractional revival (FR) between u and

V.

or equivalently,
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Fractional revival

Fractional revival in terms of fidelity

If there is a time t, and two distinct vertices u and v such that
Puu(t) + puv(t) = 1, with p,,(t) > 0, then we say there is
Laplacian (resp. adjacency) fractional revival (FR) between u and

V.

or equivalently,

Fractional revival in terms of U(t)

If there is a time t, and two distinct vertices u and v, such that
U(t)e, = ae, + Pe, for some a, 5 € C with 3 # 0 (since U(t) is
unitary, we know that |a|? + |3]?> = 1), then we say that there is

fractional revival (FR) from u to v at time t.
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Fractional revival

Fractional revival in terms of fidelity

If there is a time t, and two distinct vertices u and v such that
Puu(t) + puv(t) = 1, with p,,(t) > 0, then we say there is
Laplacian (resp. adjacency) fractional revival (FR) between u and

V.

or equivalently,

Fractional revival in terms of U(t)

If there is a time t, and two distinct vertices u and v, such that
U(t)e, = ae, + Pe, for some a, 5 € C with 3 # 0 (since U(t) is
unitary, we know that |a|? + |3]?> = 1), then we say that there is

fractional revival (FR) from u to v at time t.

If puu = puv, or equivalently, || = ||, then the revival is said to

be balanced.
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Generalized fractional revival

If there is a time t, and a proper subset S of V/(X), such that

|S| > 3 and that for any vertex u € S, U(t),, =0if v ¢ S, and
that the unweighted graph associated to the submatrix U(t)(s s is
connected, then we say that there is generalized fractional revival

between vertices in S. |
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Calculate the fidelity through diagonalization

The two dynamics
A regular graph admits adjacency PST (PGST, or FR) if and only
if it admits Laplacian PST (PGST, or FR).

eltl — git(D—A) — it(dI=A) _ qitd o—itA _ etdeitA \where d is the

degree of the graph.
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Calculate the fidelity through diagonalization

The two dynamics

A regular graph admits adjacency PST (PGST, or FR) if and only
if it admits Laplacian PST (PGST, or FR).

eitl — git(D—A) — git(dI—A) _ gitd g=itA _ oitd gitA \here d is the

degree of the graph.

Any real symmetric matrix is diagonalizable by a real orthogonal

matrix.
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Calculate the fidelity through diagonalization

The two dynamics

A regular graph admits adjacency PST (PGST, or FR) if and only
if it admits Laplacian PST (PGST, or FR).

eitl — git(D—A) — git(dI—A) _ gitd g=itA _ oitd gitA \here d is the

degree of the graph.

Any real symmetric matrix is diagonalizable by a real orthogonal
matrix.

Assume that M is diagonalized by a orthogonal matrix Q = [qu]
to QTMQ =N = diag(A1,...,An). Then

pu(t) = ’eu eltMe, = \eTe’tQAQTe 2 = \eTQe’tAQTe 2 =

‘qT it

al® =12 0—1 €™ quequel®.
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Spectral decomposition of a Hermitian matrix

Spectral decomposition

Let M be an n x n Hermitian matrix. Assume that A\1,..., A5 are
all the distinct eigenvalues of M, and for each j =1,...,s, let E;
represent the orthogonal projection matrix onto the eigenspace

associated to the eigenvalue \;. Then the spectral decomposition

of Mis M=73"7_, \E,.
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Spectral decomposition of a Hermitian matrix

Spectral decomposition

Let M be an n x n Hermitian matrix. Assume that A\1,..., A5 are
all the distinct eigenvalues of M, and for each j =1,...,s, let E;
represent the orthogonal projection matrix onto the eigenspace

associated to the eigenvalue \;. Then the spectral decomposition

of Mis M=3""_, A\ E,. Furthermore, the following holds:
Q E? =Ejand EE, =0if j # k;
(2] Zle E, = Ip;

© If f(x) is an analytic function which is defined at each

eigenvalue of M, then f(M) =>"7_, f(\)E;.

Therefore e™ = 5°_ ™ E, and p,,(t) = > 5_, e (E )y

r=
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Cospectral vertices and eigenvalue support of a vertex

Let M be either the adjacency matrix or Laplacian matrix of a
(weighted) graph. Assume the spectral decomposition of M is
M=73%"_1\E.

Two vertices u and v are said to be strongly cospectral with

respect to M if foreach r=1,...,s, E,e, = £E,e,.
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Equitable partition of a graph and quotient graph

Definition

Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is equitable if for any ¢, € {1,..., k}, the number of
neighbours in Cy of a vertex in Cj is the same for all vertices in ;.

Xiaohong Zhang, Joint work with Steve Kirkland Fractional revival of threshold graphs under Laplacian dynamics



Equitable partition of a graph and quotient graph

Definition

Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is equitable if for any ¢, € {1,..., k}, the number of
neighbours in Cy of a vertex in Cj is the same for all vertices in ;.

J # L: the bipartite graph on C; U (; formed by the edges between

the two cells is semi-regular.
J = £: the induced subgraph on (; is regular.
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Equitable partition of a graph and quotient graph

Definition

Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is equitable if for any ¢,j € {1,..., k}, the number of
neighbours in Cy of a vertex in Cj is the same for all vertices in ;.

J # L: the bipartite graph on C; U (; formed by the edges between
the two cells is semi-regular.

J = £: the induced subgraph on (; is regular.

Definition

Assume that m = (Cy, ..., Ck) is an equitable partition of a graph
X. Define the symmetrized quotient graph )?/\71' of X with respect
to m to be the unweighted graph that has the cells of 7 as its
vertices, and with an edge of weight  /Cjec; between C; and C;
whenever cjocyj # 0, where cj is the number of neighbours a
vertex in cell C; has in cell C,.

A()?/\ﬂ') is of size k x k, with (j,£) entry equal to ,/Cj/Cy;.
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An example of an equitable partition of a graph
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An example of an equitable partition of a graph

ci2=4,c03=3,c34 = 2,5 = 1,
1 =1,c30=2,c3=3,c50 = 4.
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An example of an equitable partition of a graph

ci2=4,c03=3,c34 = 2,5 = 1,
C1 = 1, C32 = 2, C43 = 3, Coq = 4.

02 0 0 0
2 0 v6 0 0
0 V6 0 V6 0
0 0 v6 0 2
0 0 0 2 0
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Graph and its symmetrized quotient graph

Graph and symmetrized quotient graph under XY dynamics
(Bachman et al., 2012)
Let X be a graph with an equitable partition 7, where vertices u

and v are singleton cells. Then for any time t,

(eitA(X)) = (eitA(X/ﬂ)) (v}
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Graph and its symmetrized quotient graph

Graph and symmetrized quotient graph under XY dynamics
(Bachman et al., 2012)
Let X be a graph with an equitable partition 7, where vertices u

and v are singleton cells. Then for any time t,

EAX)) [ WitA(X/T)
("), = (e )

fub{v}

Weighted path (Christandl-Datta—Ekert—Landahl, 2004)
For any positive integer n, there is a weighted path on n vertices
which admits adjacency PST between its end vertices.

One possible weights set is wy, 411 = v/ u(n — u) for each
ve{l,...,n—1}.
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Weighted paths with adjacency fractional revival

Use weighted path with PST (Genest—Vinet—Zhedanov, 2016)

Let R, denote the antidiagonal matrix of size m x m.

Assume A is the adjacency matrix of a weighted path with loops
that admits adjacency PST between the two end vertices.
sin(@)lg COS(Q)R% if n is even, and
cos(f)Raf  —sin(6)!2 '

2
sin(Q)In%l 0n cos(H)Ranl

2

Let Q =

Q= OnTzl 1l O-nrzl if nis odd.
COS(G)RNEI 0na 7Sin(9)ln;1
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Weighted paths with adjacency fractional revival

Use weighted path with PST (Genest—Vinet—Zhedanov, 2016)

Let R, denote the antidiagonal matrix of size m x m.

Assume A is the adjacency matrix of a weighted path with loops

that admits adjacency PST between the two end vertices.

sin(0)/z cos(0)Ra o d

cos()Rnf —sin(0)ln 1115 even, an
2 2

sin(Q)In%l 0n cos(H)Ranl

2

Q= 0% 1 0% if nis odd. Then the
COS(G)R%I 0n fsin(H)Ianl

weighted path with adjacency matrix A(6) = QAQ admits

adjacency fractional revival between the two end vertices.

Furthermore, the deformation only changes the middle edge weight

(also the weights of the loops on the middle two vertices of the

path when n is even).

Therefore there is a weighted path with loops of any length that

admits adjacency FR between the two end vertices.

Let Q =
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Some known graphs

Graphs known with adjacency FR

Weighted paths with loops.

Some weighted cubelike graphs.

Some weighted graphs obtained from hypercubes.
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Some known graphs

Graphs known with adjacency FR
Weighted paths with loops.
Some weighted cubelike graphs.

Some weighted graphs obtained from hypercubes.

A weighted path with adjacency FR
(Chan—Coutinho—Tamon-Vinet—Zhan, 2018)

There is adjacency FR between vertices 1 and 3 at time

— s 1
t= T When w # 1, the two vertices are not strongly
cospectral.

o’
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Laplacian FR

@ Spectral decomposition L(X) = 7_; A\ E, = U(t) =
ettX) = 35 e®NE, — E,U(t) = e™™E, for any r
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Laplacian FR

@ Spectral decomposition L(X) = 7_; A\ E, = U(t) =
ett(X) = 35 e™E, — E, U(t) = e"™™E, for any r
@ Laplacian FR at t between 1 and 2, U(t) = [ U 02’"2].
Op—22 Us

premultiply E,
U(t)er = urer + wiex, U(t)er = wiey + uney ————

eithr E,e; = E U(t)er = u11Ere; + unErep
e™ E,ey = E,U(t)er = upnEre1 + unkEre.
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Laplacian FR

@ Spectral decomposition L(X) = 7_; A\ E, = U(t) =
ett(X) = 35 e™E, — E, U(t) = e"™™E, for any r
@ Laplacian FR at t between 1 and 2, U(t) = [ U 02’"2].
Op—22 Us

premultiply E,
U(t)er = urer + wiex, U(t)er = wiey + uney ————

eithr E,e; = E U(t)er = u11Ere; + unErep
e™ E,ey = E,U(t)er = upnEre1 + unkEre.

upg — et ui2 B it LY
o [ErelaEre2] U1 Uy — eitr | [ErelaEre2](U1_e l2) =0
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Laplacian FR

@ Spectral decomposition L(X) = 7_; A\ E, = U(t) =
ett(X) = 55 e™E, — E,U(t) = e"ME, for any r
@ Laplacian FR at t between 1 and 2, U(t) = [ U 02’"2].
Op—22 Us

premultiply E,
U(t)er = urer + wiex, U(t)er = wiey + uney ————

eithr E,e; = E U(t)er = u11Ere; + unErep
et E, ey = E,U(t_)fg = upEre; + uxnEres.
ItA,
Q [Ee Ee] | ;216 " ﬁ“e,.m] = [Erer,Eres](Us — eitrhy) = 0
QO For a (complex) symmetric matrix U, any real right
eigenvector is a real left eigenvector at the same time:
Ux = \x, x real, then xTU = Mx".
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Laplacian FR

@ Spectral decomposition L(X) = 7_; A\ E, = U(t) =
eltL(X) — Zi:l eltAr E, — ErU(t) — elt)\,Er for any r
@ Laplacian FR at t between 1 and 2, U(t) = [ U 02,n2]_
Op—22 Us
ltiply E,
U(t)er = urier + uner, U(t)er = wo1er + uxne premetey &,
etrE,e; = E U(t)er = u1Ere; + w1 Erer

e E,.eo = E.U(t)e, = unErer + upoEren.

upg — et ui2 B it LY
e [ErelaEre2] Un1 Uy — eit)\, - [ErelaEre2](U1_e l2) =0

QO For a (complex) symmetric matrix U, any real right
eigenvector is a real left eigenvector at the same time:
Ux = \x, x real, then xTU = Mx".

© Real eigenvectors associated to distinct eigenvalues of a
symmetric matrix U are orthogonal:

MTy = (xTU)y =xT(Uy) = pxTy.
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Laplacian FR

@ Spectral decomposition L(X) = 7_; A\ E, = U(t) =
ett(X) = 55 e™E, — E,U(t) = e"ME, for any r
@ Laplacian FR at t between 1 and 2, U(t) = [ U 02’"2].
Op—22 Us

premultiply E,
U(t)er = urer + wiex, U(t)er = wiey + uney ————

eithr E,e1 = E, U(t)e1 = unEe1 + unEren
e™ E,ey = E,U(t)er = upnEre1 + unkEre.

upg — et ui2 B it LY
e [ErelaEre2] Un1 Uy — eit)\, - [ErelaEre2](U1_e l2) =0

QO For a (complex) symmetric matrix U, any real right
eigenvector is a real left eigenvector at the same time:
Ux = \x, x real, then xTU = Mx".

© Real eigenvectors associated to distinct eigenvalues of a
symmetric matrix U are orthogonal:
MTy = (xTU)y =xT(Uy) = pxTy.

@ 1 is an eigenvector of Uy, U, associated to 1, and
a(L(X) = {A1,..., A} = o(etX)) = {elth eftAs)

Xiaohong Zhang, Joint work with Steve Kirkland Fractional revival of threshold graphs under Laplacian dynamics



Strong cospectrality of two vertices involved in Laplacian
FR

If a connected weighted graph X admits Laplacian FR between two
vertices u and v at time t, then the two vertices are strongly
cospectral with respect to the Laplacian matrix L(X): for

LX) = ¥, M Er,

either E, e, = E e, (if %rr € Z), or E,e, = —Ee, (if %‘r’ ¢ 7).
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Strong cospectrality of two vertices involved in Laplacian
FR

If a connected weighted graph X admits Laplacian FR between two
vertices u and v at time t, then the two vertices are strongly
cospectral with respect to the Laplacian matrix L(X): for

LX) = ¥, M Er,

either E, e, = E e, (if %rr € Z), or E,e, = —Ee, (if %‘r’ ¢ 7).

The FR time t satisfies that %‘T’ € 7 for some A\, # 0.
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Generalized Laplacian FR

Generalized Laplacian FR

Assume that X is a weighted graph that admits generalized
Laplacian FR between vertices in S = {1,2,..., m} C V(X) at
time t, and that Uy = U(t)[s.s] = (e"tL(X))[S,S] has 1 as a simple
eigenvalue. Consider the spectral decomposition
L(X)=>_1{M\E, Foreach r=1,...,s, the vectors

E.e1, Erep, - -+ , E e are linearly dependent, and either
Eiee=Ee=---=Eenpife™ =1, or (1)
Ere1+ Erer + -+ + Erepy = 0 if €™ £ 1, (2)
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A graph with (generalized) Laplacian FR

V3 V4

VL Vo

Figure: Graph X, with Laplacian eigenvalues:0, 1, 3®, 45
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A graph with (generalized) Laplacian FR

VL

vs

va

V2

Figure: Graph X, with Laplacian eigenvalues:0, 1, 3®, 45

There is Laplacian FR between vertices v; and vo, and generalized

FR between vertices {v3, v4, vs, vg} at time 27, (1 is not simple for

U2)

Xiaohong Zhang, Joint work with Steve Kirkland

Fractional revival of threshold graphs under Laplacian dynamics



A graph with (generalized) Laplacian FR

V3 V4

VL Vo

Figure: Graph X, with Laplacian eigenvalues:0, 1, 3®, 45

There is Laplacian FR between vertices v; and vo, and generalized
FR between vertices {v3, v4, vs, vg} at time 27, (1 is not simple for
U2)

There is also generalized Laplacian FR between vertices

{v1, v4, vs}, and between vertices {v2, v3, v} at time 7. (1 is
simple for both U; and U>)
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Threshold graphs

Definition

A threshold graph can be constructed from one-vertex graph by
repeatedly adding a single vertex of two types: isolated vertex, i.e.,
a vertex without any incident edges, or a dominating vertex, i.e., a

vertex connected to all other vertices.
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Threshold graphs

Definition

A threshold graph can be constructed from one-vertex graph by
repeatedly adding a single vertex of two types: isolated vertex, i.e.,
a vertex without any incident edges, or a dominating vertex, i.e., a

vertex connected to all other vertices.

Characterize a connected threshold graph with join and union
A connected graph X is a threshold graph if and only if one of the

two conditions is true:

1) there are indices my, ..., my, with m; > 2 such that
X = ((((Om1 \ Km2) U Oms) \ Km4) e ) \ szk = r(mlr cooy m2k)v
2) there are indices my, ..., myk41 with my > 2 such that X =

((((Kml U Om2) \ Km3) U Om4) o ) \% Km2k+1 = r(mlv cacy m2k+1)'
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Spectral property of threshold graphs

Laplacian eigenvalues of the threshold graph I'(my, ma, ..., myy):
QO )y =0 (multiplicity 1),
Q@ )\ = mj 1+ mjy3+ -+ myy for any odd integer
. m1—1, ifj:1
J€A{1,...,2k} (multiplicity { m; otherwise.
Q@ )\ =0+ mjo+---+ my for any even integer

J€{1,...,2k} (multiplicity m;), where
oj:=mp+my+---+mjforj=12,..., 2k
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Spectral property of threshold graphs

Laplacian eigenvalues of the threshold graph I'(my, ma, ..., myy):

QO )y =0 (multiplicity 1),
Q@ )\ = mj 1+ mjy3+ -+ myy for any odd integer
J€41,...,2k} (multiplicity { Zjl -1 :tjhe:rvvlise. )
Q@ )\ =0+ mjo+---+ my for any even integer
J€{1,...,2k} (multiplicity m;), where
oj:=mp+my+---+mjforj=12,..., 2k
Orthogonal idempotents: Eo = ;- Jo,,,

1
Imy — nTlJ'm o --- 0
0 0O --- 0
El = . . A
0 0 --- 0
m; 1
oj_10; 7 %—1 o dojam Oojyion—0;
o 1 1
E=|-5 mj,0j—1 I'"j - chij Omjvozraj

J

0"2k70'jv0'j—1 0‘72k70'jvmj Oozk*f’jvﬂvk*oj
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State transfer in threshold graphs

. l
Laplacian FR between u and v, Song “oPectizlly, {u,v}={1,2}

and m = 2.
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State transfer in threshold graphs

. t tralit
Laplacian FR between u and v, 2 PRI, £, v} = {1,2}
and m = 2.
(e""‘L(X))LW =0 for w > 3 iff tmoy, tmok_1, tMok_o, ..., tms, and

to, are all even integer multiples of .
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State transfer in threshold graphs

Laplacian FR between u and v, S12" cospectrality, {u,v} ={1,2}
and m = 2.

(et(X); ,, = 0 for w > 3 iff tmpk, tmok_1, tmax_o, ..., tms, and
to, are all even integer multiples of .

In this case, (et(X)); ; = %eitm + % (ett(6)); 5 = —%eitm + %
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State transfer in threshold graphs

. t tralit
Laplacian FR between u and v, 2 PRI, £, v} = {1,2}
and m = 2.
(e""‘L(X))LW =0 for w > 3 iff tmoy, tmok_1, tMok_o, ..., tms, and

to, are all even integer multiples of .
In this case, (e™(X))y 1 = Leftm 4 1 (£/tL(C)),, = —Leitmz2 4 1.
Hence, if in addition,

e tmy (and therefore tm; = 2t) is an even integer multiple of ,
then the graph G is periodic at vertex 1 (and vertex 2);

e tmy (and therefore tm; = 2t) is an odd integer multiple of ,
then the graph G admits Laplacian perfect state transfer
between vertex 1 and 2;

e tmy (and therefore tm; = 2t) is not an integer multiple of 7,
then the graph G admits Laplacian fractional revival between

vertex 1 and 2.
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Laplacian FR in threshold graphs

Laplacian FR in connected threshold graphs

The threshold graph X =T(my, ..., me), where e = 2k or 2k + 1,

admits Laplacian FR between two vertices u and v at time t iff
O {u,v}={1,2} and m; =2, and

(2] 0m1£:2§g§z
@ (m+my)s=, miz=e€Zforj=3,... e
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Laplacian FR in threshold graphs

Laplacian FR in connected threshold graphs

The threshold graph X =T(my, ..., me), where e = 2k or 2k + 1,

admits Laplacian FR between two vertices u and v at time t iff
O {u,v}={1,2} and m; =2, and

(2] 0m1£:2§¢z
@ (mi+ mp)s=,mj>— cZforj=3,... e

Balanced Laplacian FR in connected threshold graphs
Balanced FR between u, v at time t in X =[(my,..., me) iff
Q@ my =2 with {u,v} = {1,2},

Qt= 2{%% for some non-negative integer ¢,

Q@ m = 2(22;:1), for the same integer ¢ as in 2.) above, and for

a non-negative integer s of distinct parity from ¢ such that

(20 + 1)|(2s + 1) (in this case 3553 = 3 (mod 4)), and

Q mj=0 (mod 8) for j=3,...,e.
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Generalized Laplacian FR in threshold graphs

Consider the threshold graph X =T(mjy, ..., m.), where e = 2k or
2k +1, and let (5, £ =1,..., e denote the cells of the partition 7
of V(X) according to the parameters my, ¢/ =1,...,e. Then X
admits generalized Laplacian FR between vertices in S C V/(X) at
some time t > 0 iff, for some integer j < e,

tme tMok—1 tmjio toji1
Q@ T, —5—, ..., 5, and € 7,
tmj+1 §Z 7.

In this case, S= G U---U C;, and X is periodic at all vertices in
the cells Ci4q,. .., Ce.
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Almost equitable partition

Definition
Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is almost equitable if for any ¢ # j € {1,..., k}, the number

of neighbours in Cy of a vertex in C; is the same for all vertices in
G.
]
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Almost equitable partition

Definition

Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is almost equitable if for any ¢ # j € {1,..., k}, the number
of neighbours in Cy of a vertex in C; is the same for all vertices in
G.

J # £: the bipartite graph on C; U (; formed by the edges between
the two cells is semi-regular.
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Almost equitable partition

Definition
Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is almost equitable if for any ¢ # j € {1,..., k}, the number

of neighbours in Cy of a vertex in C; is the same for all vertices in
G.
]

J # £: the bipartite graph on C; U (; formed by the edges between
the two cells is semi-regular.
Quotient

Assume that m = (Cy, ..., Cx) is an almost equitable partition of a

it
graph X. Let B = [bje] with by, = { Z\/jg? :fﬁ fj '
r#£j =Jr -
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Almost equitable partition

Definition
Let X be a graph on n vertices. A partition 7 = (Cy, ..., Cx) of
V(X) is almost equitable if for any ¢ # j € {1,..., k}, the number

of neighbours in Cy of a vertex in C; is the same for all vertices in
G.
]

J # £: the bipartite graph on C; U (; formed by the edges between
the two cells is semi-regular.
Quotient

Assume that m = (Cy, ..., Cx) is an almost equitable partition of a

. —./CitCy; if £ £ j
raph X. Let B = [bjy] with b;y = I . ..
srap (Bl s { > Cir if 0=
If u and v are both singleton cells of 7. Then for any time t,

(eitL(X))

_ itB
uv (e ){u}{v}
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Construct more graphs with Laplacian PST, PGST or FR

More graphs with Laplacian FR

Suppose that the graph X = (V, E) has an almost equitable
partition 7 of V/, with vertices u and v being singleton cells. If
there is Laplacian PST, PGST or FR between vertices u and v,
then for any graph Y obtained from X by adding or deleting any
collection of edges within the cells of 7w, Y also admits Laplacian
PST, PGST or FR.
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Construct more graphs with Laplacian PST, PGST or FR

More graphs with Laplacian FR

Suppose that the graph X = (V, E) has an almost equitable
partition 7 of V/, with vertices u and v being singleton cells. If
there is Laplacian PST, PGST or FR between vertices u and v,
then for any graph Y obtained from X by adding or deleting any
collection of edges within the cells of 7w, Y also admits Laplacian
PST, PGST or FR.

The partition of X = I'(my,..., me), according to the indices

my, ..., Me is an equitable partition, so is any refinement of it.
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Construct more graphs with Laplacian PST, PGST or FR

More graphs with Laplacian FR

Suppose that the graph X = (V, E) has an almost equitable
partition 7 of V/, with vertices u and v being singleton cells. If
there is Laplacian PST, PGST or FR between vertices u and v,
then for any graph Y obtained from X by adding or deleting any
collection of edges within the cells of 7w, Y also admits Laplacian
PST, PGST or FR.

The partition of X = I'(my,..., me), according to the indices

my, ..., Me is an equitable partition, so is any refinement of it.

O, V K admits Laplacian FR at time 7/4 and Laplacian PST at
time 7/2, then so does the complete bipartite graph Ka g, since it
can obtained from O, V Kg by removing all the edges inside Kg.
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Thank you!
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