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Polynomial processes: more examples
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Polynomial processes

An example
For the OU process, if is a polynomial of degree 4,
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Polynomial processes: applications in 
finance

7

üC. Cuchiero, M. Keller-Ressel, and J. Teichmann. Polynomial processes and 
their applica2ons to mathema2cal finance. Finance and StochasGcs, 2012.

üD. Filipović and M. Larsson. Polynomial diffusions and applica2ons in finance. 
Finance and StochasGcs, 2016.

o Moment estimation
o Valuation

o Bond markets
o Credit risk
o Stochastic volatility
o Energy markets

o Variance reduction

In an arbitrage-free market, with a state price
density (a posiƟve semimarƟngale ⇣), the model
price ⇧(t, T ) of a cash flow CT is given by

⇧(t, T ) =
1

⇣t
E[⇣TCT |Ft].

If ⇣t = e�↵t p(Xt), and CT = q(XT ) for poly-
nomials p and q, whereXt is a polynomial diffu-
sion, then ⇧(t, T ) is raƟonal inXt.
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Energy commodity markets: natural gas
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ØHigh volatility (sometimes)
ØOccasional extreme spikes
ØMean reversion
ØSeasonality?



Energy commodity markets: natural gas
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Source: NRGStream.com



Energy commodity markets: emissions
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ØFutures prices with different maturiGes highly correlated
ØPrices constrained to lie in a bounded interval

Source: NRGStream.com



Energy commodity markets: power
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ØFrequent extreme peaks
ØPrices constrained to lie in a bounded interval



Energy commodity markets: power
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ØFrequent extreme peaks (even in daily averages)
ØPrices constrained to lie in a bounded interval



Energy commodity markets: AB power
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Source: NRGStream.com
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Modelling energy prices
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… using polynomial processes



Modelling energy prices
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… using polynomial processes
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Example: IGBM and natural gas
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Recall the IGBM process:

dXt = (✓ �Xt)dt+ �XtdWt.

HereXt > 0 a.s. if , ✓ > 0.
For St =  (Xt), should be increasing on R+.

• We search over all increasing cubic maps
 on [0,1), normalized so that (0) = 0,
and

R1
0 e�x (x)dx = 1.

• These are characterised by

 0(x) = ↵
2 x

2 + (1 � ↵ � �)x + �, with
(�,↵) in the green region.

• For higher degree maps, we can represent
 0 as a product of such factors.
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Example: IGBM and natural gas
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Example: IGBM and natural gas
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Example: IGBM and natural gas

21

2010 2012 2014 2016 2018
0

2

4

6

8
Simulation

2010 2012 2014 2016 2018
0

2

4

6

8
Historial Data

2010 2012 2014 2016 2018
6

7

8

9

10
Simulation of iGBM

0 2 4 6 8 10
0

2

4

6

Polynomial Map

degree 7



Alberta power



Alberta power
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• Power prices in Alberta must stay between $0 and $1000 per 
MWh, and so we need to have a process that lives in this 
interval.
• One possible approach (taken by Carmon, Fehr and Hinz, 2009, 

in the context of emissions prices) is to use a normal CDF to map 
between the real line and the bounded interval.
• But we want something that will – naturally – allow us to express 

futures prices (almost) explicitly, and so we use a polynomial 
process that lives on a bounded interval – the Jacobi process.



Jacobi process
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The characterisƟcs of the Jacobi process

dXt = (✓ �Xt)dt+ �
p

Xt(1�Xt)dWt

are determined by the dimensionless quanƟƟes

A =
2✓

�2
and B =

2(1� ✓)

�2
.

In terms of these quanƟƟes, the SDE takes the form

dXt =
�2

2

�
A(1�Xt)�BXt

�
dt+�

p
Xt(1�Xt)dWt,

and, as already noted,Xt 2 (0, 1) almost surely if
min{A,B} � 1.
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Jacobi process: some facts
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CondiƟonal onXt0 = x0, the density ofXt is given by

p(x, t;x0, t0) =
1X

n=0

kn n(x0) n(x)w(x)e
��n(t�t0),

where

�n =
�2

2
(A+B � 1 + n)n,

kn =
(A+B � 1 + 2n)(A)n(A+B)n

n!(A+B � 1 + n)(B)n
,

w(x) =
�(A+B)

�(A)�(B)
xA�1(1� x)B�1,

 n(x) =
nX

k=0

(�1)k
✓
n

k

◆
(A+B � 1 + n)k

Bk
xk,

and we have used the notaƟon (·)k := �(·+ k)/�(·).
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Jacobi process: polynomial maps
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• Look for a polynomial  that is non-negaƟve on [0, 1], and set

 (x) =

R x
0  (y)dyR 1
0  (y)dy

, so that is increasing and onto as a map

from [0, 1] ! [0, 1].

• We construct  as a product of quadraƟc factors of the form
 (x) = q↵,�(2x � 1), where q↵,�(x) = ↵x2 + 2�x + 1 � 1

3↵,
and the point (↵,�) lies within the shaded area below.
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Spot model es=ma=on
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• Given the freedom to choose the form of the polynomial map,
we seek to determine both the parameters of the Jacobi pro-
cess and the opƟmal polynomial map together, using MLE
and Hamilton-style filtering.

• The maximum likelihood used iniƟal parameter esƟmates
generated from opƟmal lower-degree models, exploiƟng the
nested construcƟon of the polynomial maps:

• The map depends on a sequence of polynomial parameters

(�1,↵1,�2,↵2, . . . ),

with the degree being the number of parameters plus two.

• An iniƟal esƟmate for a model can be formed from the lower-
degree model by adding a zero to the polynomial parameters.
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Spot model: estimation

28



Spot model: results
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Spot model: results

30

2011 2012 2013
0

200

400

600

$/
M
W
h

Alberta daily power prices (in sample)

2013 2014
0

200

400

600

$/
M
W
h

(out of sample)

2013 2014
Days

0

0.5

1
Jacobi process

0 0.5 1
x

0

500

1000

2013 2014
Days

0

200

400

600

$/
M
W
h

Price simulation



Spot model: results
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Multi-factor models
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Multi-factor models
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For a two-factor model, we can take Zt 2 [0, 1] to also be a Jacobi
process. In this case we write

St = H(Xt)
⇥
(1� Zt)p0(t) + Ztp1(t)

⇤
,

and now we are dealing with a conƟnuum of potenƟal polynomial
maps, indexed by Zt at any given moment.
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Mul=-factor models: spot es=ma=on
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Futures prices
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Under the assumpƟon thatmin{A,B} � 1, a pricing measureQ can
be specified via the market price of risk

�t =
⌫AXt � ⌫B(1�Xt)p

Xt(1�Xt)
,

where ⌫A and ⌫B are constants saƟsfying ⌫A � ��

2
(A� 1) and

⌫B � ��

2
(B � 1). The factor dynamics become

dXt =
�2

2

�
AQ(1�Xt)�BQXt

�
dt+ �

p
Xt(1�Xt) dW

Q
t ,

whereAQ = A+ 2⌫A/� andBQ = B + 2⌫B/�.
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Changes of measure for Jacobi processes



Futures prices
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Futures prices
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Futures prices: model simula=on
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Valuation of other derivatives
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Thank for your attention!

Tony Ware
aware@ucalgary.ca
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