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work in progress ?
-
I . Cohomology theories for rings
2.THtf for rings
3 THH'fr enriched cats

*

4THH for schemes

5 Computations for
P

'

& P2



K a commutative base ring
A a K - algebra
Ae A AOP enveloping a log .

Hochschild cohomology- is

HAHA)ExtaeA.AT#=Aq*ed
env . alg

Shukla cohomology- is

Shukla#A) Extant (AA)



Deformatomtheoryt"¥¥. aiding¥:c: is:*
with a K - split map
A-→ The ⇐A
upshot
behaves well over a field



There's a similar story
for Shukla cohomology .

Moti
⇒ a similar story
for abelian categories ?

Def ( Lowen)
A- an abelian category
Htt'm (A) HtfflnjlndA)
HHHNEHHINQC.IQ)a Z- linear category
a.k.a a ring with many
objects



Htt't doesn't work well

when things aren't linear
over a field
Example
Mod - Ifi should le
a first - order deformation
of Mod -ZIP
-

need to incorporate
non - additive features
Answer

Tac Lane cohomology



rlactanecshomslogyrmk.

.

not the original dyfhEqivalek is due toJibeadze & Pirashvili
HmLMA) Ext¥a, CAA)

-

p
non - additive rimrdnles
FCA Fun (freeA, Mod -A)

is
free f. g . A -mods

A-find I> F (A)
M 1-7 M⑦ -

A



Eventual goal-
Use HML to get a
good deformation theory
for abelian categories
e.g . want

time{ ' stdenfrhmratins}
-
-

today focus on the
topological approach to

HNL



2) Topologist,
the one can & should
do algebra with ring

spectra
9

{Xi →X it '
since the 90 si categoriesof highlighted spectra
with a monoidal smash
prod let n

.



Ringsp_dm are

monads in Gpt, n)
example if
the

E- S"

sphere spectrum
is the unit for A
It's a commutative ring go .

& moreover the initial one .

A a ring , HA the
Eilenberg -Mac Lane spectrin
is a ring spectrum
⇒ 3 ! $→ HA



DI
THHEA) is

Extras
,
Asp
A
,
A)

& similarly for TH th
Exaipkcbokstedt

FranjoHannes - Schwartzel
k a finite field
THH'THE KALdeg 2



Example
if A is a Q -a berm
then THHFA) e HHEA)
since
an$97OhExample

Finn algebra over
a field K then there's
a spectral sequence
THHEA④Htt t (A)
'

ar Effi'Ep-4A)



thhlprrashvili-wddlgaa.su)
HML
* ET HH*

The
HMLt A- T HH t

key ingredient
Recentlyterday ! ) result
of Hard & Ramzi

.



Shukla's HML'

Shukla#→ Hml 't



3) THH* for
enriched categories

Def a spedrdcateyny
is a category enriched in
( Spt , a)⇐Cts mod , n)
Example
Spt itself is a
spectral category

(enrichment by internal horns)



Analogy ring

spectral cats : sperm
DG cats : DGA
-

One can talk about
modules over a spectral
category & this allows you
to define engeop
THH (e) = KHmeeee)
which is a spectrum
rtnk Can compute via a

bar construction



Thy flashad a)
F a chain of Quillin
equivalences
H : dgCatz → HI;

Cat

cats ein chef ww
(H2-mod . n)

This is a many - object
version of a res ht
of Shipley .



IS HE induces a
restriction of scalars nap
H2 -Cat s -Cat

Det e a dog -2 - cat

THHEE) THH'fitHe)
MI tf A is a ring

,

regarded as a l -off.
dy category

,
get the

expected answer .



4)THATor schemes
-

Deft an abelian cat
THHaj (A)⇒HtiflnjlndA)

Is
2- linear cat

.

Def X a scheme .

THTFK) THHai (Q G K)
warning should only be
expected to behave
when X is qcqs



Sanitycheck
if R is a commutative
ring then

THH Cspeck)
A- TH Has CQGHSpeck)
ETHHa, (Mod - R)
= THHCR) &

true but
not

obvious !



Thy X q q s noetherian
THHE)eTHt#Koh x)ab

Proof
QGHX = Ind Gh X
so THH#x) is
THHH nj QGh X)
THHai tach x)
because QGh has enough
injective



Punchline X gags north .

THHCXHTHH (D
'Gh X)

= TH H (per x)
= TH H (DQGh X)

Proof idea-
Adapt the arguments for
HHT due to Jia Keller
Laven & Van der Bergh
Keypoint computing THH
via the bar complex gives
Limited fumetonality .



5)Computations
Def X gays noetherian

a tilings is

a compact generator
TED Koh X
such that Exttft)
is concentrated in

degree zero
Def Say X is tiltask
if it admits a tilting
complex



Exan-phpn.is ti Hasle
(T=D ⑦ . . - Ocn) )
Example Grassmann ions
are tilted le

THI X at Herk sohere
over a field K

then 3- a spectral seq
THEM ⑨ HHPK)
⇒ THAME (x)
Follows from the analogue
for rings



For IP
'

over a finite field K
the E page is
A
i. .3 fatten
'€→Hochschild
, •

3 direction

& the SS degenerates
W- get Ehh' ( P' ) =
thhhKHHHYPYxothti.tk)
1,3

, 1,3
, 1,3, . . .



For A
'
over a finite field

we ate get degeneration
Dimensions are

1
, 8,11 , 8,11, 8,11, . . -

-

For P3 we might have
an E3 differential
Htt CPD→ HH

' GP3)
± K



HATA⑦ HMMCK)
⇒ thirtyAt
Kaledin - Laren

THH' (2)
Hi deg 2 it I

0 else


