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1. Variational Lavrentiev regularization
1.1 Preparations

Let H Hilbert space, F : H — H nonlinear, in general. The
operator F is monotone on a set M C H, if

(Fu— Fv,u—v) >0 foreach u,ve M.

Consider classical integration and the Abel operators (both linear!)
(Vi)(x) = / u(y) d.
(V) = g [y =) dy @ <a<1)

for 0 < x < 1. Both are monotone on H = L2(0,1).
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Consider operator F : L2(0,1) — L2(0,1) given by Fu = f, where

f'(x) + u(x)f(x) =0, 0 < x <1,

f(O) = —(p,
with cg > 0 given. F is monotone on M = {u € [3(0,1) | u>0}.

Consider F : [2(0,1) — L?(0,1) given by
(Fi)(x) = [ ulx—y)uln)dy, 0<x<1
0
F is monotone on

M={uel?0,1)|J,u" €L?0,1),u>0,u<0,u">0}.
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Assumptions

Let

» H Hilbert space, M C H closed convex.
e F:H — H monotoneon M C H, i.e.,

(Fu— Fv,u—v) >0 foreach u,ve M.

s u, €M, fEH, Fu.=f, fIecH, |f—Ff|<é.
+ In general, F~1 not continuous at f.

Determine wu,.
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Classical Lavrentiev regularization
Consider for 0 < v = regularization parameter

(F—l—'y/)ug:f‘S

with ufi e M.

Remark
Recall Tikhonov regularization for linear case:

(A*A+~l)ud = A*F°,
where A : H1 — H> linear, bounded, with H1, H, Hilbert spaces.

Thus: Lavrentiev regularization = Tikhonov regularization without
normalization in linear case.
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Remark

Note that equation (F + 7I)u§/ = f9 is solvable on M in special
cases only, e.g.,

e M =H, and F continuous, or

e M = closed ball of sufficiently large radius.

In applications, frequently % = L?(0,1), M = {u € [3(0,1) | u >
0 } however.

Notation
For F : H — H we use the notation

Fy=F+~l:H—=H for v>0.

Robert Plato d
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For v = regularization parameter > 0, determine uﬁsy € M with

(Fyul — f°,u—ud) >0 foreach ue M. (RVI)

Let P = metric projection onto M, ul € M. Then:
u$ solves RVI <= u = P(ud — p( Fyul — 7))
with p > 0.

If F: H — #H continuous + bounded then RVI has a (unique)
solution ug e M.

o = = =
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Some new convergence rates
Trajectory in H; semiconvergence

Variational Lavrentiev regularization ~- {uﬁi}vzo CH
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Lemma

For u, = u®, i.e., variational Lavrentiev regularization with exact
data, we have

lud — wall < Jluy — | + 2 for v>0.

Proof
Simple decomposition:

IN

0
oy = wl| + [lus, = ],

]
5

g — w]

IA

0
[[uy = ]

So ey = uy — u, has to be estimated!

Note: For Tikhonov method, estimation of Hu,‘i — uy|| possible
under additional smoothness of solution, see Scherzer (1993).
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Convergence:

Let F be continuous and u, = minimum norm solution of (non-
regularized) VI. Then:

(a)ey=uy—u, —0 asy—0,

(b)eigzufy—u*—>0 asm;—>0,%—>0.

Alber, Ryazantseva, Khan, Tichatschke, Tammer, Gwinner, ...
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An operator F : H — H is cocoercive on a subset M C H if, for
some 7 > 0,

(Fu— Fv,u—v) > 7|Fu— Fv||*> foreach u,ve M.

Consider again F : L2(0,1) — L?(0,1) given by Fu = f, where
f'(x)+u(x)f(x) =0, 0<x <1, £(0)=—co,

with ¢y > 0 given. For any 6 > 0, the operator F is cocoercive on
M={uel?0,1)|u>6}.

1. Obviously, cocoercive => monotone

2. Baillon-Hadard theorem: Assume M open, and F has poten-

tial. Then F Lipschitz continuous = F cocoercive.
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Suppose that
» F is cocoercive on M,
)

F is Fréchet differentiable on #H, with

IF(u) = F'(I < Ljju = v

with some L > 0,
s u, = F'(u.)*z for some z € H, with ||z|| small enough.
Then
leyll = O(+*72),

for each u,v € M,

IF (uy) = fll = O(v)

as v — 0.
Under the conditions of the theorem we have, with 5 = c§%/3,

g — ull = O(5'73)
Robert Plato
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as 6 — 0.
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Remark

1. Parts of proof of Theorem are similar to related results in
Scherzer/Engl/Kunisch (1993) on Tikhonov regularization.

2. Liu/Nashed (1998) for RVI: ||e, || = O(~/3) only (under more
general assumptions, however, eg., possible set perturbations).

3. Adjoint source condition not well suited for Lavrentiev reg-
ularazation. For linear problems, see Plato/Hofmann/Mathé
(2018).

4. Results improvable in linear case under standard source condi-
tions.

5. Similar rates for classical Lavrentiev regularization:
Hofmann/Kaltenbacher/Resmerita (2016).
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3 Variational Lavrentiev regularization with initial guess

Method

Let initial guess u € H be fixed. For v > 0, determine ug € M with
((Fug + a(ug —T) = = ui)) >0 foreach ue M. (%)

Let uy = ug be obtained by (), with exact data f0 = f.

Theorem

Let F be cocoercive on M, and F’ be Lipschitz continuous on M.
If

us EM, Fu,=f, u.—1=F(u)*z, = |z|l,
holds for some z € H and oL < 2, then

luy = uall = O(3*?) as v = 0, |5, — us|l = O(6¥/%) as § — 0,

s

for any a priori parameter choice 5 ~ §2/3.
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4 Numerical results

Consider again F : L2(0,1) — L?(0,1) given by Fu = f, where
f'(x) +u(x)f(x) =0, 0<x<1, f(0)=-1,
This means
x
(Fu)(x) = —exp ( - /o u(y) dy), 0<x<1. (1)

For any 6 > 0, the operator F is cocoercive on M = { u € L?(0,1) |
u>40 }

=} = = £ A
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Example 1
Consider first Fu = f, with

f(x) = —exp(—2x> — bx) for 0<x <1,
with a= b= % Exact solution:
u(x)=ax+b for 0 <x <1

Note that u, > b.
The modified adjoint source condition is satisfied for initial guess

T = u(1).

Consider modified variational Lavrentiev with initial guess T and
parameter 5 = §2/3.

Variational Lavrentiev regularization for nonlinear monotone problems 16/20
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Numerical results for Example 1:

[ J [ 100-6/)F1 | Nud, — wll [ [Jug, — u.]l /613 ]
1.0-1072 | 1.33-10° 9.87 - 1072 0.46
5.0-1073 | 6.66-10°1 8.23-1072 0.48
25-1073 | 3.33-10°1 6.72 - 1072 0.50
1.2-1073 | 1.67-10! 5.42-1072 0.50
6.2-107% | 8.33-1072 4.17-1072 0.49
3.1-107% | 4.16-1072 3.26-102 0.48
1.6-107* | 2.08-1072 3.26-1072 0.61
7.8-107°| 1.04-1072 2.72-1072 0.64
39.107°| 5.21-10°3 2.53.1072 0.75

Table: Numerical results for first example
Robert Plato W Variational Lavrentiev regularization for nonlinear monotone problems 17/20
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Example 2

Now consider Fu = f, with
f(x) = —exp(2(cosmx — 1) — bx)
with a = %, b= % Exact solution:
us(x) =asintx+b for 0 <x<1.

Note that u, > b.
The modified adjoint source condition is satisfied for initial guess

T = u(1).

Consider modified variational Lavrentiev with initial guess T and
parameter 5 = §2/3.

Robert Plato d
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Numerical results for Example 2:

[ J [ 100-6/)F1 | Nud, — wll [ [Jug, — u.]l /613 ]
1.0-1072 | 1.25-10° 7.00-102 0.32
50-1073 | 6.25-1071 4.66 - 102 0.27
25-1073 | 3.12-1071 3.87-102 0.29
1.2-1073 | 1.56-107! 3.01-1072 0.28
6.2-107% | 7.81-1072 2.22-1072 0.26
3.1-107% | 3.90-1072 1.60- 1072 0.24
1.6-107* | 1.95-1072 1.08- 1072 0.20
7.8-107%| 9.76- 103 7.54.1073 0.18
3.9.-107°| 4.88-10°3 4.70-1073 0.14

Table: Numerical results for second example
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5 Conclusions

* More examples.

» Other source conditions.

» Get rid of cocoercivess.

» Many thanks for invitation.

« Many thanks to Zuhair.

» Many thanks for your attention.
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