Classification of irreducible modules for Bershadsky-Polyakov
algebra at certain levels
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Vertex algebras Bershadsky-Polyakov vertex algebra

Vertex algebra is a triple (V, Y, 1), where V is a vector space over C, 1 € V is the vacuum vector and
Y Is an operator

Minimal affine YW-algebra WX (g, fg), where fy is a minimal nilpotent element, is the vertex algebra
obtained by quantum Drinfeld-Sokolov reduction from the affine vertex algebra VX(g).

YV — (EndV)[[z, z7 1], Vertex algebra WK (g, f) is strongly generated by vectors

e G}, € g 1, of conformal weight %
satisfying following axioms: fa) : ° |
1.Y(a,2)b=>_,¢c7 anbz~ "1 has finitely many negative powers, * i, a e g, of conformal weight 1
2.Y(1,z) = Id,
3.Y(a,z)1 € V[[z]] and lim,_gY(a, z)1 = a,
4.1D,Y(a,z)] = %Y(a, 7)), where D € EndV is given by Da = a_»1,

5.Va,beV, 4N such that

e w Is the conformal vector of central charge

k dim
c(g, k) = k+h9v—6k+hv—4.

N For k # —hY, WK(g, fg) has a unique simple quotient W, (g, fg).
(21— 22)"[Y(a, 21).Y(b, 2)] = 0.

Bershadsky-Polyakov vertex algebra W := Wk (s, fg) is the minimal affine YW-algebra obtained
by quantum Drinfeld-Sokolov reduction from VX(sk).
e WK is generated by the fields T, J, G, G~

e we choose a new Virasoro vector

Zhu algebra

1
L(z)=T(z)+=DJ(z
Let V =@, V(n) be a Z-graded VOA, and let dega = n, for a € V(n). (2) (2) 2 (2)

Define bilinear mappings * : V xV — V,o0:V xV — V:

(1+ z)%92 b) |

e the fields L, J G, G~ satisfy commutation relations:

J(m), J(n)] = ZF52mbm o, [J(m), GE(n)] = £GE(m + n),

L(m), J(n)) = —nJ(m + n) — RIS o

(14 2)%9 b) L(m), G (m] = —=nG*(m+n), [L(m),G~(n)] =(m— G (m+n),

Z

ax b= Res; (Y(a, Z)

GHm), G (n)] = 3(U2)(m=+n)+ (3(k + 1)m — (2k +3)(m=+n+ 1)) J(m+n) — (k+3)L(m+

aob= Res, (Y(a, Z) - |
n) + (k+1)(2k+23)(m—1)m 5

for ac V(n), be V. mn0

Let O(V) C V be the linear span of the elements a o b. The quotient space

V

AV =5w)

Smith-type algebra

IS an assoclative algebra called the Zhu algebra of the VOA V.

Let g(x, y) € C|x, y] be an arbitrary polynomial. Associative algebra R(g) of Smith type is generated

Let AOWV¥) denote the Zhu algebra of W¥. Let [v] be the image of v € W under the mapping by {E, F, X, Y} such that Y is a central element and the following relations hold:

WK — AWK).
o AOWK) is generated by [GT], [G7], [J], [w]
e /hu algebra A(Wk) Is actually a quotient of another associative algebra, called Smith algebra

XE—-—EX=E, XF-FX=—-F EF—-FE=g(X,Y).

e R(9g) is a certain generalization of U(sh)!

Structure of the Zhu algebra AONVY)

Denote E = [GT], F=[G], X =[J], Y = [w]. Let R(g) be the Smith-type algebra generated by

Classification of irreducible )V_5 ;3-modules RS

g(x,y) = —(3X2 — (2k+3)x — (k+3)y).

Then the Zhu algebra A(Wk) associated to the Bershadsky-Polyakov algebra WX is isomorphic to a
certain quotient of the Smith algebra R(g).

e Define functions 1
hi(x,y) = 7(9(X, y)+gx+1,y)+ ... +gx+i—1y))

e (Ar2013) If the top level L(x, y)(0) is n-dimensional, then hy(x, y) = O.

e \We will need the following A-operator
—J(k)

A—J z) = 2710 exp Z(_l)kﬂ

k
=1 kz

such that Z V(ap)z " =Y (A(-J 2)a, 2).

Irreducible VV,-modules for integer levels k

Let L(x,y) be the irreducible highest weight W,-module of weight (x, y) € C2.

e vectors

ez (GT(-1)", (G (-2))"1

e (Ar2013) Let dim (L(x, y)(0)) =i. Then are singular in WX for n = k + 2, where k € Z.

2k +3 . 2k +3
Y—Xx—1+1+

3 3 ). Necessary condition for V,-modules

V(L(x,y)) = L(x+i—1-—

Let k € Z, k > —1, (x, y) € C2. Then we have:

Theorem (i) The set of equivalency classes of irreducible ordinary WW,—modules is contained in the set

1 1 1. 12 41 702 Sy ={L(x,y) |hi(x,y) =0 1<i<k+2}.
Ry = {(—5, 0). (0,0), (g, g), (—5' g), (—51 g), (—5, g)}-

__ 1 1 4 1 7 1 (i) Every irreducible YW —module in the category O is an ordinary module.
R ={G.—5). G —3). GG —5)t

Let k = —5/3. The set e question: are modules from the set S) indeed W, -modules?

{L(x,y) | (x,¥) € Rk UR},

gives a complete list of irreducible YW, —modules from the category O.

Conjecture

The set {L(x,y) | (x,y) € S} is the set of all irreducible ordinary YW,—modules.

Sketch of proof: . . . .
P We prove this conjecture for k = —1 and k = 0, and classify all modules in the category O.

e first we compute an explicit formula for the singular vector in W_g /3 at level 4

e from this formula, we obtain a relation in the Zhu algebra A(W,):

1
G ([w] +3) =0 References
e using this relation (and applying the above A-operator), we get candidates for highest weight W, —

modules 1. D. Adamovi¢ and A. Kontrec, Classification of irreducible modules for Bershadsky-Polyakov algebra at
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e In order to obtain a realization of those modules, we show that Wy can be realized as a Zs-orbifold
(fixed points subalgebra) of the Weyl vertex algebra W'




