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Young diagrams of (skew) partitions

A: partition (straight) shape

(4,3,2)

A/ p: skew shape
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Linear extensions: standard Young tableaux

A: straight shape
<

A standard tableau is a filling of the Young diagram with
1,2,...,n increasing in rows and columns.
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Linear extensions: standard Young tableaux

A: straight shape
<

A standard tableau is a filling of the Young diagram with

1,2,...,n increasing in rows and columns.
1(2]3 1(2|4 1{2]5
415 3|5 3|4
1{3]5 1(3|4
214 2|5

Let f* be number of such tableaux.



Standard Young tableaux skew shape
A/ p: skew shape

o

12 |13 |14
3|4 24

214 273
1]3 14

Let f*# be the number of such tableaux.




Why do we want to compute f* and f**

Enumeration

o f* fMH count linear extensions of certain posets.
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Why do we want to compute f* and f**

Enumeration

o f* fMH count linear extensions of certain posets.

H O - AV

e special cases include:

binomial coefficients  Catalan numbers permutations with
given descents



Why do we want to compute f* and f**

Algebraic combinatorics:

e f* gives the dimension of the irreducible representation of
the symmetric group.
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Why do we want to compute f* and f**

Algebraic combinatorics:

e f* gives the dimension of the irreducible representation of
the symmetric group.

> ()2 =n!

A | A|=n

o " gives the dimension of irreducible representations of
affine Hecke algebras.
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number of SY

Example: hooks

of straight shape

f(6,1,1,1) _ (

f(p,lq) _ (p -+ q — 1
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Hook-length formula
(Theorem (Frame-Robinson-Thrall 1954)
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(Theorem (Frame-Robinson-Thrall 1954)
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Hook-length formula

(Theorem (Frame-Robinson-Thrall 1954)

(1,7)EN
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h(i,j) = Ai —i+ A, — j + 1 is the hook-length of (i, j)

Example
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e probabilistic proof by Greene-Nijenhuis-Wilf 79.

e bijective proof by Novelli-Pak-Stoyanovskii 97.
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Asymptotics of large f*
From representation theory or the RSK bijection:
> ()=
A A |=n

sum has subexponentially many terms, so max(f?) about v/n!.

What partition shapes A\* maximize f?

Using hook-length formula and solving a variational problem

Vershik-Kerov, Logan-Shepp 1977 found I|m|t shape of \*/\/n
in the Plancherel measure. : |




Asymptotics of f* for certain shapes

precise asymptotics and limit shapes (Pittel-Romik)
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Product formula for f»/#7

#SY'T shape = #SYT

(6,6,6,6)/(5,5,5) (8>




#SY'T shape

#SY'T shape

Product formula for f»/#7

—  4SYT

(6,6,6,6)/(5,5,5) (8>




Example
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No product formula for f**#
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No product formula for f**#
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No product formula for f**#

Example
v B BY B B
A2 5 16 61 272
Euler numbers E,,
Eopi1 = font2/0n
Recall
T? 3 r
14+ Fhax + Es Es E4 ... =sec(x) + tan(x).
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Alternating formulas for f/*#

(Jacobi-Trudi formula

1 2(N)

(Ai —p; —i+7)! i1 '

FME =N/ p|!- det

\

Example

fBE:I: 4! . det
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Littlewood-Richardson rule (1934, 1976)
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A hY v
A=
v

_, are the Littlewood-Richardson coefficients.

A
o)

\where C

Example

e N ES Y

=1-3+1-2=05.



Positive formulas for f/#
Littlewood-Richardson rule (1934, 1976)

A hY v
fAME=D el
v

_, are the Littlewood-Richardson coefficients.

A
o)

\where C

Example

e N ES Y

=1-3+1-2=05.

e number of terms of formula is E cﬁ 5

|74



Positive formulas for f/#

Okounkov-Olshanski 1998
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Positive formulas for f/#

(Okounkov-Olshanski 1998
)Y !

fA/'u:H’ /Iu‘ Z H )\d—l—l T(zg)_i_]_l),
uex T (i,5)€p

sum is over SSYT of shape w entries < d :=£L(]N).

Example

- O O

((14+0)+(24+0)+(2+0))



Positive formulas for f/#

(Okounkov-Olshanski 1998
)Y !

fA/'u:H’ /Iu‘ Z H )\d—l—l T(zg)_l_]_l);
uex T (i,5)€p

sum is over SSYT of shape w entries < d :=£L(]N).

e a priori some terms might vanish or be negative

D:l:
(1-0)(1—1)
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(Theorem (Naruse 2014)
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Excited diagrams of A/u
Let S C ),

A cell (¢,7) € S is excited if
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J
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Excited diagrams of A/u

Let S C ),
A cell (¢,7) € S is excited if

(i +1,5), (i, 4 +1), (i +1,5+1) € A\ S.

J

| H

An excited move on an excited cell (7, 7):
replace (¢,7) in S by (¢ 4+ 1,7+ 1)

HH —

§s



Excited diagrams of A\/u (cont.)

An excited move on an excited cell (i,7) in .S C A:
replace (¢,7) in Sby (i + 1,5+ 1)

HH — [




Excited diagrams of A\/u (cont.)
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Excited diagrams of A\/u (cont.)
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Excited diagrams of A\/u (cont.)
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Excited diagrams of A\/u (cont.)
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Excited diagrams of A\/u (cont.)

Example

ER D o S B

[Proposition E(8paa/0n)| = %H(zs) ]




Number of excited diagrams
Theorem (Wachs 85) )
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DO QO =~
= DO QO
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Naruse's "hook-length" formula for f*/#

(Theorem (Naruse 2014)

fA/u: A/ ]! Z H h(ilj),

De&(A/u) (i,5) €MD

\where E(A/) is the set of excited diagrams of \/p.

Example 5
q ' 13- 5T4[ 3
B 41 3| 2
D 31211
(p+q—2)
q—1

e L

p:(q,1)—(1,p) (3, J)Gp



Naruse's "hook-length" formula for f*/#

(Theorem (Naruse 2014)
fA =\ !

\where E(A/) is the set of excited diagrams of \/p.
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(Theorem (Naruse 2014)
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\where E(A/) is the set of excited diagrams of \/p.
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Naruse's "hook-length" formula for f*/#

(Theorem (Naruse 2014)
fA =\ !

\where E(A/) is the set of excited diagrams of \/p.

1
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Semistandard tableaux and reverse plane partitions

semistandard tableaux SSYT
<

—_
)

WO
()

=N [

reverse plane partition
<

DO DO

Al

e L] (=] @)
DO [— (D




Semistandard tableaux and reverse plane partitions

semistandard tableaux SSYT

<
am ol
A 0]2
1[1
4

reverse plane partitions RPP
<

N=s am

) ()




From SSYT to reverse plane partitions
Theorem (Stanley 1971)
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From SSYT to reverse plane partitions
Theorem (Stanley 1971)
1
T — ,6(X)
Z ¢ =4 H 1 — gh(éd)’

TeSSYT(N) (7,7)EA
note the equivalence:

S JT=g® 3 g,

TESSYT(A) TERPP(A)
0[2]4 0100 0[2]4
115 - 111 — 1014
3 2 1
SSY'T RPP

no equivalence for skew shapes:

o _ Ho — [Jo
111 01 110




skew SSYT vs skew RPP
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g-analogue Naruse's formula skew SSY

S)\/,LL(la q, 7q27 X

(Theorem (M-Pak-Panova 2015)
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g-analogue Naruse's formula skew SSY

(Theorem (M-Pak-Panova 2015)

A —1q
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e Naruse-Okada have an analogue for all d-complete posets!
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Excited diagrams of a rectangle

Example

(B B B T B O

[Proposition € ( ) = (p+q 2).

'MacMahon box formula a

b c . :
ra’(Fﬁ)\: B
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Excited diagrams of a staircase/staircase

Example
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Excited diagrams of a staircase/staircase

Example

« ) B % =i=h %E

[ n — 1

Proposition £ W)] — %-H(er?)
1
L

'Proctor’s formula,, _ 1
1 2%k +i+j—1
€( )| = i+j—1

1<i<g<n
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Naruse's "hook-length" formula for f*/#

(Theorem (Naruse 2014)
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De&(A/u) (i,5) €MD

\where E(A/) is the set of excited diagrams of \/p.

Example
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Relation to lozenge tilings

Excited diagrams can be seen as lozenge tilings:
There is a bijection between excited diagrams and certain
lozenge tilings of a region with bottom bounded by u.
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Relation to lozenge tilings

Excited diagrams can be seen as lozenge tilings:
There is a bijection between excited diagrams and certain
lozenge tilings of a region with bottom bounded by u.

1 Y1
Lo 3> Y2
TS "" y3y4

A
b
W

/N
%
X\
%
X\
R/

{/

0
N
%
&

Y
&
X/
\\

hook-length weight of excited diagrams is a weight on
horizontal lozenges <>
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Simulations revisited: unweighted vs weighted

or the rectangle when tilings are weighted by hook-lengths, there is also
limiting behavior (Borodin—Gorin—Rains 2010).
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when tilings are chosen uniformly at random on domain and
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Asymptotics for f*/#

fA/M = n! Z H h(z’l 7

De&(A/p) (4,5) €MD

\

define the naive hook-length formula

(Corollary (M-Pak-Panova 16)
F(\p) < A< |EN |- F(\ /1)

\.

Proof
LB: 1 is an excited diagram

UB: The diagram that contributes the most is D = u.

el [O8

— Ot

— (ol
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Excited diagrams and non-intersecting paths

Excited diagrams correspond to certain non-intersecting paths

in A FI-FI_’ (Kreiman 05)
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Excited diagrams and non-intersecting paths

Excited diagrams correspond to certain non-intersecting paths
In A =, =1 Kreiman 05
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Excited diagrams and non-intersecting paths

Excited diagrams correspond to certain non-intersecting paths

in A FI-FI . EE (Kreiman 05)

i—rg‘l - - - H‘—}:“I
rgw 1_,4:;| F‘l
Bounds for |E(A/u)|:

@ If n=|A/p| then [E(A/p)] < 27
(@) If s is the size of Durfee square of \ then EN/p)| < n2d




Asymptotics for f*#: Thoma-Vershik-Kerov limit shapes

Fix £ > 1, A(™) has Thoma-Vershik-Kerov (TVK) limit if its
Frobenius coordinates scale linearly a;/n — oy, b;/n — 3; for
i=1,... .k

A (1)
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Asymptotics for f*#: Thoma-Vershik-Kerov limit shapes

Fix £ > 1, A(™) has Thoma-Vershik-Kerov (TVK) limit if its
Frobenius coordinates scale linearly a;/n — oy, b;/n — 3; for
i=1,... .k

A (1)
S
ai
A~ n
by
2
1
(Theorem Q\/I—P(anova—Pak 2017) |
If 6,, = A" /(™) is a sequence with A", (™) having TVK

limit (a, 8), (, &) then

log 9 = .
\ og f cn + o(n) )




Asymptotics for f*#: sub-polynomial depth shapes

Let g(n) = n°M) be a sub-polynomial function. Sequence
{60,,} = {)\(”)/u(”)} have sub-polynomial shape if

max(A\{", \{("") = ©(n/g(n)) and maxycq, h(u) = O(g(n)).



Asymptotics for f*#: sub-polynomial depth shapes

Let g(n) = n°M) be a sub-polynomial function. Sequence
{60,,} = {)\(”)/u(”)} have sub-polynomial shape if

max(A\{", \{("") = ©(n/g(n)) and maxycq, h(u) = O(g(n)).

‘Theorem (M-Panova-Pak 2017)
If 6,, = A" /(™) is a sequence of sub-polynomial shapes then

log f% = nlogn 4+ ©(nlogg(n)).

\
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Asymptotics for f*/#: balanced shapes
A of size n has balanced shape if \{,/()\) < sy/n.

e Stanley (2003) studied asymptotics of f*/# when p is fixed

and A is balanced.
e Dousse-Féray (2017) studied asymptotics of f*/# for A, u

stable with 1 << |u| << |A|.

Let {6,,} = {A"™) /(™1 be sequence of shapes where
A1) o 1) — ¢ scaling by 1/+/n both directions

(Theorem (Pak 2017, M-Panova-Pak 2017)
For {6,,} = {\(™ /™1 as above, then there exist constants

clgﬁ logf”—§nlogn < c3.

\
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‘Example (M., Pak, Panova 16)
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Asymptotics for f#: benchmark balanced shapes
Let ¢/ beshape (2k —1,2k—2,...,1)/(k-1,k—-2,...,1)

7

n==k(3k—-1)/2 u

(

Example (M., Pak, Panova 16)

1 1
—0.3237 < — (log f%— —n log n) < —0.0621
\ n \ 2 ] J
. 1 1
Conjecture: - (log ka_ inlog n) e
n

Jay Pantone estimated ¢ =~ —(0.1842
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Asymptotics for f*/#: balanced shapes

(Theorem (Pak 2017, M-Panova-Pak 2017)

Let {0,,} = {\(®)/u(™1} be sequence of shapes where
M) o 1) — ¢ scaling by 1/+/n both directions, then

1 1
cp < — <log fon — —nlogn) < c3.
n 2

\

(Geﬂ:i-eet-u-re- Theorem (M-Pak-Tassy 2018)
For {6,,} = {\(™ /u(™1} as above then

% (log fOn — %nlog n) — c(Y/9).

\

e view Naruse formula as partition function of weighted
lozenge tilings (M-Pak-Panova 2017)

e use (weighted) variational principle of Kenyon 09
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Shapes with product formulas for f*/*

[T11 v
T X v
e e
b Q b Q b Q m
c c c
d
v v m
Oh-Kim 2014 DeWitt 2012 -Pak-Panova 2017
(Theorem (M., Pak Panova 17) |
. ti+k—1 1
fA/(b)_nll_[HHZ . H —
paleginin 1Z+J+k_2(i,j)eA/(Oa,ba))\i+>\j_z_]_|—1 )




Shapes with product formulas for f*/*

-Pak-Panova 2017

(Theorem (I\/I Pak Panova 17) )

) _ i+7+ k-1 1
fAb n'HHH2+j_|_k—2 H Ni+ AN —i—7+1

1=17=1k=1 (2,7)€N/(0*.6%) J J
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Naruse's proof: recurrence for skew SY

‘Theorem (Naruse 2014)

fA/u: A/ ]! Z H h(ilj),

De&(A/u) (i,5) €MD

\

Depending on where the entry 1 is in the tableau:

f)\/,u _ Z f)\/l/

v=p—+LICA

e BB

fooo = f

Example

Strategy: show sum of excited diagrams satisfy same identity.
(bijective approach by Konvanlinka 17,18)
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Naruse's proof: where excited diagrams come from

o) is the equivariant Schubert class of the Schubert variety
X)\ C Gl‘(d, Cn)

Oy 0y = c’ O
A

e ¢, , are polynomials in y1,¥s, ... of degree |u| 4 [v| — |Al.

o when |u| + [v] — [A| = 0 the constants ¢, , are the classical
Littlewood—Richardson coefficients.

e There are several rules for cM
No known rules for the general (equivariant) Schubert
structure constants c¥ . for permutations wu, v, w.



Naruse's proof: excited diagrams
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‘Theorem (lkeda-Naruse 09, Kreiman 05)

Z H (yd‘|‘j—>\;~ _ y>\z'—|-d—7l—|—1)7
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‘Theorem (lkeda-Naruse 09, Kreiman 05) |
Cﬁ,/\ — Z H (yd+j—A; — Yn;+d—it1),
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Naruse's proof: excited diagrams

‘Theorem (lkeda-Naruse 09, Kreiman 05) |
Cﬁ,/\ — Z H (yd+j—A; — Yn;+d—it1),
\ De&(A/p) (¢,5)€D )

special case of Billey’'s formula for ¢, ,, : fix reduced word for v

C/’ZJU,’U — Z H (ys o yt)

reduced subwords of w (s,t)

Example ¢ = 3412 w = 1324 = s5
$9581 S389 §251 8352 5251 5352
S| S3 . 53 S2| 83
S1182 S92 31

C1,220 = =Cp,y = (yl — y4) T (?/2 — ?JB)
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Naruse's proof: where SYT come from

fA/“/n! _ % Z fA/l//(n— 1)! (%)

v=p—+LICA

From associativity of (oo - 0,)o) = og(o, - o)), extracting
coefficient of o

r

A L 1 A
Cu X = o Cu,

CD7>\ D,,LL ]/:IUJ—|—|:|g)\

\.

Then iterating and evaluating y, = p gives:

(Key lemma
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Cﬁ,)\ A/ !

\_ Yp=PpP
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A formula for f*# for every rule for 3 ,

(Key lemma |
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/
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Questions: Is the Okounkov—Qlshanski formula in this universe?

Is the Littlewood—Richardson formula in this universe?
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Knutson—Tao rule for f*#
board

pleces 250 K% Al ﬁl §>? 10®1 glﬂ| {>é

Knutson—Tao 2003
/. A/ 1! q
fA = HuEA h(u) Z H (<>)»

pEA%“ () €p




Knutson—Tao rule for f*#

Nl
pr= s ¥ T et

pEAA“ <> cp

Example




Recall: Okounkov—Olshanski formula

(Okounkov-Olshanski 1998
)Y !

fA/'u:H’ /Iu‘ Z H )\d—l—l T(zg)_i_]_l),
uex T (i,5)€p

sum is over SSYT of shape w entries < d :=£L(]N).

Example

- O O

((240)+(24+0)+(1+0))
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‘Theorem (Morales-Zhu 19+)
The Okounkov—Olshanski and the Knutson—Tao formulas for

fM# are term-by-term equal.
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Equivalence of two rules

‘Theorem (Morales-Zhu 19+)
The Okounkov—Olshanski and the Knutson—Tao formulas for

fM# are term-by-term equal.

Example of bijection
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Number of terms of the Okoukov—Olshanski formula

(Corollary (Morales-Zhu 19+)

,7=1

)\; )}E(MI)

#(nonzero terms shape A\/u) = det [(u’-Jri—j
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[Theorem (Naruse 2014) \
(1 C A strict partitions,
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De&' (M p) (1,5) €MD
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Hook formulas for increasing tableaux

- d 4" +d—itl)
TeSIT(\) k=0 i=1 1+B(\;i+d—i+1)

DN 1 -
Qe

_ Hf(;‘l)(_ﬁ()\z‘ +d—i+4+1)— 1)&' |

[ yem 2 )

\Where SIT(\) are increasing tableaux
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i =1
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Il. How to compute |P(A/u)|?
|E(A/p)]| is given by a determinant:

;
m—z’+j+fi—1>r<“>
1,7=1

) = det | (M7

] ) n—1
Cry = |E(Gn2/0,)| = det K” — “)] |
i =1

(

)

03 = 5 = det [(i
2

) (¢
2

[Is "P(N/ )| given by a determinant?
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Naruse's proof: factorial Schur functions
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where (z|a), =x(x —a1)(x —az) - (x — ar_1)
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1d
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d
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Naruse's proof: factorial Schur functions
The Schur function of u, /() < dis

1d
det {x”ﬁd—z}
J i,j=1

Su(T1,...,2q) :=

The factorial Schur function of y, ¢(u) < d is

d
det [(xj ‘ a’),ui—i_d_i]i,j:]_

SILL(CIﬁl,...,CIJd ’ al,az,...) =

1] @i—=)

1<i<j<d

where (z|a), =x(x —a1)(x —az) - (x — ar_1)



Naruse's proof: factorial Schur functions
The factorial Schur function of u, £(p) < d is

d
det [(37] ‘ a)m—l—d—i]i,j:1

S“(CEl,...,led ‘ al,ag,...) —

] @i—=)

1<i<j<d

where (z]a), =x(x —a1)(x —asg) - (x —a,_1)



Naruse's proof: factorial Schur functions
The factorial Schur function of u, £(p) < d is

d

[ (@i—ay)

1<i<j<d

S“(CEl,...,ZL‘d ‘ al,ag,...) —

where (z]a), =x(x —a1)(x —asg) - (x —a,_1)

s (1,22 | ar,a2,...) =

O

det {(5131 — CL1)1(331 —as) (w9 — al)l(a;Q — as)

X1 — T2

= T1 — G2 + T2 — A



Naruse's proof: factorial Schur functions
(Theorem (Knutson-Tao 03, Lakshmibai-Raghavan-Sankaran 05)\

v W d
Cwv = (_1)6( ) S,SL )(yv(l)a o Yu(d) ’ Yiy - - 7yn—1)-
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Semistandard Young tableaux

A semistandard tableau is a filling the Young diagram weakly

increasing in rows and strictly increasing in columns
<

1]2
2

A

WO

=N [

Generating function of SSYT (evaluation of Schur functions)
> dM =504, )
TeSSYT(A/ 1)

Example

s (Lg.¢?..)=¢ + ¢ + 2¢°-

—(
O

] ()

DO|—
(N
O




g-analogue hook-length formula

(Theorem (Stanley 1971)

1
S)\(17Q7q27"‘) :qb()\) H 1 —qh(Z73)7
(i7)Er

\where b(A) =D (1 —1)\

(%)




g-analogue hook-length formula

(Theorem (Stanley 1971)

1
SA(17Q7Q27“‘) :qb()\) H 1 h(z,7)
- —q”
(i,7)EN
\where b(A) = (1 —1)\
Example
3|2
211
2
s (1,q,4%,...) = !

(1—¢")(1—¢?)%(1 —¢3)




g-analogue hook-length formula

(Theorem (Stanley 1971) )
1
sa(Lg, i) =" ] 1 — gh(d) (*)
(i) EX
\where b(A) =D (1 —1)\ )

e (x) implies hook-length formula:



g-analogue hook-length formula

(Theorem (Stanley 1971) )
1
sa(Lg, i) =" ] 1 — gh(d) (*)
(i) EX
\where b(A) =D (1 —1)\ )

e (x) implies hook-length formula:

By Stanley theory of P-partitions:

8>\(17Q7q27---)‘(1—Q)(1—q2)...(1_qn) — Z qmaj(T)
TeSYT(N)



g-analogue hook-length formula

(Theorem (Stanley 1971) )
1
2 BN
S>\(17Q7q 7) _q H 1 _qh(’b,])’ (>l<)
(4,5) €N
\where b(A) =D (1 —1)\ )
e (x) implies hook-length formula:
By Stanley theory of P-partitions:
maj(T)

b(A)H

(2.7)6A

h(m —q)(1—¢%)---(1—¢")

- ¥

TESYT(N)



g-analogue hook-length formula

(Theorem (Stanley 1971) )
1
salg g’ ) =¢"Y 1] 1 — gh(d) (*)
(i) EX
\where b(A) =D (1 —1)\ )

e (x) implies hook-length formula:

By Stanley theory of P-partitions:

11 5 h(w) —)(1=¢*)--(1=q") = ) ¢

(2, «7>€A TESYT(A)

Set ¢ = 1 and get hook-length formula:

(iyen

fA/u
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Naruse's proof: recurrence for skew SY

‘Theorem (Naruse 2014)

fA/u: A/ ]! Z H h(ilj)7

De&(A/u) (i,5) €MD

\

Depending on where the entry 1 is in the tableau:

f)\/,u _ Z f)\/l/

v=p—+LICA

e BB

fooo = f

Example

Strategy: show sum of excited diagrams satisfy same identity.



Naruse's proof: where excited diagrams come from

o) is the equivariant Schubert class of the Schubert variety
X)\ C Gr(d, Cn)

_ A
Oy 0y = CpON



Naruse's proof: where excited diagrams come from

o) is the equivariant Schubert class of the Schubert variety
X)\ C Gr(d, Cn)

_ A
Oy 0y = CpON
A

e ¢, , are polynomials in y1,¥s, ... of degree || — |u| — |v|.



Naruse's proof: where excited diagrams come from

o) is the equivariant Schubert class of the Schubert variety
X)\ C Gr(d, Cn)

_ A
Oy 0y = CpON
A

e ¢, , are polynomials in y1,¥s, ... of degree || — |u| — |v|.

A

7. are the classical

e when |A| — |u| — || = 0 the constants ¢
Littlewood—Richardson coefficients.



Naruse's proof: where excited diagrams come from

o) is the equivariant Schubert class of the Schubert variety
X)\ C Gl‘(d, Cn)

Oy 0y = c’ O
A

e ¢, , are polynomials in y1,¥s, ... of degree || — |u| — |v|.

e when |A| — |u| — [v| = 0 the constants ¢, , are the classical
Littlewood—Richardson coefficients.

e There are several rules for cM
No known rules for the general (equivariant) Schubert
structure constants c¥ . for permutations wu, v, w.



Naruse's proof: excited diagrams

oy A

‘Theorem (lkeda-Naruse 09, Kreiman 05)

Z H (yd‘|‘j—>\;~ _ y>\z'—|-d—7l—|—1)7

De&(N/p) (i,5)eD
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‘Theorem (lkeda-Naruse 09, Kreiman 05)
Cﬁ,/\ — Z H (yd+j—A; — Yn;+d—it1),

\ DEE(A/ 1) (5,5)ED

special case of Billey’s formula for ¢! . : fix reduced word for

’ C&,v — Z H (ys — yt)

reduced subwords of w (s,t)
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‘Theorem (lkeda-Naruse 09, Kreiman 05)
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Naruse's proof: excited diagrams

‘Theorem (lkeda-Naruse 09, Kreiman 05)

A _ E
C,u,)\ T H (yCH—j—)\;. _y)\i—l—d—i—|—1)7

\ DEE(A/ 1) (5,5)ED

special case of Billey’s formula for ¢! . : fix reduced word for

U
v —
Cow =D 11 = w0
reduced subwords of w (s,t)
Example ¢ = 3412 w = 1324 = s5
S251 S3592 S251 S359 59251 S359
So| S3 . S3 S2| 83
51|52 52 51]52

C1,220 = =Cp,y = (yl — y4) T (?/2 — ?JB)
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Naruse's proof: where SYT come from

Summary
fA/M/n! — % Z fA/l//(n— 1)! (%)

v=p—+LICA

(—1)M/ul C/;v\ _ Z H

C
AsA DeEN/p) uEA\D
Yp=—P



Naruse's proof: where SYT come from

Summary
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Naruse's proof: where SYT come from

Summary
fA/M/n! — % Z fA/V/(n— 1)! (%)

v=p—+LICA

(—1)M/ul C/;v\ _ Z H

C
AsA DeEN/p) uEA\D
Yp=—D"D

From associativity of (og - o0,)o) = og(o, - o)), extracting
coefficient of o,  OR by an insertion (Konvalinka 16)

-
A 1 A
Cun = CA oM Cu N

\.

e evaluate y, = p and get (%)
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A formula for f2/* for every rule for ¢} ,

P roposition

A
(_1)|/\/ulcﬂ_’/\ _ fA
C§,>\ A/ !
\ Yp="P

Any rule for ¢ , will give a formula for fA/#.
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A formula for f2/* for every rule for ¢} ,

(Proposition )
A A
(_1)|/\/ulcﬂ_’/\ _J n
C§,>\ A/ !
\ Yp="P y,

Any rule for ¢ , will give a formula for fA/#.
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