STABLE DETERMINATION OF POLYGONAL AND
POLYHEDRAL INTERFACES FROM BOUNDARY
MEASUREMENTS

Elisa Francini

57(/ UNIVERSITA

= O,O DEGLI STUDI
g FIRENZE
S

S\
WIS DIPARTIMENTO DI
RIS | R s

“ULISSE DINI"

in collaboration with E. Beretta and S. Vessella

Reconstruction Methods for Inverse Problems, BIRS, 2019

E. FRANCINI (UNIVERSITA DI FIRENZE) BIRS 2019 1/32




CALDERON PROBLEM - ELECTRICAL IMPEDANCE
TOMOGRAPHY

Recover v > 0 defined in Q2 from boundary values
of solutions of the equation

div(Vu) =0 in Q.
Boundary measurements are encoded in the Dirichlet to Neumann map:

A, HY2(0Q) — HY2(60Q)

where u solves
div(yVu) = 0 inQ
u = f onodf

The forward map is the nonlinear map

Fiyel™Q) >A €L (H1/2(aQ), H_1/2(8§2))
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WE ARE INTERESTED IN

@ Uniqueness of the solution: injectivity of F.

?
F(vo)=F(n)=r=m

Are the measurements enough to distinguish between two different
coefficients?

@ Stability: continuity of F~1.

o — 1l < w(IF(0) — F(n)I)

for w(t) -+ 0as t — 0.

E. FRANCINI (UNIVERSITA DI FIRENZE) BIRS 2019 3/32




|
UNIQUENESS FOR CALDERON PROBLEM

F(70) = F(11) = 70 = m
Isotropic conductivities
@ n>2, 7, 71 piecewise analytic KOHN VOGELIUS (1984, 1985)
e n>3and 7, 11 € C3(Q) SYLVESTER UHLMANN (1987),
Whe°(Q) CARO ROGERS (2016), W13(Q) HABERMAN (2015)
e n=2and 7, 11 € W?P(Q) NACHMAN (1995), BROWN UHLMANN
(1997) , v, 11 € L>®(2) ASTALA PAIVAIRINTA (2006)
Anisotropic conductivities
e Nonuniqueness KOHN-VOGELIUS (1984) counterexample. When ~y
is a matrix function (anisotropic materials), it is impossible to
determine  uniquely.
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___________________________
INSTABILITY OF CALDERON PROBLEM

Stability of the inverse problem <= Continuity of F~!

?
o = 71l = 1F 7 (Ase) = FH AN < w (1Aq = Ayl

Positivity and boundness of conductivity are not enough to
guarantee stability, Example of instability ALESSANDRINI (1988)

Stability in ill-posed problems can be restored conditionally to a-priori
bounds on the unknowns that guarantee compactness

TIKHONOV (1943)

F:KcX—Y, where X, Y are Banach spaces, K compact set and F
injective and continuous operator. Then,

(Fk)™': F(K) = K

is continuous.
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___________________________
CONDITIONAL STABILITY FOR CALDERON PROBLEM

ALESSANDRINT (1988) n > 3, |[7[|w2.e(q) < E
BARCELO, FArRACO, Ruiz (2007) n =2, HVHCa(ﬁ) <E.

70 = 71l (@) < WMo — Ay ll)-

o Cror, FarAcO, Ruiz (2010) n =2, ||7[|we.r@) < E, @ >0

70 = mllz@) < @A = Al

CARO, GARCIA, REYES (2013) n >3,y € CY(Q) < E

7o — 71||C0’5(Q) < w([[Aye = Ay ll)

In all these results w(t) = C|log t|™".
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A LIMIT TO STABILITY WITH INFORMATION ON
REGULARITY

MANDACHE (2001) has proved that logarithmic stability is the best
possible stability using as a-priori assumption of the form

IVl cxy < E, Vk=0,1,2....

STRATEGY:

Look for a-priori assumptions on conductivity J

@ physically relevant

@ give rise to better stability (Lipschitz stability)
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___________________________
REDUCE THE NUMBER ON UNKNOWNS

Assume F : K C L*° — L, K subset of a finite dimensional space

unknown conductivity depends on finitely many parameters
For example

N
v(x) = Z%‘XD,-(X)-

@ Reasonable for most applications, e.g. medical imaging (different
tissues), geophysical prospection (different rocks, layers of the earth),
nondestructive testing of materials (composite materials)

o Finite element discretization for effective reconstruction
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STRATEGY OF THE PROOF

F:vye KCL*®—= A, €L, where K denotes compact subset of a finite
dimensional space.
Steps to prove Lipschitz stability estimate:
@ prove that F is injective (uniqueness);
@ prove that F is differentiable and evaluate the Frechét derivative DF;
© prove that DF is bounded from below.

The bound from below of the derivative DF gives a bound from above of
the constant C in the stability estimate

7o =71l < CllAy = Asyll
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N
MAIN TOOLS

(I) Unique continuation property

div(yVu)=0 in Q
(UCP) u=0inB/(x)CQ=u=0 inQ
(QUCP)  |lull2(s, (o)) < & llulliz) < E = [lullizey < C€°
B/(x0) C G C Q2 and C and § € (0,1) depend on d(G, 00N).

(IT) Regularity estimates for solutions of equations and systems with
discontinuous coefficients
(III) Singular solutions for equations and systems with discontinuous
coefficients. Asymptotic behaviour near discontinuity interfaces
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___________________________
PARAMETER IDENTIFICATION

N N
v=> vxp, (JDj=QcCR"
j=1 j=1

known domains D;

unknown parameters +/
Lipschitz stability estimates

N

> 1 — il < Cliny, — Ayl

j=1

ALESSANDRINI, VESSELLA (2005)
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___________________________
DIFFERENTIABILITY OF F

F: K C L* — L is differentiable: for given f and g € H1/2(3Q)

and for any direction h

d
< DF, [h]f, g >= 5 < Nyyenf, g8 > = /Q hVuVv, }
where u and v are solutions to
div(Vu) = 0in Q, div(yVv) = 0in Q,
u = fondQ. v = gonJ%Q.
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N
INJECTIVITY OF DF

/hVqu Yu,v=h=0
Q

Take

u(x) = G(x,y), v(x) = G(x,2)

with G Green function in an ex-
tended domain.
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N
OTHER PDES AND SYSTEMS

@ Complex valued coefficients ~
BERETTA, F. (2011)
o Elasticity
BERETTA, F.,VESSELLA (2014)
BERETTA, F., MORASSI, ROSSET, VESSELLA (2014)
BERETTA, DE HoOP, F., VESSELLA, ZHAI (2017)
@ Anisotropic equation
GABURRO, SINCICH (2015)
@ Helmholtz equation Au+ qu =20
BERETTA, DE Hoopr, QIu (2013)
BERETTA, DE HOOP, FAUCHER, SCHERZER (2016)

@ Piecewise linear coefficients
ALESSANDRINI, DE HOOP, GABURRO, SINCICH (2016 AND 2017)
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___________________________
INTERFACE IDENTIFICATION

N

N
J J=1

1

"known" parameters -;
unknown polygonal or polihedral do-
mains D;
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|
HELMHOLTZ EQUATION

N
Au+w?qu=0 inQ forg= ZCUXT,-
j=1

"known" parameters g;, unknown domains T;.
THEOREM

Let qo = Zszl qéxr,o, qL = Z}-‘il q{XT;, with {Tjk} regular partitions of
- J J

tetrahedra, q in a given set of finite, “distinguished” positive values, and
w small, there exist €9 and Cy, such that if ||Aq, — Ng, ||« < €0 then

N=M, gy=q and du(T),T})< GolAg — Al

BERETTA, F., DE HOoOP, VESSELLA (2015)
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DERIVATIVE OF THE DN MAP WITH RESPECT TO
MOVEMENTS OF VERTICES

N N
G = G@xro Gt =) qXT!
=1

j=1

PJQ,,- (vertex of Tjo) = Pﬁ,- + tV;j (vertex of Tf)

N
d )
— <Ay f,g > _=w? / uv(d)v-n-)do
7 <Nafig > Zqé I S
J=1 J
Where ug and vg are solutions to
Aug 4+ w?qoug = 0in Q, Avy+w?qvog = 0in Q,
Ug f on 09. %) g on 09.

chV is an piecewise linear function such that CDJV(P,QJ-) =V
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N
CALDERON PROBLEM

Difficulty:

Solutions to the conductivity equation are less regular: the gradient jumps
on the boundary of the inclusion and might become singular at vertices
and edges of the partition.

Particular case:

7(x) = xa\p(x) + kxp(x), D C Q

D smooth logarithmic stability ALESSANDRINI-D1 CRISTO (2005)
If D is a polygon then we show that Lipschitz stability holds
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___________________________
SIMPLIFIED 2-DIMENSIONAL GEOMETRY

o Let D° be a non degenerate polygon with
vertices PJQ, j=1...,N and

0(x) = 1+ (k = 1)xpo(x)

e Let D! be the polygon with vertices
Pt P0 + tVj and

vi(x) =14 (k — 1)xpe(x).
e For f, g € HY/?(dQ) consider
F(1e)f g >=<M\f,g >

d d
e Compute EF(%)M:O - EAWtIt:o
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___________________________
BOUNDARY REPRESENTATION OF THE DERIVATIVE

div (voVuw) = 0inQ, div (70Vvo) = 0in Q,
u = fon Q. v = g ondQ.

e __ € _
Ug = U()|Q\D0 and Vo = V()‘Q\D0

d =
< GFOOFE > 0= (k=1 [ (M9 V)0 - m)
with My = 79 ® 79 + %no ® ng where 79 and ng are the tangent and outer

normal directions on 9D and CI>(§/ is a piecewise affine map such that

o (P))=V;, forj=1,2,...,N

v

BERETTA-F.-VESSELLA (2017)
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___________________________
SINGULARITY AT VERTICES

div((1+ (k —1)xs,) Vu) = 0 in Bg(0)

-
Set

up = u. .

J |s;

There exist w > 1/2 and C depending only on k, R and 3 such that

=il
V106, )| < Cllullizan(on (< +57)? J

BELLOUT, FRIEDMAN, IsAKOV (1992)
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-
INCLUSION DETERMINATION
Let D! and D? be polygonal conductivity inclusions in Q C R?.
dist(D’/,09) > rg, length(sides(D’)) > ro, internal angles > ag.
Let k # 1 and define 7;(x) = xq\pi(x) + kxpi(x)

LIPSCHITZ STABILITY
There exists eg and C such that

1A = Ayl < €0

then D! and D? have the same number of vertices {P}}{V and {PJ-Z}{V
respectively and

d(P}, P?) < Cl[Ayy — Ayl Vji=1,...,N

v

BERETTA-F.-VESSELLA (SUBMITTED)

No convexity assumption.
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MAIN STEP IN THE PROOF

Bound from below is the quantitative counterpart of injectivity of the
derivative.

d
a/\%\tzo — O = V — 0,
that is:

/aDO(I\/IOVug SVVE) (DY - ng) =0

for every up, vp such that div (70Vuyg) = div ('0Vw) =0 in Q.
implies

V =0.
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N
SINGULAR SOLUTIONS

Choose up(x) = Gp(x,y) and vo(x) = Go(x, z), where Gy is the Green's
function in a larger domain €y D Q
The function

S.2)= [ (MVG5(y) - VG5 2)(®F - )

@ is harmonic with respect to both y and z
{2 in Qo \ DY,
e is zero for y,z € Qo \ ,
o MoVG§(-,y) - VGS(-,z) diverges to oo
Q as y, z tends to 9Dy
° é¢(\)7-n0:02> V =0.
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N
SHAPE DERIVATIVE

Minimize with respect to all possible affine motions of the polygon D°

1
j(Dt) - 5 AQ(Ut - Umeas)2

for
{ div(v+Vuy) = 0in Q,
%% = g on 09, Joq ut = 0.
THEOREM
Dt o DO N
jim <27 = I )_(k—l)/ (MoV g - Vg ) (@Y - no)do
t—0 t 9DO

where wy is the solution to

{ div(voVwo) = 0inQ,
VO% = Up — Umeas 0N 0K, [1q wo = 0.

v

Rerrnrma K Veeerrra (9017)
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___________________________
DISTRIBUTED REPRESENTATION OF THE DERIVATIVE

M
e H=1+> (¥ -xp
j=1
Q % ®i(x) = x+ tV(x), D= (DY),

M
Ve = 1+Z(’YJ—1)XD{ F(t) =<NM\.f.g>
j=1

d
CT < /\qtf,g >|t:0: —/ ’}/oAVUovadX
t Q

where

A=div(V)I —(VV +VTV)
and div(v0Vug) = div(1oVwv) =0in Q, ug = f and vy = g on 09.

v

BERETTA, MICHELETTI, PEROTTO, SANTACESARIA (2018)
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SINGULARITY AT VERTICES WITH 3 REGULAR
SECTORS

div (yVu) =0 in Bgr(0)

with

B<Bi<m—Bandy <~ <7 'forj=1,23

Set
ui = u. .
J ls;

There exist w > 1/2 and C depending only on %, R and 3 such that

w—1
[Vui(x, )] < Cllulliz(aon (< +57)7 J
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___________________________
NON INTEGRABLE SINGULARITIES

3 sectors with 83 > 7

4 regular sectors
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___________________________
ADMISSIBLE PARTITIONS

Let us consider a polygonal inclusion
P — Uil\ilbl,

where D' is an open polygon and d(P,9Q) > dy. We assume that:
@ each vertex does not belong to more the three sides of polygons;
o the length of each side is bigger than dy
@ each polygon D' contains a disk of radius greater than r
@ denoting by 6}‘, k =1,...,ki <3, the angles in the vertex Q;, we
assume there exists 3 € (0, 7) such that

if kh =2, 0<B<pBf<2r—pfork=1,2
if kj=3, 0<B<pBf<m—pfork=1,23.
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___________________________
ADMISSIBLE CONFIGURATIONS

=/
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DERIVATIVE

d
p — <M. f.g> Z/ Ve = VOMNVutVVT(®) - ng)do

where My = 74 @ 7 + /s £ nk @ nk and div(yVu) = div(yVv) =0 in €,

u=1f and v—gonaQ
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N
WORK IN PROGRESS

o Stable determination of a general nondegenerate partition in 2
dimensions;

@ Stable determination of a polyhedral inclusion in 3 dimensions;

e Elastic inclusions.
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