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A formal definition

Replacement matrix
Let a,b,c,d € ZZO'
® O

(24)
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A formal definition

Replacement matrix
Let a,b,c,d € ZZO'
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2(2d) (oz)

e Balanced urn: K:=a+ b= c+d (above K =2)
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A formal definition

Replacement matrix
Let a,b,c,d € ZZO'
® O ® O
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e Balanced urn: K :=a+ b= c+d (above K =2)
o Initial by black (@) and wy white (0)
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A formal definition

Replacement matrix
Let a,b,c,d € Z>o.
® O ® O

2(2d) (oz)

e Balanced urn: K :=a+ b= c+d (above K =2)
o Initial by black (@) and wy white (0)
o After n steps by + wp + Kn balls in the urn (deterministic!)

Famous urn models |Flajolet, Dumas, Puyhaubert 2006

Adverse-campaign urn Coupon collector's urn

Contagion urn
(Pdlya) (Friedman)

6 1) (G o)

Periodic Pélya urns & Young tableaux

(5 o)
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Vast number of applications

o [Pdlya, Eggenberger 1923-1930]: Disease infections (,(7)1 Sq)

[Rivest 2012]: How to check election results? How to be sure your vote was
counted?

[Fanti, Viswanath 2017]: Deanonymization in Bitcoin's peer-to-peer network
[Smythe, Mahmoud 1994, Holmgren, Janson 2016]: m-ary search trees
[Janson 2004]: Branching processes

[Mailler 2014], [Kuba, Sulzbach 2017], [Kuntschik, Neininger 2017]:
Probabilistic analysis
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Vast number of applications

o [Pdlya, Eggenberger 1923-1930]: Disease infections (,(7)1 Sq)

@ [Rivest 2012]: How to check election results? How to be sure your vote was
counted?

[Fanti, Viswanath 2017]: Deanonymization in Bitcoin's peer-to-peer network
[Smythe, Mahmoud 1994, Holmgren, Janson 2016]: m-ary search trees
[Janson 2004]: Branching processes

[Mailler 2014], [Kuba, Sulzbach 2017], [Kuntschik, Neininger 2017]:
Probabilistic analysis

Vivid field:
@ many tools (martingales, analytic combinatorics, contraction, stochastic
approximation, ...),

@ many experts (see above, and more),

@ many challenges: more colors, subset samplings, non tenable (non trivial
positivity constraint), non time homogeneous, ...
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Periodic Pdlya urns

Definition

A periodic Pélya urn of period p is a Pélya urn with replacement matrices
My, My, ..., M,, such that at step np + k the replacement matrix Mj is used.
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Periodic Pdlya urns

Definition

A periodic Pélya urn of period p is a Pdlya urn with replacement matrices
My, My, ..., M,, such that at step np + k the replacement matrix Mj is used.
Such a model is called balanced if each of its replacement matrices is balanced.

Definition
The Young—Pdlya urn is a Pdélya urn of period 2 with

0
01 for every odd step,
. 1 1
and replacement matrix M, := 0 2 for every even step.

. 1
replacement matrix My := (

Caveat: not modelizable as a classical Pdlya urn (even with multidrawing)
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Definition

Histories of length n: A sequence of n drawings/evolutions.
hn.k¢: Number of histories of length n, from (bg, wp) to (k, ).
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Definition

Histories of length n: A sequence of n drawings/evolutions.
hn.k¢: Number of histories of length n, from (bg, wp) to (k, ).

Generating function of histories:

H(x,y,z ZH X y Z hn kex yfz

n>0 ! n,k,£>0
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Hoxy2) =Y Halxo) o= Y hnkexky[i

n>0 ! n,k,€>0
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Definition

Histories of length n: A sequence of n drawings/evolutions.
hn.k0: Number of histories of length n, from (bg, wg) to (k, ).

Generating function of histories:

Hoxy2) =Y Halxo) o= Y hnkexky[i

n>0 ! n,k,€>0
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Definition
Histories of length n: A sequence of n drawings/evolutions.
hn.k0: Number of histories of length n, from (bg, wg) to (k, ).

Generating function of histories:
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Definition

Histories of length n: A sequence of n drawings/evolutions.
hn.k0: Number of histories of length n, from (bg, wg) to (k, ).

Generating function of histories:

Hoxy2) =Y Halxo) o= Y hnkexky[i

n>0 ! n,k,€>0
Ho = xy
Hi = X%y + xy?

Hy = 2x3y% + 2x%y3 + 2xy*

Hz = 6x%y? + 8x3y3 + 8x2y* + 8xy®
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Asymptotic distribution
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Distribution of the urn

Main question:

How does the composition of the urn look like after n steps?
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Distribution of the urn

Main question:
How does the composition of the urn look like after n steps?

Panacea! Histories generating function

2

H(x,y,z) = xy + (xy? + x%y) z + (2xy* + 2x3> + 2x3y?) & + . ..
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Panacea! Histories generating function

2
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Balanced urn:
= deterministic number of balls
= homogeneous polynomials H,(x, y)
= focus on the distribution B, of black balls after n steps
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Distribution of the urn

Main question:

How does the composition of the urn look like after n steps?

Panacea! Histories generating function

2

H(x,y,z) = xy + (xy? + x%y) z + (2xy* + 2x3> + 2x3y?) & + . ..

Balanced urn:
= deterministic number of balls
= homogeneous polynomials H,(x, y)
= focus on the distribution B, of black balls after n steps

Many known distributions for (non-periodic) urn models:

03 05 oms 1 o o0z o5 on 1

Uniform distribution Normal distribution Beta distribution (2, 4)
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Periodic Pdlya urns gives a new universal distribution

Generalized Gamma distribution GenGamma(«, /3)

Let o, B > 0 be real, then the density function with support (0, +00) is
BxLexp(=x")
f(x;a,0) = ———F—FF——,
e )
1

where [ is the classical Gamma function [(z) := [~ t*~!exp(—t) dt.

Some examples with red o = 0.5, blue @ = 1, and green o = 2:

L6 L6
14 »

1.2 1.2
1 1.
0.8 0.8
0.6- 0.6-
0.4 0.4
0.2 0.2
0 1 2 3 4 0 1 2 3 4
Gamma distributions This talk!
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Periodic Pdlya urns gives a new universal distribution

Generalized Gamma distribution GenGamma(«, /3)

Let o, B > 0 be real, then the density function with support (0, +00) is
BxLexp(=x")
f(x;a,0) = ———F—FF——,
e )
1

where [ is the classical Gamma function [(z) := [~ t*~!exp(—t) dt.

Some examples with red o = 0.5, blue @ = 1, and green o = 2:

16 16 16

14 14 1.4

1.2 1.2 12

1 1. 1.

08 0.8 0.8

0.6 0.6 0.6

0.4 0.4 0.4

0.2: 0.2 0.2

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
ﬂ =1 [3’ =2 /8 =3

Gamma distributions Half-normal for a« = 1 This talk!

@ [Janson 2010]: area of the supremum process of the Brownian motion
@ [Pekoz, Rollin, Ross 2016]: preferential attachments in graphs
o [Khodabin, Ahmadabadi 2010]: generalization of special functions

10/ 44
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The number of black balls
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Black balls in Young—Pdélya urns

The normalized random variable 224% of the number of black balls in a

Young—Pdlya urn converges in law to a generalized Gamma distribution:

22/3 B, r
= s GenGamma (1, 3).
1.
0.8
0.6
04
0.2
0 1 2 3 4 3
The evolution of the Young—Pélya urn Density: f(x;1,3) = ?—(el;;)
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Black balls in Young—Pdélya urns

The normalized random variable 224% of the number of black balls in a
Young—Pdlya urn converges in law to a generalized Gamma distribution:

22/3 B,
Tm i) GenGamma (1,3)

0.8

0.6

04

0.2

0 1 2 3 4

The evolution of the Young—Pdlya urn Density: f(x;1,3) = 3¢~

Bl,n

n

@ Classical Pélya urn ((1) (1)) C1

c . .
— uniform distribution
c
=

half-normal distribution

@ Classical Pélya urn (é 1): CQ‘?%’
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Capture the evolution of the urn |

@ Split into even and odd steps

z2n
H = Hon(x,
e(vavZ) ; 2 (X .y)(2n)|
Z2n+1
HD I E] = Hn ) A 1\l
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z2n
H ::E Hon(x, ) —=—
e(vavZ) o 2 (X .y)(2n)|
Z2n+1
H, s Yo = Hop, s
(0= Y sl o

@ Model the evolution using differential operators

10 11
=5 3) = (o 2)

Dy = x20x + y?0, Dy = x2ydx + y30,
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Capture the evolution of the urn |

@ Split into even and odd steps

z2n
H ::E Hon(x, ) —=—
e(vavz) o 2 (X .y)(2n)|
Z2n+1
H, s Yo = Hop, s
(0= Y sl o

@ Model the evolution using differential operators

10 11
=5 3) = (o 2)

Dy = x20x + y?0, Dy = x2ydx + y30,

@ Link odd and even steps
0,Ho(x,y,2) = D1He(x,y, 2) 0,He(x,y,2) = DaHy(x,y, 2)
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Capture the evolution of the urn Il

@ As the urn is balanced, we have:

number of balls after n steps =2+ n+ {gJ .
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Capture the evolution of the urn Il

@ As the urn is balanced, we have:

number of balls after n steps =2+ n+ {gJ .
This gives the additional system:

3
XaxHe(Xayvz) +.y8yHe(Xa.yaZ) = 2He(XayaZ) + EZaZHe(mevZ)a

3 3
xO0xHo(x,y,2) + yO,Ho(x,y,2) = EHo(x,yyz) + 5282H0(X7y72)-
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Capture the evolution of the urn Il

@ As the urn is balanced, we have:
number of balls after n steps =2+ n+ {gJ .
This gives the additional system:

3
XaxHe(Xayvz) +.y8yHe(Xa.yaZ) = 2He(XayaZ) + EZaZHe(mevZ)a

3 3
xO0xHo(x,y,2) + yO,Ho(x,y,2) = EHo(x,yyz) + 5282H0(X7y72)-

© Algebral Eliminate 0, H. and 0, H,, then substitute y =1
(We define H(x, z) := H(x, 1, z), He(x, z) := He(x,1,2), and Ho(x, z) := Ho(x, 1, 2))
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Capture the evolution of the urn Il

@ As the urn is balanced, we have:
number of balls after n steps =2+ n+ {gJ .
This gives the additional system:

3
XaxHe(vavz) +.y8yHe(Xa.ya Z) = 2He(XayaZ) + EZaZHe(mevZ)a

3 3
xO0xHo(x,y,2) + yO,Ho(x,y,2) = EHo(x,y,Z) + 5282Ho(x,y72)-

© Algebral Eliminate 0, H. and 0, H,, then substitute y =1
(We define H(x, z) := H(x, 1, z), He(x, z) := He(x,1,2), and Ho(x, z) := Ho(x, 1, 2))

0,He(x,z) = x(x — 1)0xHo(x, 2) + gzazHo(x,z) 4 gHo(x, z),

0,Ho(x,2) = x(x — 1)0xHe(x, 2) + gzazHe(x, z) + 2H.(x, 2).
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Capture the evolution of the urn Il

@ As the urn is balanced, we have:
number of balls after n steps =2+ n+ {gJ .
This gives the additional system:

3
XaxHe(vavz) +.y8yHe(Xa.ya Z) = 2He(XayaZ) + EZaZHe(mevZ)a

3 3
xO0xHo(x,y,2) + yO,Ho(x,y,2) = EHo(x,y,Z) + 5282Ho(x,y72)-

© Algebral Eliminate 0, H. and 0, H,, then substitute y =1
(We define H(x, z) := H(x, 1, z), He(x, z) := He(x,1,2), and Ho(x, z) := Ho(x, 1, 2))

0,He(x,z) = x(x — 1)0xHo(x, 2) + gzazHo(x,z) 4 gHo(x, z),

0,Ho(x,2) = x(x — 1)0xHe(x, 2) + gzazHe(x, z) + 2H.(x, 2).

Moreover, they satisfy linear differential equations, i.e., they are D-finite.
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The nice world of D-finite functions

NIST Handbook
¥ ¥ of Mathematical SPECIAL
HANDBOOK OF Functions FUNCTIONS

MATHEMATICAL FUNCTIONS
withFo les GEORGE E. ANDAEWS

RICHARD ASKEY
FAMIAN ROY

CombiceStcles 0 Advenced Mathematcs 62

THE
Enumerative ENCYCI(.)?PEDIA

mim'"i“ INTEGER Analytic

The Concrete SEQUENCES Combinatorics

Tetrahedron

Robert Sedgewick
NJA SLOANE
SIMON PLOUFFE

Holonomy is the key to handle sums, integrals, special functions, orthogonal polynomials,
g-series. Allows proof of identities, asymptotic expansions, numerical values, structural
properties. Applications: combinatorics, computer science, probability theory,
engineering, physics...
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Inite world, computer alg

;; (itj)2(4n2;2_i2fi2j) ns 1)(2:>2
/0+°° x Ji(ax) h(ax) Yo(x) Ko(x) dx = ———=1
+1 P T, (x)
a1 V1I=X2

n n—j ,ﬂ) 242 n (_1)kq7/2k2+1/2k

dx = (=1)"7 I,(p)

=5 (4 0)n-i-i(a 9)i(a: 9); k,,n(q: @Dnrk(q: @k
¢(3) = 1.202056903159594285399738161511449990764986292340498 . . .

2] {y +6y + (=54 +542)y" + (27 — 54z + 27 2%)y" = 0,(0) = e, y'(0) = %e,y”(O) = %e}

n=4/3 V3 (2/3)n=5%/3 n~7/3 19 \/3r(2/3)n"8/3 _
135 M6 ~ V8757 " 216 = +0(n)
z z+256 \~l/4 2
2'El([12 12] [1]; 1728 (Z+16)3> - (16z+256> ' 2'El([lz 12] [1]; 1728 W)

Periodic Pdlya urns are D-finite, with a rich structure, and offer a lot of identities
with similar flavors.
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Urns are D-finite!

Let ﬁ(x, z) =350 an;z" be the probability generating function. Then we have
LH(x,2) = (--- 02 4 -8 +---0,)H(x,z) = 0.
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Urns are D-finite!

Let ﬁ(x, z) =350 Z:—Exlgz" be the probability generating function. Then we have

LH(x,z) = (-+- 02 +--- 0>+ ---0,)H(x,z) = 0.

L=92(z—1)(z+1) (@22 +2x°2+3x2 =3x+1) (*2* —2x°2+3x> =3x+1) (15x72° +36 x2° +45x"2* —3x°2° + 15x°7* + 180 x°2° — 24 x°2* —210x°2% + 8 x*2*
—108x°2+63x°2% +90 x*2* +180 Xz~ 108 x* 22 — 10 x°2° —81 x* — 135 x* 2481 x*2° + 189 x* +-54 x° 2~ 30 X’ 2° — 189 x° — 9 x* 2+ 5 x2° + 99 x* =2 2x — 27 x+2+3) 0}
+3 (375 x132'% + 1188 x'22' + 912x%7'0 — 84 x1221 — 2646 x32° + 1419 x'27'0 — 4995 x'22® + 0822 x'?2° — 1734 x1 2'% — 486 x'32" + 5853 x'?2® — 10974 x''2°
+578 x10210+1620 x'32° — 24138 x'? 27 — 1902 x*! 2844506 x'02° — 7938 x'22°+ 53940 x" 27 — 5102 x'°2° — 424 x°2° + 24138 x'22° + 5292 x! 2° — 65778 x'027 +-5958 x°2°

+ 3240 x'22% — 62748 x2° + 11358 x'02° + 49444 x°27 — 2472x%2% — 7776 x22° + 13932 x™ 2* + 102168 x02° — 29508 x°2° — 21948 x®27 + 412x"2° + 27054 x' 2*
— 46224 x'02* — 120504 x°2° + 33384 x°2° + 4918 x7 27 — 8748 x' 22 — 55242 x2° + 69579 x°z* + 102294 x®2° — 22658 x7 2° — 360 x°2” + 25434 x'02% + 85158 x°2*
— 77346 x°2* — 61030 x" 2° 9456 x°2° 42430 x'°2 — 46332 x? 22 — 104976 x*2* + 71694 x" 2* 424626 x°2° — 2286 x°2° — 13770 x?2+ 76869 x°2° + 100998 x” 2* — 52878 x°z*
—6102 x°2° +254 x* 28+ 5103 x°+ 35964 x®2 — 109242 x” 22 — 72612 x° 2> +29151 x°2* + 718 x*2° — 22113 x® — 56646 x” 2+ 116856 x° 2%+ 37458 x°2° — 11534 x*2* —8 x°2°
444226 x” 459346 x°z — 89910 x° 2% — 13098 x*2° + 3144 x*2* — 53208 x° — 43002 x° 2+ 49137 x* 22 + 2698 x> 2° — 540 x2* + 42525 x° + 21906 x*z — 18726 x*2* — 144 x*2*
+45 xz" — 23247 x* — 7674 x> 244758 x°2° — 66 x2° +8694 x* + 1764 x* 2 — 728 xz° +12 2° — 2142 x* —238 2x+51 224315 x+ 14 2—21) 97 +2 (1020 x*2" +4032 x1321°
+ 7461 x132° — 276 x1221° + 972x*32° + 1317 x™22° — 9315 x™327 + 29340 x'22° — 2550 x™ 2% — 5346 x132° + 27990 x'227 — 34260 x*12° + 853 x1°2° — 52974 x*?2°

19935 x' 27 +14352 x'°2° — 40743 x'22° + 113634 x*' 2° — 5016 x'02 — 1466 x°2° + 40338 x'22* 125830 x*! 2° — 127818 x'°2° + 13083 x°2” + 19440 x'22* — 150660 x*' 2*
+ 40608 x'02° + 89886 x°2° — 5442 x°27 — 11664 x'22% — 4617 x* 2* + 240894 x'°2* — 80883 x°2° — 38142 x°2° + 907 x" 27 + 58806 x'' 22 — 92340 x'°2* — 206514 x°z*
+ 69570 x°2° + 8198 x72° — 17496 x'1z — 115182 x'02% + 227124 x°2® + 93150 x®2* — 38517 x"2° — 526 x°2° + 58563 x'0z + 127008 x°2% — 289710 x°2% — 12354 x"2*
+14154 x°2° — 10206 x™° — 105462 x°z — 93312 x°2% + 232929 x” 2* — 9330 x°2* — 3231 x°2° + 27216 x° + 139482 x°2 + 50922 x” 22 — 122508 x°2* + 5958 x°2* + 359 x*2°
—20412 x® — 150903 x” 2 — 20358 x°2% + 41499 x° 2> — 1632 x*2* — 19278 x” -+ 134298 x°z +4050 x° 2% — 8526 x* 2° + 194 x>2* + 55566 x° — 94770 x° 2+ 1350 x* 2% + 948 x*2°
— 57834 x° +50715 x*z — 1416 x>2> — 60 x°2* + 35910 x* — 19620 x*z + 540 x*2% + 5 xz* — 14490 x* + 5148 x*z — 110 x2* + 3780 x* — 819 zx + 10 2> — 588 x +60 2 +42) 0,
+17010 x1° — 61236 x” + 102060 x® — 103194 x” + 70308 x° — 34020 x° + 11970 x* — 3024 x*
45047 — 42x + 12 (270x° — 261x° + 126 x* + 21x* ~ 69 + 30x — 5) (3x* — 3x +1)°z
+2x(3x* —3x+1) (3240 x° — 2673 x° — 6129 x” + 16254 x° — 16101 x° + 8010 x* — 1923 x° + 78 x* + 45 x — 5) 2°
+4x° (3x = 3x+ 1) (1134 x7 — 4995 x° + 5886 x° — 2841 x* + 129x + 366 x> — 159 x + 28) 2°
—6x* (3x% —3x+1) (1485 x® — 468 x> — 927 x* + 1150 x° — 623 x* + 162 x — 27) z*
—4x°(3x% —3x+1) (1107 x* — 3093 x° 4 1863 x* — 565 x — 28) 2° + 6 x” (405 x° + 5178 x* — 4335 x* — 128 x* + 1619 x> — 666 x + 111) 2°
+20x° (405 x* + 1053 x° — 1335 X% + 597 x — 76) 2" + 10 x'° (783 x® — 57 x* — 69 x + 23) 2% + 240 x"2 (12x — 1) 2° + 600 x"*2"°

Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableau



Urns are D-finite!

Let ﬁ(x, z) =350 Z:—Exlgz" be the probability generating function. Then we have

LH(x,z) = (-+- 02 +--- 0>+ ---0,)H(x,z) = 0.

L=92(z—1)(z+1) (@22 +2x°2+3x2 =3x+1) (*2* —2x°2+3x> =3x+1) (15x72° +36 x2° +45x"2* —3x°2° + 15x°7* + 180 x°2° — 24 x°2* —210x°2% + 8 x*2*
—108x°2+63x°2% +90 x*2* +180 Xz~ 108 x* 22 — 10 x°2° —81 x* — 135 x* 2481 x*2° + 189 x* +-54 x° 2~ 30 X’ 2° — 189 x° — 9 x* 2+ 5 x2° + 99 x* =2 2x — 27 x+2+3) 0}
+3 (375 x132'% + 1188 x'22' + 912x%7'0 — 84 x1221 — 2646 x32° + 1419 x'27'0 — 4995 x'22® + 0822 x'?2° — 1734 x1 2'% — 486 x'32" + 5853 x'?2® — 10974 x''2°
+578 x10210+1620 x'32° — 24138 x'? 27 — 1902 x*! 2844506 x'02° — 7938 x'22°+ 53940 x" 27 — 5102 x'°2° — 424 x°2° + 24138 x'22° + 5292 x! 2° — 65778 x'027 +-5958 x°2°

+ 3240 x'22% — 62748 x2° + 11358 x'02° + 49444 x°27 — 2472x%2% — 7776 x22° + 13932 x™ 2* + 102168 x02° — 29508 x°2° — 21948 x®27 + 412x"2° + 27054 x' 2*
— 46224 x'02* — 120504 x°2° + 33384 x°2° + 4918 x7 27 — 8748 x' 22 — 55242 x2° + 69579 x°z* + 102294 x®2° — 22658 x7 2° — 360 x°2” + 25434 x'02% + 85158 x°2*
— 77346 x°2* — 61030 x" 2° 9456 x°2° 42430 x'°2 — 46332 x? 22 — 104976 x*2* + 71694 x" 2* 424626 x°2° — 2286 x°2° — 13770 x?2+ 76869 x°2° + 100998 x” 2* — 52878 x°z*
—6102 x°2° +254 x* 28+ 5103 x°+ 35964 x®2 — 109242 x” 22 — 72612 x° 2> +29151 x°2* + 718 x*2° — 22113 x® — 56646 x” 2+ 116856 x° 2%+ 37458 x°2° — 11534 x*2* —8 x°2°
444226 x” 459346 x°z — 89910 x° 2% — 13098 x*2° + 3144 x*2* — 53208 x° — 43002 x° 2+ 49137 x* 22 + 2698 x> 2° — 540 x2* + 42525 x° + 21906 x*z — 18726 x*2* — 144 x*2*
+45 xz" — 23247 x* — 7674 x> 244758 x°2° — 66 x2° +8694 x* + 1764 x* 2 — 728 xz° +12 2° — 2142 x* —238 2x+51 224315 x+ 14 2—21) 97 +2 (1020 x*2" +4032 x1321°
+ 7461 x132° — 276 x1221° + 972x*32° + 1317 x™22° — 9315 x™327 + 29340 x'22° — 2550 x™ 2% — 5346 x132° + 27990 x'227 — 34260 x*12° + 853 x1°2° — 52974 x*?2°

19935 x' 27 +14352 x'°2° — 40743 x'22° + 113634 x*' 2° — 5016 x'02 — 1466 x°2° + 40338 x'22* 125830 x*! 2° — 127818 x'°2° + 13083 x°2” + 19440 x'22* — 150660 x*' 2*
+ 40608 x'02° + 89886 x°2° — 5442 x°27 — 11664 x'22% — 4617 x* 2* + 240894 x'°2* — 80883 x°2° — 38142 x°2° + 907 x" 27 + 58806 x'' 22 — 92340 x'°2* — 206514 x°z*
+ 69570 x°2° + 8198 x72° — 17496 x'1z — 115182 x'02% + 227124 x°2® + 93150 x®2* — 38517 x"2° — 526 x°2° + 58563 x'0z + 127008 x°2% — 289710 x°2% — 12354 x"2*
+14154 x°2° — 10206 x™° — 105462 x°z — 93312 x°2% + 232929 x” 2* — 9330 x°2* — 3231 x°2° + 27216 x° + 139482 x°2 + 50922 x” 22 — 122508 x°2* + 5958 x°2* + 359 x*2°
—20412 x® — 150903 x” 2 — 20358 x°2% + 41499 x° 2> — 1632 x*2* — 19278 x” -+ 134298 x°z +4050 x° 2% — 8526 x* 2° + 194 x>2* + 55566 x° — 94770 x° 2+ 1350 x* 2% + 948 x*2°
— 57834 x° +50715 x*z — 1416 x>2> — 60 x°2* + 35910 x* — 19620 x*z + 540 x*2% + 5 xz* — 14490 x* + 5148 x*z — 110 x2* + 3780 x* — 819 zx + 10 2> — 588 x +60 2 +42) 0,
+17010 x1° — 61236 x” + 102060 x® — 103194 x” + 70308 x° — 34020 x° + 11970 x* — 3024 x*
45047 — 42x + 12 (270x° — 261x° + 126 x* + 21x* ~ 69 + 30x — 5) (3x* — 3x +1)°z
+2x(3x* —3x+1) (3240 x° — 2673 x° — 6129 x” + 16254 x° — 16101 x° + 8010 x* — 1923 x° + 78 x* + 45 x — 5) 2°
+4x° (3x = 3x+ 1) (1134 x7 — 4995 x° + 5886 x° — 2841 x* + 129x + 366 x> — 159 x + 28) 2°
—6x* (3x% —3x+1) (1485 x® — 468 x> — 927 x* + 1150 x° — 623 x* + 162 x — 27) z*
—4x°(3x% —3x+1) (1107 x* — 3093 x° 4 1863 x* — 565 x — 28) 2° + 6 x” (405 x° + 5178 x* — 4335 x* — 128 x* + 1619 x> — 666 x + 111) 2°
+20x° (405 x* + 1053 x° — 1335 X% + 597 x — 76) 2" + 10 x'° (783 x® — 57 x* — 69 x + 23) 2% + 240 x"2 (12x — 1) 2° + 600 x"*2"°

NB: D-finiteness allows “time travelling”: composition at time n in time O(/n)!

Cyril Banderier, Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableau



An ugly D-finite equation, but nice moments

Let m,(n) be the r-th factorial moment of the distribution of black balls after n
steps, i.e.
my(n) :=E(Bp(B,—1)--- (B, —r+1))
= [zn]a;ﬁ(xvz)\le
"] &7 H(x,2)

[27]H(1, 2)

The r-th factorial moment satisfies

m(m) = 23/%/ *(1+0(3))

For n large, this gives:

o E ) T
m s ra — ™

Is this the moment of some known law? Is there only one such possible law?

Cyril Banderier, Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableaux BIRS, 2019.03.12 18 /44



Moments and generalized gamma distributions

The distribution of Young—Pdlya urn is
characterized by its moments.

Torsten Carleman Maurice Fréchet
(1892-1949) (1878-1973)

[Carleman 1923] & [Fréchet, Shohat 1930] = the moments determine the

distribution uniquely.
The support of the distribution plays a role. There is a unique distribution with

such moments if the Carleman’s condition holds:

1/2r

— for support [0, c0) (Stieljes moment problem): if >~ 1/m;"~" = oo
— for support (—oo, 00) (Hamburger moment problem): if > 1/m;{2r =00 O

BIRS, 2019.03.12 19/44
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https://en.wikipedia.org/wiki/Carleman
http://www.ams.org/journals/tran/1931-033-02/S0002-9947-1931-1501604-6/S0002-9947-1931-1501604-6.pdf

Young—Pélya urn of period p and parameter /

The same method of differential operators allows us to obtain the distribution of
black balls for the urn with replacement matrices

1 0
M1:M2:--~: p1:<0 1)

1
Mp(o 1+£)'

We call this model the Young—Pdlya urn of period p and parameter (.

and
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Young—Pélya urn of period p and parameter /

The same method of differential operators allows us to obtain the distribution of
black balls for the urn with replacement matrices

1 0
M1:M2:--~: p1:<0 1)

1
M”(O 1+£)'

We call this model the Young—Pdlya urn of period p and parameter (.

Let by be the initial black and wy the initial white balls. Then,

F) -1
ﬁ% £ Beta(bo,wo)HGenGamma(bo—i- wo+p+i,p+9),
i=0

with § = p/(p + £), and where Beta(bg, wp) is the law with support [0,1] and

density %x%—l(l _ X)wo—1'

Cyril Banderier, Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableaux BIRS, 2019.03.12 20/ 44



“After this the reader who wishes to do so will have no difficulty in devel-
oping the theory of urns when they are regarded as differential operators.”
[From the wording of Alfred Young (1873-1940) in Grace & Young, The algebra of
invariants, 1903, p. 366.]

“A method is a trick used twice.”
[From the wording of George Pélya (1887-1985) in How to solve it., 1957, p. 208.]

Cyril Banderier, Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableaux BIRS, 2019.03.12 21 /44



What is the density method?

[ancestors (playing with posets, volume of polytopes, and probability or
enumeration): Pak 2001, Elkies 2003, Baryshnikov & Romik 2010]

Cyril Banderier, Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableaux BIRS, 2019.03.12 22 /44



Young tableaux with local decreases

We consider Young tableaux in which some pairs

of (horizontally or vertically) consecutive cells

8 19]10]14|16| are allowed to have decreasing labels.
113]4]5(11|13|15| Places where a decrease is allowed (but not compulsory)
are drawn by a bold red edge, which we call a “wall”.

18119112 |21]20|17

Nice formulae for some specific tableaux of shape n x 2:
14113 e Walls everywhere: (2n)!

10112 e Horizontal walls everywhere:

| W] oo ©
Ll BESA0 >N BN |

Cyril Banderier, Philippe Marchal, Michael Wallner Periodic Pélya urns & Young tableaux BIRS, 2019.03.12 23 /44



Young tableaux with local decreases

We consider Young tableaux in which some pairs

of (horizontally or vertically) consecutive cells

8 19]10]14|16| are allowed to have decreasing labels.
113]4]5(11|13|15| Places where a decrease is allowed (but not compulsory)
are drawn by a bold red edge, which we call a “wall”.

18119112 |21]20|17

Nice formulae for some specific tableaux of shape n x 2:

14113 e Walls everywhere: (2n)!
Hori | wall here: (22!
10l12 e Horizontal walls everywhere: 57
11 e Horizontal walls everywhere in left column:

| W] oo ©
Ll BESA0 >N BN |
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Young tableaux with local decreases

We consider Young tableaux in which some pairs

of (horizontally or vertically) consecutive cells

8 19]10]14|16| are allowed to have decreasing labels.
113]4]5(11|13|15| Places where a decrease is allowed (but not compulsory)
are drawn by a bold red edge, which we call a “wall”.

18119112 |21]20|17

Nice formulae for some specific tableaux of shape n x 2:

14113 e Walls everywhere: (2n)!
Hori | wall here: (22!
10l12 e Horizontal walls everywhere: 57
. . . (2n)!
11 e Horizontal walls everywhere in left column: 55

o Vertical walls everywhere:

| W] oo ©
Ll BESA0 >N BN |
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Young tableaux with local decreases

We consider Young tableaux in which some pairs

of (horizontally or vertically) consecutive cells

8 19]10]14|16| are allowed to have decreasing labels.
113]4]5(11|13|15| Places where a decrease is allowed (but not compulsory)
are drawn by a bold red edge, which we call a “wall”.

18119112 |21]20|17

Nice formulae for some specific tableaux of shape n x 2:

14113 e Walls everywhere: (2n)!
Hori . (2n)!
10112 e Horizontal walls everywhere: >33
9111 e Horizontal walls everywhere in left column: (22,,';)!!
o Vertical walls everywhere: (2") = (2',’)2!
8|7 n/o ()
o k vertical walls:
416
315
211
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Young tableaux with local decreases

We consider Young tableaux in which some pairs

of (horizontally or vertically) consecutive cells

8 19]10]14|16| are allowed to have decreasing labels.
113]4]5(11|13|15| Places where a decrease is allowed (but not compulsory)
are drawn by a bold red edge, which we call a “wall”.

18119112 |21]20|17

Nice formulae for some specific tableaux of shape n x 2:

14113 e Walls everywhere: (2n)!
Hori . (2n)!
10112 e Horizontal walls everywhere: >33
9111 e Horizontal walls everywhere in left column: (22,,';)!!
o Vertical walls everywhere: (2") = (2',’)2!
8|7 ) ) NG
T o k vertical walls: —1—(7) (37).
315
211
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Young tableaux with local decreases

We consider Young tableaux in which some pairs

of (horizontally or vertically) consecutive cells

8 19]10]14|16| are allowed to have decreasing labels.
113]4]5(11|13|15| Places where a decrease is allowed (but not compulsory)
are drawn by a bold red edge, which we call a “wall”.

18119112 |21]20|17

Nice formulae for some specific tableaux of shape n x 2:

14113 e Walls everywhere: (2n)!
. . (2n)!
10112 e Horizontal walls everywhere: >33
9111 e Horizontal walls everywhere in left column: (22,,';)!!
o Vertical walls everywhere: (2") = (2',’)2!
8|7 ) ) NG
T o k vertical walls: —1—(7) (37).
315 For shape n x m with k long walls at distance \;:
211

s (T C ) Y (0 ))

i=1 j=1 i=1
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Uniform random generation and enumeration

6 |15|16
1113|14
8 10|18
3 12
4 17
215 |11

We now show how to generate the above tableaux via the density method.
This example is “without loss of generality” (i.e., our method works also for
non-periodic shapes). &

The density method will give thousands of coefficients in a few seconds.
f, = (6n+1)! fol pn(z), with
21
Prt1(z) = / ﬂ(z —1)(x—2)(3x> = 7x?z — xz° — 2° — 2x* + 4xz + 42°) po(x) dx.
0

{fn} n>0=11 12, 8550, 39235950, 629738299350, 26095645151941500, 2323497950101372223250, 392833430654718548673344250,

115375222087417545717234273063750, 55038140590519890608190921051205837500, ... } .
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From tableaux to tuples of real numbers, and polytopes

T7T116|17| |.74].96|.97
6 15|16

2 114|15| |.25[.94[.95 S| Z|\W
1(13(14

9 111|19| |.85[.91[.99 R|\Y |V
8 11018

4 110|13| |.42].90(.93 X
319 (12

5|8 |18] |.54[.82[.98 S <t W
4 17 R <Y < V

316 |12] |.35.57[.92 :
21511 X

1 .06

Left: 2n x 3 Young tableau with walls.

Centre: A related tableau Polyo, with one more cell (removing this cell + relabel:
bijection with left tableau).

Our algorithm generates real numbers between 0 and 1, with same relative order.
All possible values = a polytope P € [0,1]6*1.

Right: The “building block” of 7 cells. Each polyomino Polyo, is made of the
overlapping of n such building blocks.
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Density method: key ideas

e geometric point of view:

Associate with a poset of size N its “order polytope” P which is a subset of
[0,1]V. Generate a random element of the polytope slice by slice using conditional
densities.

In the present example, N = 6n+ 1 and the slices are the building blocks of size 6
(except for the first one).

e sequence of densities: sequence of polynomials p,(x), defined by the following
recurrence (which in fact encodes the full structure of the problem, building block
after building block): pop = 1 and by induction,

Pnt1(z / / / / / / pn(v) dv dw ds dr dy dx
Pn+1(z / / / / / / v) dv dw ds dr dy dx.
0<x<z Jx<y<z JO<r<y Jr<s<z <w<l1l <v<W
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The density method algorithm

1 Initialization: Order the building blocks from k = n—1 to k = 0 (top to
bottom). Start at the top, i.e. k := n— 1. Put into the top cell Z a random

number z with density p,,(z)/fo1 pa(t) dt.

2 Filling: Now that Z is known, put into the cells X, Y, R,S, V, W random
numbers x, y, r,s, v, w with conditional density

1
= — 1
gk,z(Xa y,r,s,v, W) Pk+1(Z) Pk(X) Pz

where 1p, is the indicator function of the k-th building block (with value z
in cell Z):
1732 = 1{OSXSySZ,OSrSy,rSSSZ,ZSwgl,ygvgW}-
3 lteration: Consider X as a the Z of the next building block. Set k := k —1
and go to step 2 (until k = 0).

The density method algorithm is a uniform random generation algorithm with
quadratic time complexity and linear space complexity.
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Limit surface of Young Tableaux
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Limiting objects

Classical dream: universality via limiting objects for combinatorial stuctures:

@ Dyck paths ~» Brownian motion (Bachelier, Einstein)
@ Trees ~~ Continuous random trees (Aldous)
@ Domino tilings ~> Gaussian Free Field (Kenyon)
@ Planar maps ~~ Brownian map (Marckert, Mokkadem: existence,

Le Gall: triangulations, Miermont: quadrangulations)
o Self-avoiding processes ~» SLE (Schramm, Lawler, Werner, Smirnov. . .)
@ Young tableaux ~» ?

e Fluctuations in the corners of rectangular shapes: Gaussian
o Fluctuations along the edge of square shapes: Tracy—-Widom limit law
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https://lipn.fr/~cb/macdo.pdf

Fluctuation on the limiting surface

Product Generalized Gamma distribution
local limit law proven in this article,
& Gaussian for rectangular shapes [49], see also [36]

Unknown

Gaussian free field
proven in [39] for random

tilings, see also [9, 54]

Airy Ensemble?
proven in [49] for rectangular shapes,
(includes Tracy-Widom distribution)

Unknown
local limit laws are proven in [64]
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

6
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

6 We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here
ep=1/4=1
1 3 en=3
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here
ep=1/4=1
en=3
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here
ep=1/4=1
e n=4
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here
ep=1/4=1
en=>5
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here
‘ ep=1/4=1

.l en==56
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here
‘ ep=1/4=1

. en=17
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of
the lower right corner.

Here

ep=1/4=1
h en=2_8
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of

the lower right corner.
Here
ep=1/4=1
h en=9
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Triangular Young tableaux

Triangular Young tableaux

A triangular Young tableau of slope o := —fi and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n/,
@ the next p rows have length (n — 1)¢ and so on

We are interested in n — oo.
In particular: Distribution of

the lower right corner.
Here
ep=1/4=1
h e n=10
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Triangular Young tableaux

Triangular Young tableaux
A triangular Young tableau of slope o := ,g and of size N is a classical Young
tableau with N cells such that

o the first p rows (from the bottom) have length n¢,

@ the next p rows have length (n — 1)¢ and so on

41[55[61]72

31|44(60(71||P We are interested in n — oo.
22[2745|58 In particular: Distribution of
18|25|32|43|46|57|59 |68 the lower right corner.

17119126 |30(40(52|56|63|| P
12114120129 |38|39|51|62

Here
6| 8110(21(28(35|50(53|54 (65|67 |70
3|57 |13|15(24|47(48|49(64|66|69]|| P op=31L=4
124911162333343637 en=23
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Random Young tableaux as random surfaces

Periodic Pélya urns & Young tableaux



Asymptotics of triangular Young tableaux

Asymptotic results for Young Tableaux:[Logan, Shepp 77], [Vershik, Kerov 77],
[Cohn, Larsen, Propp 98], [Borodin, Okounkov, Olshanski 99], [Widom 01], [Okounkov,
Reshetikhin 01], [Pittel, Romik 04], [Romik 15], [Marchal 15], [Morales, Pak, Panova
16], ...Svante, Robin, Vadim, Alejandro, Jehanne, Valentin, Piotr, room!
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Asymptotics of triangular Young tableaux

Asymptotic results for Young Tableaux:[Logan, Shepp 77], [Vershik, Kerov 77],
[Cohn, Larsen, Propp 98], [Borodin, Okounkov, Olshanski 99], [Widom 01], [Okounkov,
Reshetikhin 01], [Pittel, Romik 04], [Romik 15], [Marchal 15], [Morales, Pak, Panova
16], ...Svante, Robin, Vadim, Alejandro, Jehanne, Valentin, Piotr, room!

Theorem

Let X,, be the entry of the lower right corner of a uniform random triangular

_ ¢ : : _ _ 1
Young tableau of slope o = — and of size N. Define ¢ = ﬁ = 1.
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Asymptotics of triangular Young tableaux

Asymptotic results for Young Tableaux:[Logan, Shepp 77], [Vershik, Kerov 77],
[Cohn, Larsen, Propp 98], [Borodin, Okounkov, Olshanski 99], [Widom 01], [Okounkov,
Reshetikhin 01], [Pittel, Romik 04], [Romik 15], [Marchal 15], [Morales, Pak, Panova
16], ...Svante, Robin, Vadim, Alejandro, Jehanne, Valentin, Piotr, room!

Theorem

Let X,, be the entry of the lower right corner of a uniform random triangular

Young tableau of slope oo = —f and of size N. Define § = ﬁ =1L Then
N— X,
e

converges in law to the same limiting distribution as the number of black balls in
a periodic Young—Pdlya urn with initial conditions wy = £, by = p and with

. 10 1 ¢
replacement matrices My = --- = M, = (0 1) and M, = (0 1+ g)f
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Asymptotics of triangular Young tableaux

Asymptotic results for Young Tableaux:[Logan, Shepp 77], [Vershik, Kerov 77],
[Cohn, Larsen, Propp 98], [Borodin, Okounkov, Olshanski 99], [Widom 01], [Okounkov,
Reshetikhin 01], [Pittel, Romik 04], [Romik 15], [Marchal 15], [Morales, Pak, Panova
16], ...Svante, Robin, Vadim, Alejandro, Jehanne, Valentin, Piotr, room!

Let X,, be the entry of the lower right corner of a uniform random triangular
Young tableau of slope o = —f and of size N. Define § = ﬁ = ﬁ Then
N — X,
nl+o

converges in law to the same limiting distribution as the number of black balls in
a periodic Young—Pdlya urn with initial conditions wy = £, by = p and with

. 10 1 ¢
replacement matrices My = --- = M, = (0 1) and M, = (0 1+ g)'

i.e., for n = oo we have

-1
2 N-X, .
ol AT £ Beta(bg, wp) H GenGamma(by +wo + p+ i, p + £).
i=0
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 1

41

31
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59

68

17

56
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53|54
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 1
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 1

@ Lower right cell of ) corresponds to node v in

41

31

22

18

17

12
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 1

@ Lower right cell of ) corresponds to node v in
the tree T

@ First row corresponds to left-most branch of S
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 1

@ Lower right cell of ) corresponds to node v in
the tree T

@ First row corresponds to left-most branch of S

@ Important: Hook lengths are the same!
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 1 Key result (via density method)

@ Lower right cell of ) corresponds to node v in Let E7 be a uniform random
the tree T linear extension of 7, and X, be
the lower right entry of ).

@ First row corresponds to left-most branch of S

@ Important: Hook lengths are the same!
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 2
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 2

@ Periodic Young—Pdlya urn with period p and parameter ¢ with replacement matrices

1 0 1 J4
Mi=My=...= pfl_(O 1) and M—(O 1+().
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 2

@ Periodic Young—Pdlya urn with period p and parameter ¢ with replacement matrices
1 0 1 l
Ml—Mz—“~— p71—<0 1) and M_(O 1+()

@ Initial conditions by = p and wp =/
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Proof: Young tableaux — trees — periodic Pdlya urns

Correspondence 2

@ Periodic Young—Pdlya urn with period p and parameter ¢ with replacement matrices
1 0 1 l
Ml—Mz—“~— p71—<0 1) and M_(O 1+()

@ Initial conditions by = p and wp =/

= N — Es(v) is distributed like B(,_1),, the black balls after (n — 1)p steps

\
O

OO

i)
o
O
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The general result for Pdélya urns

Theorem (The product generalized gamma distribution for balanced

periodic triangular urns)

Let p>1 and?y,...,¢, > 0 be non-negative integers. Consider a periodic Pdlya
urn of period p with replacement matrices My, ..., M, given by

_ (1 4
)

Then, the renormalized distribution of black balls is asymptotically for n — oo
given by the following product of independent distributions:

p(; B - p+e—1
° = Beta(bo, wp) H GenGamma(bg + wo + i, p + £).

p+€F

i#€1+~~~+lj+ij':v1vith 1<j<p—1
with £ =l +---+ €, 6 = p/(p +{), and Beta(bg, wy) = 1 when wy = 0.

5O Solves the law of the south-east corner for
a periodic triangular Young tableaux of any periodic shape.
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Fluctuations of the area above the level line

44155|61|72
31143|60|71
2212532139
18124|27|35(41|58|59 |68
1719|126 |30|40|52 |56 |63
12]14120(29|38]49 51|62
6|8 |10|21|28)46|50|53|57|65|67|70
3 7 |13|15|45 |47 |48 |54 |64 |66 |69
419|11(16 |23 |33 (34|36 | 37|42

| ot

The level line (in red) of the south-east corner X,;: it separates all the entries
smaller than X, from the other ones.

On the left: one example with the level line of X, = 42.

One the right: the level line of X, for a very large Young tableau of size N of
triangular shape.

The area between this level line and the hypotenuse is the quantity N — X, its
fluctuation are captured by our theorem.

Funny: duality between corners gives a probabilistic proof of the Gauss
multiplication formula! &
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Conclusion

41(55(61|72
31]44|60|71 ‘I’
2227|4558
18(25(32|43 46|57 |59 68‘
P

17]19]2630[40]52]56 |63
12[14]20[20[38]30]51 |62
6| 8 [10]21]28]35[50 53] 54]65]67] 70]
E 13[1524[47[48[49]64[66 60 || »
1] 2[4 ]9 [11]16]23[33]34]36 37H‘

l 4 4

e
S

@ Powerful method to tackle Pélya urn problems (colors, multidrawing, time. . .)
@ Exact and asymptotic analysis of the urn composition

© New universal limit law: product of generalized Gamma distributions

@ Computer algebra challenges (D-finiteness and pde's, sums of hypergeom)

@ En passant, density method to generate/enumerate combinatorial structures
@ Nice cherry: corners of triangular Young tableaux, duality

0 T 2 3 i

3
GenGamma(1,3) : ?'FIW
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Bonus slides, just in case...
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cyclic shift

L L e ] o L I I e A 2
(11, 415+ - a5 Ja) = (3,21, 3;2,2;3, 1) /C}. (Jari15- -5 73,30) = (1,3;2,1;3,2;2,3)

L1
R X
3 3
1 2x1
/ = eee
p=28] eee § v=9 b
9 9
2x3
ix[ ]
ls (AR 0 [ G 4
=9 =38

GenGamma(sp +1,2) = \/EH GenGamma(sp + 2k — 1,2m).
k=1
GenGamma(a, 1/b) = (ab)® thus with x := %tt:
F(mx)" = mmM [Ty T (x+ 451 «—
probabilistic proof of Gauss multiplication formula!
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Universality of the tails

ProdGenGamma have tails sim]é'/f,r to a

Gosta Mittag-Leffler  Jean-Pierre Kahane

. L log 2
Mittag-Leffler distribution: m — 0.

(1846-1927) (1926-2017)

Definition (Subgaussian tails

)

A random variable X has subgaussian tails if there exist ¢, C > 0, such that

P(X|>t) < Ce™¥,  t>0.

Theorem

The ProdGenGamma([l1, .. ., £,], bo, wo) distributions have subgaussian tails if
and only if p > {, where { = {1+ ... + £,

A\

A\
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https://en.wikipedia.org/wiki/Sub-Gaussian_distribution

Universality of the tails

ProdGenGamma have tails sim]é'/f,r to a

. L log 2
Mittag-Leffler distribution: m — 0.

Gosta Mittag-Leffler

Jean-Pierre Kahane
(1846-1927)

(1926-2017)
Definition (Subgaussian tails

)

A random variable X has subgaussian tails if there exist ¢, C > 0, such that
P(IX|> t) < Ce~ ",

t > 0.

Theorem

A\

The ProdGenGamma([l1, .. ., £,], bo, wo) distributions have subgaussian tails if
and only if p > {, where { = {1+ ... + £,

The tails depend only on
@ the slope §

A\

The tails are independent of

@ the initial conditions by and wy

@ the period length p. o the periodic pattern [(1, ..., {,]
Cyril Banderier, Philippe Marchal, Michael Wallner

Periodic Pélya urns & Young tableaux

BIRS, 2019.03.12
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Theorem (Limit law for the location of the maximum)

Choose a uniform random triangular Young tableau of parameters (¢, p, n).
Posi, € {1,...,¢n}:= x-coordinate of the cell containing the largest entry. Then,
Posi,
In

Y* :=tableau where the cell containing the max is removed.

£ Arcsine(d), where 6 := p/(p + £).

. hooky)= hooky-
P(Posi, = kf) = [eey hooky () _ I1 RS e °: yk(c) .
Hcey 0 y(C) ceY*with (x-coord of c) = k£ IS y*(C)
or (y-coord of ¢) = (n — k)p
: (k/n)°~H(1 —K/n)~°
P(Posi, = kf) ~
(Posi ) F)r(1—o)
=generalized arcsine law on [0, 1] with density %. |

This is in sharp contrast with the case of an n x n square tableau where, for every
t € (0,1), the cell containing the entry tn? is asymptotically distributed according
to the Wigner semicircle law on its level line (see [PittelRomik07]).
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More to dig with combinatorics of differential operators!

inaire Lotharingicn de Combinatoire 65 (2011), Article Bosc
COMBINATORIAL MODELS OF CREATION-ANNIHILATION
PAWEL BLASIAK AND PHILIPPE FLAJOLET

ABSTRACT. Quantum physics has revealed many interesting formal proper-
ties associated with the algeb

of two operators, A and B, satisfying the
partial commutation relation AB — BA = 1. This study surveys the relation-
ships between classical combinatorial structures and the reduction to normal
form of operator polynomials in such an algebra. The connection is achieved
through suitable labelled graphs. or “diagrams”. that are composed of ele-
mentary “gates”. In this way, many normal form evaluations can be system-
atically obtained, thanks to models that involve set partitions, permutations,
increasing trees, as well as weighted lattice paths. Extensions to g-analogues.
fate frameworks, and urn models are also briefly discussed.

multiv

CONTENTS

1. Introduction
2. Diagrams, normal ordering, and enumeration
Ciates, diagrams and labelling.
principle.
alence Principle (Theorem 1)
Combinatorial enumeration.
3. Linear forms (X + D), involutions, and generalizations
31 The basic linear case (X + D).
32, Generalizations to (X + D"} and (X" + D).
I. The special quadratic form (X D), set partitions, and product forms
The form (X D) and set partitions.
The product, form (X*D?).
Higher order forms (X" D7)
Quadratic forms (X? + XD+ D?), zigzags, and permutations
The circle form (X2 ++ D?) and zigz:
The general quadratic form (o D? +

The equivalenc

Proof of the Equ

X244 XD)
Semilinear forms (¢(X)D) and increasing trees
The form ( ) and increasing trees.
The general case (6(X)D)
The form ((X)D + p(X)) and planted trees.
Binomial forms (X* + D'), lattice path models, and continued
fractions

]

exp(ydZ + xyd?)
(Heisenberg—Weyl algebra)

Normal ordering and lattice paths.
Fermat forms (X" + D") and continued fractions.
The general binomial case (X* + D

Related frameworks

81. Rook placements, lattice paths. and diagrams.

2. g—analogues and the di
Multivariate

10. Perspectives

rence operator.

©®

chem

Cyril Banderier, Philippe Marchal, Michael Wallner ic Pélya urns & Young tableaux BIRS, 2019.03.12 43



Coucou aux amateurs
de générique de fin
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