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SPATIALLY QUASI-PERIODIC GRAVITY-CAPILLARY
WATER WAVES OF INFINITE DEPTH

JON WILKENING AND XINYU ZHAO

AsstracT. We formulate the two-dimensional gravity-capillary water wave equations in a
spatially quasi-periodic setting and present a numerical study of traveling waves and more
general solutions of the initial value problem. The former are a generalization of the classical
Wilton ripple problem. We adopt a conformal mapping formulation and employ a quasi-
periodic version of the Hilbert transform to determine the normal velocity of the free surface.
We compute traveling waves in a nonlinear least-squares framework using a variant of the
Levenberg-Marquardt method. We propose four methods for timestepping the initial value
problem, two explicit Runge-Kutta (ERK) methods and two exponential time-differencing
(ETD) schemes. The latter approach makes use of the small-scale decomposition to eliminate
stiffness due to surface tension. We investigate various properties of quasi-periodic traveling
waves, including Fourier resonances and the dependence of wave speed and surface tension
on the amplitude parameters that describe a two-parameter family of waves. We also present
an example of a periodic wave profile containing vertical tangent lines that is set in motion
with a quasi-periodic velocity potential that causes some of the waves to overturn and others
to flatten out as time evolves.
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Benjamin-Ono
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paths connecting pairs of traveling waves

g = 0.944375

First several bifurcations connecting stationary and traveling waves

' ' ' ' ' - ' (N',v',n',m") «—— (N,v,n,m)
1.5F 3 .
@ o a: (1,0,1,1) «— (2,-1,1,1),
1t /‘(\\)«\Q“a : 1 b (1,0,2,1) — (3,-1,2,1),
WO c:  (1,0,3,1) «— (4,-1,3,1),
0.5 ‘A\‘ stationary, = - d : (1,0,4,1) «—— (5,—1,4,1),
_ .‘\%\‘\\ 7 707&7 e: (2,-1,2,3) — (3,-3,1,3),
oo : 1 fr (2,-1,3,6) — (4,-5,2,6),
' g: (2,-1,3,8) «— (4,-6,2,8),
05} 11 ke (2,-1,3,10) — (4,-7,2,10),
i (2,-1,4,11) «— (5,-8,3,11),
1t 1 g (2,-1,4,13) — (5,-9,3,13),
_ k: (2,-1,4,15) «— (5,—10,3,15)
1.5} | - l: (2,-1,4,17) «— (5,—11,3,17)
2|2 2|4 2|6 2_:_8 CI’: J'll: 3|2 3|4
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A solution on the path (1,0,4,1) «— (5,-1,4,1)
ag = 0.544375

c,(t) on path (2,-1,3,8) < (4,-6,2,8)
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Quasi-periodic solutions

(%) def: w(z,t) =U(Rx+dt+0)

—

R &, 0 ¢ R

. {UEC@@

Example: Benjamin-Ono (Satsuma/Ishimori 79, Dobrokhotov/Krichever 91)

Pick 0cR” and C <a;, <b, <---<a, <b,

__ 10m 2 (bm—=C) 1,4, (am—a;)(bm—bj)
define e ’Cm’(B 7 ‘Cm’ N (am—C) ﬁj(bm—aj)(am—bj)
M (y) = |em|€¥™im — b‘_lam (n X n matrix)

Then (%) is a solution of w; + 2uu, — Hu,, =0 with

Uly) =C+ > (am —by) —2Im0d, Indet M(y),

Km = — (b — am), w,, = b* —a

Are there analogues for the water wave?



Part 0: Introduction

Part 1: spatially quasi-periodic water waves

+ Equations of motion
+ Initial value problem
+Traveling waves (two quasi-periods)

Part 2: temporally Quasi-periodic solutions (if time permits)

» two quasi-periods (methods and examples)
+» three quasi-periods (method and example)



Setup

Free surface

Rigid boundaries

(j(a,t) parametrizes T,
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Cauchy integral code (method 3 below)
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Ambrose, Camassa, Marzuola, McLaughlin, Robinson, Wilkening

Numerical Algorithms for Water Waves with Background Flow over Obstacles and Topology, (coming soon!)



Equations of Motion

C(&vt) — f(aat) + 7;77(0‘775)7 90(04775) — qb(C(O‘?t)vt)

u= Vo, ((a,0) = Co(a), p(a, 0) = po(a), t =0

Bernoulli Ggz + Pyy = 0, in €2
1 9 D B a'n,¢:07 on F_]
0 / (t-m=u-n on [
t
1o 1 5 p
¢t—v¢'Ct+§¢x+§¢y+;+gy—'m:c(t), on I
Sanaa _770450404
o= ) Sav = }Ca‘

3
Sa




Equations of Motion

Gl t) = (o, t) +inla, B),

90(047 t) — qb(C(O‘v t)? t)

u=Veo,  ((a,0)=C(a),  ¢la,0)=¢o(a), =0
Bernoulli Gz + Oyy = 0, in Q
Vv (cbt + 1||u||2 + 24 gy) =0 O =0 on 1
2 p O = o, on I’

oy / (t-m=u-n on [
@tV¢-Ct+;¢i+;¢§+i+gy7mc(t),\ on I

particle on surface:

\ _oCoz
n—i,—

x'zfaéz—l—ft:u,
Y =nNa+1n =,

Sa
Nt€a — &tNa = VEa — UMNa
(¢t n=Vo-n




Curve representations

Coz — Saewa Ct — (V T iU)ew

( a,t) = a+in(a,t standard
method 1: < 3 t) B 77(_ O) graph-based
\f(a’ J=a, &= representation
( |+ Zna )

ft:Re< (V+ZU)

»=0 = V =nU

o 14in, U+ n2U Do
=Im < (V +iU = — =1 +n2
" K( iU) ¢1+n3f N V1+n2 o (DNO)




Curve representations

Coz — Saewa Ct — (V - iU)Gw

(((a) = &(a) +in(a)

n(-) = —H|{(a) — a

z(w) = x(w) +iy(w), w=a-+1f,
¢ = zlg=0, §=7|p=0, 1 =Ylp=0

method 2: ¢

Here we also define the complex velocity potential: ®(z) = ¢(z) + 19(z)

. . . O P
chain rule + Cauchy-Riemann: - H(U(0)) = data + Dytla = VO (508) = 50 8_f
0¢

0
_a_oéw(C(O‘)) — —%fa — %% — —%77@ + ¢y€a — VQb | (Sozﬁ) — Sa%



Curve representations U=G n=u-n= %

Coz — Saewa Ct — (V T iU)Gw / a,t —
(((a) = ¢(a) +in(a) /

n(-) = —H[{(a) — a]
z(w) = x(w) +iy(w), w=a-+1f,
(= z2[g=0, &==lg=0, 71 =1ylp=0

method 2: ¢

B &n)_ Y
E(a,t) = o + zo(t) + Hlnl(, 1) -a >
@: wa 7704%4 —Z>
i = fe (o] ren)
_ o VAU = K:H<£>+C :—H<%>+C
B=0 Coz Sa Sa Sa : 83 1

()= o ) () —— e=@lore)




Curve representations U=¢ n=u-n=32"

Ca =5a€", (= (V+iU)e” / ot

Cat = Sateze + s,0+1€"

= (Vo +iUq)e" + (V +iU)0ie"

method 3 (HLS):

St =V, — 0,,U
t choose V so that s, (t) = const(t)

Sa‘gt = Ua + HQV

V= 8;1]3[9&[]} Te | Pile)=Jle) - B Can pick ¢ so that
1 27T B
Sat = —Po[0,U] Pof = %/O fla)da | e.g. £(0,t) =0.




Dirichlet-Neumann operator

Given ¢, need to solve Laplace equation to get 3 ¢
The tangential derivative is just f = o /Sa-

C(aa t) — f(()é, t) + i77(0<a t)? 90(057 t) —

u= Vo, C(Oév O) — CO(a)v (70(0‘7 O) — 900(04)7

bem ¢yy — Y,
&nﬂb =0,
¢ =,

Ct'n:u'na

o
1
=V G5 Vol + gy — e =c(t)

=

in ()
on I';
on I’

on I’

onl




Conformal mapping approach (method 2)

The Bernoulli equation simplifies to

1 p
SOt:V¢‘Ct—§\V¢\2—;—gy+7'/£—|—c

a " Ta —H o c2)z—|_C c2)z+ c2)z
= (920 <?€7a 52)( [@_bwés/s}a 1>_¢23(2:p T TRTC

\ - 7/

(SOO& 7v_wa)

_ p[¥a—va
252,

— %H[%/Si] + Crpa — gn + 7"'43]



Conformal mapping approach (method 2)

Summary of equations of motion:

Vo
fa:1‘|‘H[77a], ZD:—H[SOL ngi—l_n(z)m X:77
: dxg . :
choose (', e.g. as in (1), compute — in (2) if necessary,
fanaa o nafaa
Nt = —NaH[X] — §aX + C17a, R = J3/2 7
¢2 L ¢2
Pt :P{ a2J = sﬁaH[X] + Chiooq —gn+ TK|.

(la) C1 =0: evolve xo(t) via (2),
(10) C1 =Py [faH[wa/J] - na%/ﬂ : ro(t) = 0,

(1e) C1 = [Hlpa/J) ~natba/ (€] o £0,)=0.

(2) % — P, [ga (—H [w—;] + 01> + "“}”“] o flat) = a+zo(t) + Hnl(a,t)



Quasi-periodic, real-analytic functions

u(a) = u(ka), (o) = Z G;et9 X acR, acT? kecR
JjEZA

Bounded, analytic extension to lower half-plane satisfying ( Re f) ‘ = U
5=0

f(w) =i +ito+ Y 20 TH (w=a+if, f<0)
(3,k)<0

Extract imaginary part on real axis (Im f) ‘B =Y

v(a) =0(ka),  Bla)= ) 0;e"0% b =isgn((j,k))i;, (#0)
jE€Z4




Quasi-periodic Hilbert transform

Al = 2PV [ e = 37 (ipsan(, Bigel 0

4 o0 @ =& jezd

Torus version: want H|u|(a) = H|u|(ka)

Projections

1 L
(2m)d /Td u(a) day ... dayg

The analytic extension is quasi-periodic on slices of constant depth
flw) = f(ka,B),  (w=a+iB, B <0)

f(aa 6) — a() + Z?AJO -+ Z 2[@36_<37k>5]6z<3,a>
(3,k)<0

P:id—Po, Po[U]:Po[{L]:’LAL():




Pseudo-spectral method in space (on torus)

Let f denote n, v, x etc. and let f denote

fl@)=fla.ka),  flona2)= D, fuge' @ H 25, (ar,00) € T

J1,J2 €L
E(CH,CVQ) _ Z Z(]l _|_j2k)fj17j26i(j1a1-|-j2a2)’
J1,J2 €L
H[f](ath) — Z (—’i)SgH(jl _I_j2k)fj1d2€i(jlal+j2a2)‘
J1,J2 €L
fml,mg — f(Q?Tml/Ml : 27Tm2/M2), (O <my < M1 : 0<mo < Mg)

Mo—1 .
f. e i Z fm " —2772]1m1/M1 —27Tij2m2/M27 O S J1 S M1/2
J1,72 Mo 1,m2€ _M2/2 _ j2 - M2/2

m2=0 ™mi1= 0



High-order Runge-Kutta or ETD in time

Sa:1—|—H[na]a wZ_H[SO]a J:€§4+ng¢7 X:w_Jaa

dx
choose (', e.g. as in (1), compute —9 in (2) if necessary,

dt

ganaa o nafaa
e = —nNat[x] — Eax + Cina, = J3/2 ;

¢2 L 902
2J

SOt:P{ SpaH[X]+C190a—g77—|—Tli:|.

ETD/SSD:




Overturning wave example (k=1/+/2)

initial parametrization
(not conformal yet)

(o) =0 + gsina — %sinQa,
m (o) = —(1/2) cos(o + 7/2.5),

p1(0) = —(1/2) cos(o + 7 /4).

search for n3(«), Bs(«), x3 such that
a+ w3+ H |ns3] () = &1 (o + Bs(a)),
n3(@) = m(a+ Bs(a)),
B3(0) =0
L L L L . L L L — B
0.9m T l.lm 291 3n 3.1n 10.97 117 11.17 @3((1) 1 (& + 3(&))

(b) (c) (d)

initial conditions on torus:

Mo (1, ) = m3(aa),
po(a1,az) = @3(ag)cos(az — q)
qg = 0.6km

1297 13n 13.1w




Overturning wave example

/jz ]

(ay, az, T) P(a1,an,T)
27 0.6
0.4
0.2
0
s
-0.2
04
-0.6
0 -0.8
(c)
:ﬁh» 2

B —

(e)

0 256

S

1024

1280 1536 1792 2048

M=4096 (over 16 million degrees of freedom)
(evolved over 5400 timesteps)



Spatially quasi-periodic traveling waves

(1) %Ya = Na, Yo = H[po] = cH[no| = c(§q — 1)

¢a =1+ H[n,l, J=E& +n2,

_ &aNaa — Nabaa ¢? B
K= 7372 , P_ﬂ—l—gn—ﬂi = 0. (2)

(1) — Yo /VJI=( 0= (c,0) - h=—cno/VJ (kinematic condition)

(2) 2=z—ct, PPVS(2) = DPWS(¥ 4 ¢t t) —cZ stationary (time independent)

d(w) = PPV (5(w)) = —cw, Z(w) = z(w,0)

IVOPYS|12 — | (w) /¥ (w)]? = /T (2) then follows from steady Bernoulli

see also Bridges/Dias, 1996




Linearization about zero

—CQH% + 91 — TNaa = 0

dispersion relation:

¢ =gk '+ Tk

denote zeros by &, k,. Non-dimensionalize so k; =1, k, = kk

“—g—17=0 ‘k—qg—T1k*=0

(c=vg+T1, k=g/T)

If k is rational, this leads to the classical Wilton ripple problem

If k isirrational, good place to search for quasi-periodic traveling waves



Nonlinear least squares problem (overdetermined)

Residual "L -
RlT,b,7] := P Z—j‘l‘gﬁ—ﬂ;n (b= c?)
Objective function _ _
1
Flr b0 == — | R*[7,b,79] doy do
T T2

Numerical version

m=1+mqy + Mms

rm(p) = R[7,0,n] (am, , Ctm, ) /M, ( O, = 2T /M

), 0<m; < M.

F0) = 5r) () ~ F bl



Nonlinear least squares problem (overdetermined)

x-dve FET g-dhe FET

—

Mo |- o My

M M

Numerical version

m=14+mqy+ Mms

rm(p) = R[7,0,n] (am, , Ctm, ) /M, ( Ay, = 2T [ M

), 0<m; <M.

F0) = 5r) () ~ F bl

(also set 799 = 0)

unknowns: fix 71 and 71 (replace them with 7 and b = ¢* in the list)

Pr =T, P2 = 771,1, p3 =0, ps= 771,—1, P5 = 770,2 s+ 5 PN(N/241) = "71,—N/2



Two-parameter family of spatially quasi-periodic traveling waves

Linear theory (v ="n1.0/M01)
T / \ C
1416 5540
// y=0.1 B y=0.1
1.415
rd _—— —
1414 e ——— Y =0.5 1.5535 \\\ o
Yy =Y.
' SN 1.5530 AN
\ 2 .
1.412 \ 7 - o
Y= 10NN = \/
L4l \ ) 1.5525
1.410 N \
1.409 1.5520
0 0002 0004 0006 0008  0.01 0 0002 0004 0006 0008  0.01
(a) ﬁmax (b) ﬁmax

€l

0.01 0.01 1.5538
1.415
1.5536
0.005 1.414 0.005 | 5534
1 \
fox 0 1.413 for 1.5532 )
0,1 0,1 6
1412 1.5530 10
-12 |
-0.005 1.411 -0.005 1.5528 10
1.5526 10718
1.410 0
-0.01 -0.01 - 5 10 {5
-0.01 0 0.01 -0.01 0 0.01 15

(©) .o (d) .o ()



Spatially quasi-periodic traveling waves (t = 0)

1) =(0.01,0.002), v =5
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atially quasi-periodic traveling waves

0.03

(@) (11,0, o) = (0.01,0.002)
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Spatially quasi-periodic traveling waves (torus view)

(@) 7, (1,0, 701) = (0.01,0.002)
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Spatially quasi-periodic traveling waves (Fourier modes)

(b) - J:
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Error in evolving the solution from t =0 to =3

(error at t = 3) vs (# of function evaluations)
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Families of quasi-periodic solutions and a return to physical space

Theorem B.1. The solution pair (C, ¢) on the torus represents an infinite family of quasi-periodic
solutions on R given by

(B.1) C(a,t;01,0,,0)=a+6+C(01+a,0,+ka,t), acR, >0
| p(a,t; 01,02) = §(61 +a, 0> + ka, t), 01,0,,6e R/’

Theorem B.2. Fix t > 0and suppose E4(a,t;0,0,0) > 0fora € [0,27) and O € [0,27). Then
there is a periodic, real analytic function A(x1,x,,t) defined on T? satisfying

(B.6)  A(x1,x2,t) + E(x1 + A(x1, %2, 1), x2 + kA(x1,%x2,t), ) =0,  (x1,x2) e T
Given 0 € [0,2m), the change of variables a = x + A(x, 0 + kx, t) satisfies
(B.7) ¢(a,t;0,0,0) = a+€~(a,6+ka,t) =x, (x € R).
This allows us to express solutions in the family (B.4) as functions of x and t,
" (x,t;0,0,0) = n(a,t; 0,0,0),

(B.8) "
pP"(x,t;0,0,0) = p(a,t;0,0),

(a = x+.A(x,6+kx,t)).

These functions are real analytic, quasi-periodic functions of x in the sense that

nP"s(x,t;0,0,0) = P (x, 0 + kx, t)

(B.9) ) h
"™ (x,t;0,0,0) = ¢P™(x,0 + kx, t)

with

(B 10) ﬁphys(xll X2, t) = ﬁ(xl + A(xll X2, t)/ X2 + kA(xll X2, t)/ t)/

gbphys(xl, x3,t) = @(x1 + A(x1, x2,t), x2 + kA(x1, %2, 1), t).



Conformal mapping theorems

Theorem A.1. Suppose € > 0 and z(w) is analytic on the half-plane C; = {w : Imw < &}.
Suppose there is a constant M > 0 such that |z(w) — w| < M for w € C, , and that the restriction
C = z|g is injective. Then the curve C(a) separates the complex plane into two regions, and z(w)
is an analytic isomorphism of the lower half-plane onto the region below the curve C(a).

Corollary A.3. Suppose k > 0 is irrational, fj(a1, @2) = X(j, m\ez2 Mjr,jp€ V' * H2%), and there
exist constants C and € > 0 such that

(A.7) N—ji~j2 = Nji.jar |ﬁj1 iz| < Ce3eKmax(jjl|i2l) (j1,j2) € 7,
where K = max(k, 1). Let xq be real and define & = xo + H[7], C = & + ifj and

(A.8) Z(ay, az, B) = xo + iflo,o + Z 2iﬁj1,j23—(]1+]2k)ﬁe’(]1“1+]2“2), (B < ¢),
j1+j2k<0

where the sum is over all integer pairs (j1, j2) satisfying the inequality. Suppose also that for each
fixed 6 € [0,2m), the function a — ((a;0) = a + ((a, 0 + ka) is injective from R to C and
Ca(a; 0) # 0 for a € R. Then for each 0 € R, the curve C(a; O) separates the complex plane into
two regions and

(A.9) z(a +if;0) = (a +iB) + Z(a, 0 + ka, B), (B < eé)

is an analytic isomorphism of the lower half-plane onto the region below C(a; 0). Moreover, there is
a constant 6 > 0 such that |z, (w; 0)| = 6 for Imw < 0and 0 € R.



Part 0: Introduction

Part 1: spatially quasi-periodic water waves

+ Equations of motion
+ Initial value problem
+Traveling waves (two quasi-periods)

Part 2: temporally Quasi-periodic solutions (ran out of time)

» two quasi-periods (methods and examples)
+ three quasi-periods (method and example)
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