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Introduction



Throughout the talk we let z € H and g = >,

The Dedekind eta function is defined by the infinite product
oo oo
77(2) _ e7riz/12 H(l - e27rinz) _ q1/24 H(l - qn)
n=1 n=1

and an eta quotient of level N is defined to be of the form

where t runs over all positive divisors of the integer N and the
exponents r; are integers. The weight attached to this eta quotient

isk:% Z re.

0<t|N



We use

i, ..o re - rn](z H n(tz)"
0<t|N

as a shorthand notation for an eta quotient of level N.

If an eta quotient f(z) is of level N, then f(z) and f(dz) will be
eta quotients of level dN for each d € N.

When counting the number of eta quotients in specific levels we
exclude eta quotients arising like this.



Example
Let us consider the eta quotient

4\8
n(q
flq) = MT)
n(q)
= g+ 8q° + 44q° + 192¢* + 718¢° + 24004°

+ 7352q7 4 20992¢° + 56549¢° + 145008¢'° + O(g'?).

Then we compute
f'(q) = 1+ 16q + 132q° + 7684° + 3590q* + 14400¢° + 514644°
+ 167936q" + 508941¢® + 14500804° + O(q'?)

- (g%
qn(q)'o




On the other hand
Jacobi’s function

n(q2)20

n(q)te 1(q°)*° q 4ngn
= —1+8 _

n(q*)®  n(q)*n(q*)® z::l 1—gqn Z::l 1 gt

n(q)8




Thus, as predicted, we have

dn(g*)?® _ n(g*)*
dqg n(q)®  n(q)tc’

q:qm[—&oﬁl(q) — 14 ~16,20, 0](q).

or in alternative notation:




Some examples:

qdiq log(7s[—8, 0, 8](q)) = 74[—8, 20, —8](q) (Jacobi),

qdiq log (76[—4, 2, -2, 4](q)) = 11s[~4.6,6, —4](q) (Fine),

d .
qd—q log (m12[—4, 4,4, —4,—4,4](q)) = m2[—4,10,—4,—4,10, —4](q) (Fine),

qdiq log (19[—3,0,3](q)) = n9[—3,10, —3](g) (Borwein and Garvan).



The relation between eta quotients,
their derivatives and Eisenstein
series



Let us define

1 = ng" 1 >
Ex(z) = i Z g~ 2% - Za(n)q”

n=1 n=1

where o(n) =3, d. It is known that
EQ(Z) = tEQ(tZ) S M2(F0(N)),

whenever t is a positive divisor of .



Suppose now that f(z) is an eta quotient of level N and weight k.

= Hn”(tz) where Z re = 2k.

We have

t|N t|N

Applying logarithmic differentiation we obtain

d
q— log f(z Z retEy(tz)
tIN

= —2kEy(z) + Y _ re (Ex(z
t|IN

— tEx(tz))



Theorem (A., Toh (J. Math. Anal. Appl., 2019))

Let f(z) = Hn’f(tz) be an eta quotient of level N and weight k. Then
t|IN

d
qd—q f(z) is an eta quotient iff

k=0 and Z re (Ex(z) — tEx(tz)) is an eta quotient.
1<t|N

Therefore finding the eta quotients whose derivatives are eta quotients is
equivalent to finding eta quotients in the space

Ev=3Y nbE(tz)|rn€eQ> r/t=0

t|N t|N
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Corollary (A., Toh (J. Math. Anal. Appl., 2019))
Let f(z) be an eta quotient in Ey, i.e.

fz)= I v(t2)= ) re(Eal2) — tEa(t2))

0<t|N 1<t|N
where ry € Q. Denote 1 = — Z r: and let ¢ € Z be such that
1<t|N

cre € Z for all t | N. Then we have

d g g
92 [[77(&2) = c [ [t (22).

t|N t|N

11



Algorithms




Theorem (Ligozat (1975), Cohen & Stromberg (2016))

Let f(z) = [Io<.n " (tz) be an eta quotient.

a) We have
N ged(t, ) - re
f) = .
Va/e(f) 24 ged(c?, N) %\; t
b) We have
1)k
F(Mz) = (%)(cz + d)F(2)
if and only if

Vl/l(f), Vl/N(f) € Z7

b
where M = (i d) €To(N), k=2 nre/2, P =Tl nt"
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A set of inequivalent cusps for [o(/N) is given by

R(N) = U {; s a(mod ged(c, N/c)), ged(a,c) = 1}.

c|N
Theorem (Valence formula)
Let N,k € N. Suppose f(z) = H n(tz)™ is an eta quotient of level N and
0<t|N

weight k. Let v.(f(z)) be the order of vanishing of f(z) at the cusp
r € R(Fo(N)). Then we have

Z z))_2sz¢gcd c, N/c)).

rER(N) e (G )
Furthermore, if f(z) is holomorphic, we have

0 < v(f(z 2kN Z o(ged(c, N/c)).

2
o ged(c?, N)
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Theorem (A., Toh (J. Math. Anal. Appl., 2019))

There are precisely 203 distinct eta quotients whose derivatives
are also eta quotients in levels less than or equal to 100.
Number of distinct identities at each level

Level 4 6 8 9 12 16 18 20 24 36
No. of Identities 3 10 4 1 100 4 12 12 32 25

14



weight 0 eta quotient logarithmic derivative

ne[12, —48,36,0](z)  n6[12,—6,—4,2](2)
ne[—12,3,0,9](z) 2n6[—6,12,2, —4](2)
ne[—12,0,—4,16](z) 3ne[—4,2,12,—-6](z)
n6[0, —3,4, —1](z) 6n6[2, —4, —6, 12](2)
n6[—1,5,-5,1](z)  ne[7,—5,-5,7](2)
n6[—5,1,-1,5](z)  ne[-5,7,7,-5](2)
UL [47 —8, —4, 8](2) UL [47 —2,4, _2](2)
776[_2a1727_1](z) 2776[_2747 _274](2)
( ) 776[3337_17_1](2)
(z)  3me[-1,-1,3,3](2)

ne[3, —3,—9,9](z
ne[—3,3,1, —1](z




weight O eta quotient

logarithmic derivative

fi6,1a

PN

fi6,16
fie2(z
fi6;3(z

z)

7716[27 _57 27 _17 2](2

7716[_27 17 _27 57 _2](2)

7716[_27 17 07 _17 2](2
7716[_27 57 07 _57 2](2

)

)
)

7716[27 —57 8, 1, —2](2)
27716[_27 ]_7 87 —5, 2](2)
7716[_27 17 67 ]-7 _2](2)
27716[27 —5, ]_0, —5, 2](2)
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weight O eta quotient

logarithmic derivative

ms[3, —6,—2,2,3,0](z)
ms[—6,3,2,-2,0,3](z)
ms[-3,0,2, -2, -3,6](2)
7713[0, —3 2 2 6 3](2)
ms[—1,2,2,-6,3,0](z)
ms[2, —1,-6,2,0,3](z)
ms[—3,0,—2 6, 1, -2)(
ms[0, —3,6, —
ms[—2,1,1, —
ms[—1,2,1, —
ms[l, —2,0,0,
ms[—2,1,0,0,2,

2](z)
-2,1](2)
—-1,2](2)
-2,1](2)
—1,2](2

)
—1](2)

ms[3,—3,2,4,-1,—-1](z)
27718[—3, 3, 4-, 2, —1, —1](2)
3ms[—1,-1,2,4,3,-3](2)
6ms[—1,—1,4,2,-3,3](z)
msll,1,6,—4,—3,3](2)
2ms[l,1,—4,6,3, -3](z)
37718[—3, 3, 6, —4, 17 1](2)
6?718[3, —3, —4, 6, 1, 1](2)
ms[—2,1,3,3,1, -2](z
ms[l, —2,3,3,—-2,1](z
ms[l,—2,2,4,1,-2|(z
2ms[—2,1,4,2,-2,1](z)

)
)
)
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weight O eta quotient

logarithmic derivative

n20[—7,1,1,—5,15, —5](z)
n20[—1,—-1,7,5,—15,5](z)
n20[5, —15,5, -1, —1,7](z)
n20[—5, 15,5, -7,1,1](z)
n20[—1,4,-8,5,0,0](z)
n20[—8,4,—1,0,0,5](z)
120[—5,0,0,1,—4,8](z)
720[0, 0, -5, 8, —4, 1](2)
n20([7, —20,8,5,0,0](z)
7720[8, —20, 7, 0, 0, 5](2)
120[—5, 0,0, —7,20, —8](z)
120[0, 0, —5, —8,20, —7](z)

n20[—7,16,—5,3,—4,1](z
7720[—5, 16, —7, 1, —4, 3](2
501, —4,3,—5,16, —7](z)
57720[3, —4,1,-7,16, —5](2)
n20[5,1,—2,—-1,—1,2](z)
4nyl—2,1,5,2, -1, —1](
5m0[—1,-1,2,5,1, =2](
20m0[2, —1,—1,-2,1,5](2)
n20([7,—5,2,-3,5,-2|(z)
47720[2, —5, 7, —2, 5, —3](2)
5n20[—3,5,—2,7,-5,2](2)
20m20[—2,5,—3,2,—5,7](z)

)
)

z)
z)
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Recently, D. Choi, B. Kim, S. Lim gave the complete list for
squarefree and prime square levels. Their list agrees with our
results, namely, their results consists of the 10 pairs at level 6, 3
pairs at level 4 and 1 pair at level 9. See, " Pairs of eta-quotients
with dual weights and their applications”, Adv. Math. 355 (2019)
106779. Additionally, they show that:

Theorem (D. Choi, B. Kim, S. Lim ( Adv. Math., 2019))

Let N be a level having a primitive eta quotient whose derivative
is also an eta quotient then N = 223579 for some
a,b,c,d e Np.

Recall:
Number of distinct identities at each level

Level 4 6 8 9 12 16 18 20 24 36
No. of Identities 3 10 4 1 100 4 12 12 32 25

19



Our approach




Recall that we want to find all eta quotients in

En = Zrth(tz) rteQ,Zrt/tzo

tIN t|N

To exclude repeated results we define
Fn,e = {f(tz)\f(z) S EN/t}

and

Pv=Ex\| | (Fv.eUEn:)
1<t|N

And if f(z) € Py then we call f an E-primitive modular form.

20



Goal
Let f(z) € Py. Our goal is to find an upper bound for

Z Va/c(f(z))>

a/ceR(N)
say U(N), and compare U(N) with L(N).
Recall that, by the Valence Formula, the sum of vanishings of an

eta quotient at cusps of [o(N) is a fixed number for each N given
by

4kNZ¢) ged(c, N/c))
N ged(c?, N)

21



It is known that

az+b

bic
p—— (cz+d)

1
s

E>(Mz) = E; ( ) = (cz + d)’Ex(2)

for all M = (a f/) € SL»(Z). Let us denote
c

E27t(2) = Ez(tz).

Noting that the width of the cusp a/c in [o(N) is given by
WI\QJ\/)’ define

Gen = eZwizgcd(c2,N)/N
N = :

22



a

b
Then for all M = ( d) € SL»(Z) we have

©

(Cz + d) 2E2 t Mz Z an(c t)wM tqngcd(t ,©)?N/t ged(c?,N)
n>0
_6ie
(cz+d)tr’

where

1 ifc=0 (mod t),
WMt =
M.t ef2ﬁfgcd(t,C)df/t If c i 0 (mod t)

23



Assuming

for r; € Q we have

(cz+d)” Zrtht (Mz)
t|IN

Note that a,(c,t) € Q.

Zrt/tzo,

t|N

Z Z an(c, t)rewiy .

t|N n>0

cN

n ged(at,c)?N/t ged(c?,N)
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Prime power case




The case N = p”

Let

thEzt € E(p™),

t|N

then for all ¢ | p™ we have

(4 )21 (1) = 32 3 e, ey LT/

t|pm n>0

all divisors of p™ are of the form p' (0 < i < m), that is we have

i n ged( B cd(p?, p”
(p'z +d) 2fl\/lz Zzanp pjrlﬂwaqg (P.p")?p" /P ged(p )
j=0 n>0
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On the other hand we have

1 if i >,
w j — Lo
M.p! e—27ridf/p/*’ if i <J',
and
o if i>jandi>m/2,
p—i if i<jandi>m/2

ged(p/, p')?p™ /P! ged(p?, p™) = o
pm =2 if i > jand i < m/2,

] if i <jandi<m/2



We put these together and obtain

(pz+d) 2f Mz) Zzan P, P] roiwhy p,qnng(Pl 2P/ el ")

j=0 n>0
i np/
ZZaH(P PGy
i>j n>0
g 2 g j—i 2i—j
+ZZan(p’,pf)rW-e_2”’”df/P' qgfpmj if i >m/2,
i<j n>0
- m+1
2.2 PPy
i>j n>0 o )
+ Z Z an(pi7 pj)rﬂe—zwindf/#*’qgﬁpm’ if i < m)/2.
i<j n>0

Now let Vl/po(f) > 1, that is, the coefficient of gy pm is 0. Then we have
a(p°, pm)rpne 2P

arguments we obtain:

= 0, that is, we have r,n = 0. By similar

27



Lemma

If f(z) € Epm and v,,i(f) > 1 for an 0 < i < m, then

rpm :0
r1:0
ri, rpm =0

Notice that,

o if rym =0, then f(z) € Epm—1; and

e if 1 =0, then there exists a g(z) € Epn—1 such that f(z) = g(pz).

Therefore, in either case f is not E-primitive.

if i
if i
if i

<
>

m/2,
m/2,
m/2.
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Theorem
Let p be a prime and m € N. If f(z) € Ppm, then

Y vaelf(2) < [R(P™)!.
a/ceR(p™)

We have

R(p™)| = plm=/2(pm=1)-2[(m-1)/2] | 1y

29



Comparison of L(p™) with |R(p™)|

p”  L(p™) [R(p™) | P™ L(p™) [R(P™)| | P L(P™) |R(p™)
21 1/2 2 31 2/3 2 51 1 2

22 1 3 32 2 4 52 5 6

23 2 4 33 6 6 53 25 10

24 4 6

25 8 8

p™  L(p™) |R(p™)| | ™ L(P™) |R(p™)|

7t 4/3 2 11t 2 2

72 28/3 8
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Corollary
There are no eta quotients in P,m except possibly in the following
cases:

p:27m:17273747

p:37m:1727
p:57m:1727
@=T,m= 1.

Recall the number of distinct identities at each level

Level 22 2.3 23 32 22.3 24 .32 22.5 23.3 22.32

No. of Id's 3 10 4 1 100 4 12 12 32 25

31



Thanks!
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Lemma

Let m > 2 be positive even integer. Let f(z) € Ex(p™) and
assume v, ,m/> > 1 for all
ac{a:1<a<p™? gcd(a,p™?) =1}, then

ry, rpm = 0.
Proof

By Lemma ??, forall a € {a: 1 < a < p™/?,gcd(a, p™/?) = 1},
we have

an(P™2,1)r1 + an(p™?, p™/2) €27/ L = 0, (1)
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Proof - Continued

On the other hand since ad = 1 (mod p™/?), as a runs through
the set {a: 1 < a < p™/? gcd(a, p™/?) = 1}, so will d. Thus we
have

g m/2 2 m/2
Z e2TI'Id/p _ Z e27r/d/p _ M(pm/2). (2)
a(mod p™/2), d(mod p™/2),
ged(a,p™/2)=1 ged(d,p™/?)=1

Thus when m > 2, combining (1) and (2) we obtain

0= > (an(p™2 1) + an(p™?, p™/2)e2 P )

a(mod p™/2),

= p(p™?)an(p™?,1)n1.

Thus we obtain r; = 0. Then using (1) we obtain rp,m = 0.
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Thanks!
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