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This talk is in part motivated by some conversations with
F. A. Griinbaum (Berkeley) and L. Veldzquez (Zaragoza), regarding
the recurrence problem in (closed and open) quantum settings. At

some point we began discussing the mean hitting time problem.
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We are motivated by certain elements coming from the classical
theory of Markov chains, noting that coined unitary quantum walks
are not a “perfect fit" into such context. Moreover, we seldom
have that a simple adaptation of a classical proof gives us a result

in quantum dynamics.

In this talk | discuss some points in the open quantum case, and

something else.



® Open quantum walks
® The mean hitting time formula (classical and quantum)
© Generalized inverses and another formula

O Open question: the unitary case
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®;(-) = Bj- B}, Bj € Mi(C)
and let
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We assume trace preservation, that is,

1:( 3 04(0) = Ti(o
=1

P1
P2

Pn |

j=1,...

Z(Du Pj);

®1(p)
®2(p)

., pe

p € Dnk

pE Dn;k

Dn;k

We say T is an open quantum walk (OQW) on n vertices and

internal degree of freedom k.
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OQWs were defined by [S. Attal et al. JSP (2011)] and are a
particular case of the so-called quantum Markov chains [S. Gudder,
JMP (2008)]. This provides a versatile formalism for studying

quantum dynamics on graphs.
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OQWs were defined by [S. Attal et al. JSP (2011)] and are a
particular case of the so-called quantum Markov chains [S. Gudder,
JMP (2008)]. This provides a versatile formalism for studying
quantum dynamics on graphs.

Question: given a quantum particle, can we talk about the

time of first visit to some vertex?
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1. When we refer to the position of the particle, it is implicit that
we are considering a monitoring procedure: we inspect whether
the particle has been found at some chosen vertex. If the answer is
positive, the experiment is over. Otherwise the particle is in the
subspace given by the complement of the vertex inspected, the
walk continues and we repeat the process. Several authors discuss
this reasoning in the setting of unitary quantum walks. In the more
general case of linear contractions on a Banach space this is

discussed in [Griinbaum, Veldzquez, Adv. Math. (2017)].
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2. In this talk we only consider the statistics of iterative quantum
trajectories, meaning that we are summing square moduli of
amplitudes (traces) associated with individual paths. This is in
contrast to the case of unitary quantum random walks, for which
one usually calculates probabilities via the square modulus of a

sum of amplitudes.
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We introduce the following matrix-valued generating functions,

2)=> PiT(QT) 'Biz" ' =BiT(I - 2Q;T)'Pj, zeD

n>1

where D = {z € C: |z| < 1}. Then we can write

i ~ N Iimxﬂ G,"(X) if i 7éj
m(pj = i) = Tr(hyp;),  hyj = I ’ T (1)
if i =

T(pi — i) = Tx(Fipi), = ||m d G i(x) (2)

T(pj — i) = Tr(/?,-jpj), ki =



Finally, define the matrices of operators

hi1

h21

hnl

These will play a central role in the description of hitting time

formulae.
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Mean hitting time formula

The classical setting: given a graph and transition probabilities
between its vertices, what is the mean time for a walker to reach
vertex j for the first time, given that it has started at vertex i? If
Tj is the time of first visit to vertex j, and P;(T; = t) the

probability that T; = t,
E(T)) =) tP(T;=1)
t

Can we avoid using the definition in order to calculate E;(T;)?
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We can use the fundamental matrix associated with a finite ergodic
(irreducible and aperiodic) Markov chain with stochastic matrix P,

Z=(I-P+Q)7Y Q= lim P™

m—o0

Then we have that
Zj = Zj

7j

E(T;) =

where ™ = (7;) denotes the unique fixed probability associated

with the walk. This is the mean hitting time formula.
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7 7
Z=(-P+Q)7Y, Q= lim P", E(T)="L—"4

n—oo TI'J
In the classical setting the origin of Z comes from the notion of a

potential matrix
o
W=y
n=0
so each entry of W counts the mean number of visits to a
particular vertex given some initial position, noting that we only

consider pairs of vertices (i, /) for which i, are transient (in the

other situations we obtain null or infinite entries).
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On the other hand, it turns out that in the irreducible case we can

make a proper modification of W, namely replace T" with T" — Q.

We ask: is there a quantum version of such hitting time

formula?
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block diagonal matrix with block diagonal entries given by the

operators ki, i=1,...,n.
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First mean hitting time formula. Let T be an ergodic OQW
acting on a finite graph with n > 2 vertices and let D denote the
block diagonal matrix with block diagonal entries given by the
operators l?,-,-, i=1,...,n.
a) The mean hitting time for the walk to reach vertex i, beginning
at vertex j with initial density p; concentrated in vertex j is given
by

Tr(kipj) = Te(ki(Zi — Zij)pj)



a) Tr(kp;) = Te(ki(Zi — Zy)p))
b) (Random Target Lemma). If D is invertible and there is ¢ scalar
).

such that Tr(kiy) = cTr(y), all i vertex, 7 € M,(C), then for

every density p,
Tr[(D7'K) o] = Te[(Zi — Zj)pl
As a consequence,
= > (D K) 0] = [ZTr i) -1

In particular, such quantity does not depend on j.
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Informally, the meaning of the theorem is: the mean hitting time
from j to / is an information which can be extracted from the mean

return time to i if we know the fundamental matrix of the walk.

An element of the proof: study the iterates of T (which
converge to € in the ergodic case) in terms of matrix

representations.
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The iterates of an ergodic chain. A brief analysis shows that

the limit OQW is of the form

vec (k)

R A vec(lx)
s Q=|m)epl, | lep) = e Cm¥

| vec(lk) |

as m — oo, where 7 is the unique stationary state for T and
Ik € My(C) is the order k identity matrix. For instance, if
n=k =2, write

1 712 T33 T34
m = m|1)(1]+m®|2)(2] = ®[L)(1[+ ®|2)(2]

M1 T22 T43  T44



1 712 T33 T34
T =m®[1)(1|+m®[2)(2] = ®[1)(1[+ ®[2)(2]

21 722 43 T44



mT1 712 733 T34
1)1+ ®]2)(2|

T =me1){1|+m®|2) (2] =
To1 792 43 T44

vec\m1
so if we set |7) = (m)
vec(m)
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so if we set |7) =

11
12
21
22
33
T34

43

T4a4

11

721 722

vec(my)

vec(mp)

1001100 1=

11
12
21
22
33
T34

43

T44

O O O o o o o o

O O O O o o o o

mT12 s
®|1)(1]|+

33

T34

T43  T44

11
12
21
22
33
T34
43

T44

we obtain that Q = |7r><e,22|

11
12
21
22
33
T34
43

T44

O O O o o o o o

o O O O o o o o

®[2)(2|

11

12

21

22

33

T34

743
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Another ingredient of the proof: conditioning on the first step.
For a classical walk starting at vertex j, consider the mean time of
first visit to vertex i, i # j: take the mean number of steps
required given the outcome of the first step, multiply by the
probability that this outcome occurs, and add. If the first step is to
i, the mean number of steps required equals 1 and if it is to some
other vertex, say /, the mean number of steps required is kj plus 1

for the step already taken,

ki=pj+ > (ki+1)pg=1+Y kipj, =1+ kipi
I£i I£i /

where r; is the mean time of first return to .
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For instance, in the case n = 3, we have
n ki kiz 111 0 ko kiz| |puz pr2 pi3

kg 1 ks| = |1 1 1|+ |k1 0  koz| [po1 P2 P23

1 1 1

ka1 ka n3 ka1 ki 0 P31 P32 P33
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ku—Pu+Z (ki + 1) P/J—1+Zk,/PIJ, f,—1+ZkI/P/,

1#£i 1#£i

For instance, in the case n = 3, we have

n ki kiz 111 0 ko kiz| |pu
kg k| = |1 1 1|+ |k1 0 kos| |pa
ka1 ka n3 111 ka1 ki 0 P31

— K=D+(K-D)=

E+(K-D)P = E=K-—

P12 P13
P22 P23
P32 P33
(K—-D)P

where E denotes the matrix with all entries equal to 1 and D

denotes the diagonal matrix with nonzero entries equal to r;.
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Now we turn to the case of OQWs. For p; density concentrated on

vertex j we obtain in a similar way as in the classical case that

.I.
Biip; By t
ki(p) =1+ :/( ) Tr(Bjp;Bj)
1#£i (BIJIOJBT) ’

where traces appear on the right with the purpose of making

explicit the probabilistic reasoning. Then

ki(py) =1+ ka(BjpiBL) = kij(pj) = > ka(Bjp;B}) =1
I#£i I£i
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We want to “replace” the stochastic matrix P with the CP map T

describing the OQW, so by considering operator K, define
L=K-(K-D)T

This seems to define an open quantum version of the equation
E = K — (K — D)P obtained previously. In the classical case we
know that L = E. However, in the OQW case, L (its matrix

representation) does not have all entries equal to 1 in general.
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L:=K—(K-D)T

Nevertheless, we have the crucial fact that for every density p;

concentrated on a vertex j,

~

Tr(Ljpj) =1, Vi

where Z,-j is the operator corresponding to the (i, )-th block matrix
representation appearing in L.
This will be essential to our discussion on generalized inverses as

well.
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Generalized inverses

A generalized inverse, or g-inverse, of a matrix A is any matrix
A~ such that

AATA=A

Usually one can obtain several generalized inverses, but by

imposing additional conditions one may have uniqueness.
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Theorem. Let T be an irreducible OQW on a finite graph with
stationary density 7. Let |t), |u) € C" be such that (g/|t) # 0 and
(ulm) #0. Then | — T + |t)(u| is invertible and its inverse is a
g-inverse of [ — T.

Corollary. Under the above conditions any g-inverse Gg of | — T

can be written in one of the following forms:

3 Go— (- T+ 16 (ul) 4 O] Il el

{erft) — (ulm) (ulm)(er]t)

o e Il el
b) Go = (I = T+ [e){ul) ™ + Tr S F + 6o

¢) Go= (I = T+ |t){ul) ™ +|m){f] + |g) (el

where f, g are arbitrary vectors, F, G, H are arbitrary matrices.
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Set (f|, |g) to be the null vector, |t) = |7) and (u| = (e/|, so we
immediately obtain:
Corollary. Let T be an irreducible OQW on a finite graph with

stationary density 7 and let Q = |7)(e/|. Then
Z=(-T+Q)™

is a generalized inverse of | — T
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Set (f|, |g) to be the null vector, |t) = |7) and (u| = (e/|, so we
immediately obtain:
Corollary. Let T be an irreducible OQW on a finite graph with

stationary density 7 and let Q = |7)(e/|. Then
Z=(-T+Q)™

is a generalized inverse of | — T (fundamental matrix of T).
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Going back to the question of obtaining hitting time formulae,

what can we do with an arbitrary generalized inverse?
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Going back to the question of obtaining hitting time formulae,
what can we do with an arbitrary generalized inverse? Inspired by a
very interesting result [J. J. Hunter, Lin. Alg. Appl. 45:157-198

(1982)], we are able to prove the following:



Hunter’s formula for OQWs.
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Hunter’s formula for OQWs. Let T be an ergodic OQW on a
finite graph with n > 2 vertices and internal degree k > 2, let 7 be
its stationary density and  its limit map. Let K = (k;) denote
the matrix of mean hitting time operators to vertices i = 1,...,n,
D=Ky= diag(l;n? R l?,,,,), G be any g-inverse of /| — T and let
E denote the block matrix for which each block equals the identity
of order k2.

a) The mean hitting time for the walk to reach vertex i, beginning

at vertex j with initial density p; is given by

~

Te(kgp;) = Tr(|D(Q6 — (QG)aE +1 - G + GdE)L.Pj)



a) Tr(kyp;) = Tr(|D(Q6 — (Q6)4E +1 — G + G4E )| Upj)



~

a) Tr(kyp;) = Tr(|D(Q6 — (Q6)4E +1 — G + G4E )| Upj)

b) By setting G = (I — T + |u)(ey|) ™t + |F)(e/|, with |f) arbitrary
and |u) such that (u|w) # 0, we have that for every vertex i and

initial density p; on vertex j,
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a) Tr(kyp;) = Tr(|D(Q6 — (Q6)4E +1 — G + G4E )| Upj)

b) By setting G = (I — T + |u)(ey|) ™t + |F)(e/|, with |f) arbitrary
and |u) such that (u|w) # 0, we have that for every vertex i and

initial density p; on vertex j,

Te(kyps) = Tr([D(1 - G + GyE)] U_pj).

Informally, the meaning of the theorem is: the mean time of first
visit from j to i is an information which can be extracted from the
mean return time to vertices if we have knowledge of any

generalized inverse of | — T.



Example. Let

a V1-—a? 0 0
Bi1 = By = , Bio = By1 = ,0<ax<l1
0 0 —V/1—-2a% a

and for b := v/1 — a2, define the OQW on 2 vertices

a2  ab ab b% 0 0 0

0
o 0 0 0 0 0 0 O

0o 0 0 0 0 0 0 O

> [Bul [B]f {0 0 0 0 b> —ab —ab a?
[B21] [B22] 0 0 0 0 a2 ab ab b?

0o 0 0 0 0 0 0 O

o 0 0 0 0 0 0 O

b> —ab —ab a*> 0 0 0 0



a V1-—a? 0 0
Bi1 = By = , Bio = Bo1 =

0 0 —V/1—2a2 a
0<a<l b=+v1-2?

It is a simple matter to show that T is ergodic and unital. Also

10 0 1]

A Qi1 Qu 1/0 0 0 O
Q= |m){e)| = , =g

Qi Qn 0000

_1 00 1_




ki1 = koo =

a®> ab
0 O
0 O
b> —ab
a° ab
0 0
0 0

ab
0
0
—ab

ab
0
0

b2
0
0

32 —3ab —3ab 332_

)

>
= O O O

ki2 = ko1 =

o o o o

o O o

1

L b2

o O o o

o o O

ol

= O O O

From this we obtain that for every density and vertex the hitting

probability equals 1, as expected, since this OQW is irreducible.

o O O

Tl

N O O O
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Also,

Tr(l?llp) = Tr(l?zzp) = (3 — 232)p11 + (1 + 232)p22 — 4abRe(p12)



a V1-— a2 0 0
Bi1 = By = , Bio = Bo1 =

0 0 —V1-2a%2 a
0<a<l, b=+y1-2?

Also,

Tr(l?llp) = Tr(/222p) = (3 — 232)p11 + (1 + 232)p22 — 4abRe(p12)

A A 1 2a
Tr(ki2p) = Tr(ko1p) = put 2022 + ?Re(ﬂlz)



The block matrix representation of the fundamental matrix is the

order 8 matrix

N ~ ~ ~ 211 212
Z=(I-T+Q) ="
Iy I
5 3a 33 _4°-3 _4’-1 _a _a _ 1
8b? 4p 4p 8b? 8b? 4b 4b 8b?
0 0 0 0 0
0 0 1 0 0 0 0 0
1 _a _a _43-5 _42°-3 a _a 1
_ 8b? 4p 4pb 8b? 8b? b 4b 8bh2
_4P-1 _a _a _ 1 5_ 3a 3a _42°-3
8b? 4p 4p 8b? 8b2 4p 4p 8b2
0 0 0 0 1 0 0
0 0 0 0 0 0 0
_4°-3 _a _a 1 _ 1 _a _a _4a-5
8b? 4b 4b 8b? 8b? 4b 4b 8b?




With such Z we have, by the MHTF,

/211(211 - 212)

a? ab ab b2 |HF 2 2
o o 0 o0 0 10
1o o o of|]o o1

3> —3ab —3ab 32*| -1 0 0

o O NI

NI

o O O Tl

(@] o O Ty

Niw O O NI=



With such Z we have, by the MHTF,

/211(211 - 212)

@ ab b B|IHE 2 GG % 3
o o 0 0 0 100 |0 O
0 0 0 0 0 0 10 0 0
3> —3ab —3ab 32*| -1 0 0 3 20

Therefore for p = (pjj)i j=1,2 density on vertex 2,

2
3211 + 22 + 22 Re(p12)

0

vec_l[lzll(fll — 212)V€C([))] =

from which we obtain Tr(l?lgp), as expected.
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With such Z we have, by the MHTF,

/211(211 - 212)

2

@ ab b BIEE 22 G| %% F 3 :
o o 0 0 0 100 |0 000
0 0 0 0 0 0 10 0 000
3> —3ab —3ab 32*| -1 0 0 3 2 o0 0 3

Therefore for p = (pjj)i j=1,2 density on vertex 2,

2
3211 + 22 + 22 Re(p12)

0

vec_l[lzll(fll — 212)V€C([))] =

Niw O

from which we obtain Tr(l?lgp), as expected. Hunter's formula is

also verified, by choosing any g-inverse.
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Open question

Classical Open Quantum
MHTF | ET = ZJ@%ZJ Te[k;ps]) = Trlka(Zi — Z;)0i]
MHTF I | mET; = Z;j - Z; Te[(D1K)jipi] = Te[(Zi — Zy)pi]
MHTF Ii ETj=2 Tr[Kjx] = Tr[(DZ);F]
Hunter | ET; = [D(I — G + G4E)]; Tr[/?,-jpj] =Tr([D(I — G + GqE)]ijp;)

Question: is there a mean hitting time formula for the

unitary case?




Trlkyp] = Telki(Zi — Zij)p)]
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1. Representations. What is an appropriate matrix representation

for the unitary case?
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1. Representations. What is an appropriate matrix representation
for the unitary case? The block matrix representation works just
fine for the case of CP maps describing the statistics of quantum

trajectories (individual path counting).



Tr[kjpj] = Te[ki(Zii — Z;)pj]

We may break the problem into two parts:

1. Representations. What is an appropriate matrix representation
for the unitary case? The block matrix representation works just
fine for the case of CP maps describing the statistics of quantum

trajectories (individual path counting). But:



Tr[kjpj] = Te[ki(Zii — Z;)pj]
We may break the problem into two parts:
1. Representations. What is an appropriate matrix representation
for the unitary case? The block matrix representation works just
fine for the case of CP maps describing the statistics of quantum
trajectories (individual path counting). But: should the unitary
problem also be examined via a matrix approach, or should

something else be employed?



Tl“[/?,'jpj] = Tl"[/?ii(zii - 2U)pj]

2. Time of first visit to a vertex or a state.
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also talk about the mean time of first visit to some pure state.
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2. Time of first visit to a vertex or a state. Just as in the
recurrence problem for unitary walks (and OQWs as well) we can
also talk about the mean time of first visit to some pure state. The
visit to a vertex concerns, on the other hand, the hitting time to a
subspace, which on its turn leads to a convenient block matrix

structure in the proof of the theorem.



Tl"[/;,‘jpj] = Tr[lzii(zii - Zj)pj]

2. Time of first visit to a vertex or a state. Just as in the
recurrence problem for unitary walks (and OQWs as well) we can
also talk about the mean time of first visit to some pure state. The
visit to a vertex concerns, on the other hand, the hitting time to a
subspace, which on its turn leads to a convenient block matrix
structure in the proof of the theorem. What happens in the case of
hitting times to states? This seems to be related to part 1 stated

before.
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Thank you!



