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Taming LCS

Compact complex curves are all projective, therefore have a lot of
holomorphic objects, admit a Kahler metric.

In dimension 2, situation changes: some K3 surfaces have no
holomorphic foliation, Inoue-Bombieri have no curves. Some
Inoue-Bombieri have no LCK structure.
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Taming LCS

Compact complex curves are all projective, therefore have a lot of
holomorphic objects, admit a Kahler metric.

In dimension 2, situation changes: some K3 surfaces have no
holomorphic foliation, Inoue-Bombieri have no curves. Some
Inoue-Bombieri have no LCK structure.

Is there a structure common for all compact complex surfaces, in
particular for non Kahler surfaces 7

S = (M*,J) compact complex surface.

Definition (Taming LCS)
A taming LCS structure is w € Q%(M) s.t.

(W) >0, dow == dw —aAw =0, da = 0.

« is called the Lee form.
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First existence result

Example (LCK structures)

A LCK structure is a LCS structure w s.t. w = wh!:

conformal Kahler structure is a LCK with o = df.
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First existence result

Example (LCK structures)
1,1

A LCK structure is a LCS structure w s.t. w = w™;
conformal Kahler structure is a LCK with oo = df.

Theorem 1 (Apostolov-D 2016)
Any compact complex surface S admits taming LCS.
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First existence result

Example (LCK structures)
1,1

A LCK structure is a LCS structure w s.t. w = w™;
conformal Kahler structure is a LCK with oo = df.

Theorem 1 (Apostolov-D 2016)
Any compact complex surface S admits taming LCS.

Remark
® (Siu, 80's; Buchdahl and Lamari 2000's) S supports a Kahler
metric ([a] = 0 € Hp(M)) iff by(S) is even.
¢ (Belgun, 98) 3 non-Kahler surfaces with no LCK structures.
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First existence result

Theorem (Eliashberg—Murphy)

Any compact almost complex manifold M?" with by (M) # 0
admits LCS structure.
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First existence result

Theorem (Eliashberg—Murphy)

Any compact almost complex manifold M?" with by (M) # 0
admits LCS structure.

It is a different family of LCS structures
Cannot tame because of rational curves. Many non-Kahler surfaces
do admit rational curves. For example Kato surfaces.
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Moduli space of LCS taming

Theorem 2 (Apostolov-D. 2019)
Suppose S with bi(S) =1 (e.g. Class VII). Then

7(S5) = {[a] € Hix(M) | a Lee form of a taming LCS}
is either an open subset of | — 00, 0[C R ~ H}(S) or is a single

point {pt} in | —00,0[. In the latter case S is obtained by
blow-ups of an Inoue-Bombieri surface.
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Context for Theorems 1 and 2

Class VII surfaces: by(S) =1 and dim¢ (H(S, K&™)) = 0 for
all me N*.
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Context for Theorems 1 and 2
Class VII surfaces: by(S) =1 and dim¢ (H(S, K&™)) = 0 for
all me N~
® The other complex surfaces with b;(S)-odd (non-kahlerian)

are classified by K.Kodaira and LCK are constructed by
Belgun, Vaisman, Tricerri.
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all me N*.
® The other complex surfaces with b;(S)-odd (non-kahlerian)
are classified by K.Kodaira and LCK are constructed by
Belgun, Vaisman, Tricerri.

® (GSS conjecture) Class VII are NOT classified yet!

Conjecture (GSS Conjecture)

Any minimal S € Class VII, different from Inoue—Bombieri,
contains a global spherical shell
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Context for Theorems 1 and 2

Class VII surfaces: by(S) =1 and dim¢ (H(S, K&™)) = 0 for
all me N*.
® The other complex surfaces with b;(S)-odd (non-kahlerian)
are classified by K.Kodaira and LCK are constructed by
Belgun, Vaisman, Tricerri.

® (GSS conjecture) Class VII are NOT classified yet!
Conjecture (GSS Conjecture)

Any minimal S € Class VII, different from Inoue—Bombieri,
contains a global spherical shell

ie. 3S3C UcC Sst. S\S3is connected and

(S} c U,J)=S3C Uy c C2 (Ma.Kato)
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all me N*.

® The other complex surfaces with b;(S)-odd (non-kahlerian)
are classified by K.Kodaira and LCK are constructed by
Belgun, Vaisman, Tricerri.
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Any minimal S € Class VII, different from Inoue—Bombieri,
contains a global spherical shell

ie. 3S3C UcC Sst. S\S3is connected and

(S} c U,J)=S3C Uy c C2 (Ma.Kato)

When by(S) > 0 a minimal surface with a GSS is called Kato
surface
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Context for Theorems 1 and 2

Class VII surfaces: by(S) =1 and dim¢ (H(S, K&™)) = 0 for
all me N*.

® The other complex surfaces with b;(S)-odd (non-kahlerian)
are classified by K.Kodaira and LCK are constructed by
Belgun, Vaisman, Tricerri.

® (GSS conjecture) Class VII are NOT classified yet!

Conjecture (GSS Conjecture)

Any minimal S € Class VII, different from Inoue—Bombieri,
contains a global spherical shell

ie. 3S3C UcC Sst. S\S3is connected and

(S} c U,J)=S3C Uy c C2 (Ma.Kato)

When by(S) > 0 a minimal surface with a GSS is called Kato
surface

If true = end of Kodaira classification
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Context for Theorems 1 and 2

Class VII surfaces: by(S) =1 and dim¢ (H(S, K&™)) = 0 for
all me N*.

® The other complex surfaces with b;(S)-odd (non-kahlerian)
are classified by K.Kodaira and LCK are constructed by
Belgun, Vaisman, Tricerri.

® (GSS conjecture) Class VII are NOT classified yet!
Conjecture (GSS Conjecture)

Any minimal S € Class VII, different from Inoue—Bombieri,
contains a global spherical shell

ie. 3S3C UcC Sst. S\S3is connected and

(S} c U,J)=S3C Uy c C2 (Ma.Kato)

When by(S) > 0 a minimal surface with a GSS is called Kato
surface

If true = end of Kodaira classification = up to finite cover
S = (ST x S3)k4CPL.
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Context for Theorems 1 and 2

A.Teleman proved that for b, = 1,2, 3 there is at least one rational
curve, so it ends the classification for by(S) = 1.
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|deas for the proof of Theorem 1 & 2

Question
Is it possible to construct other objects with these LCS taming
structures ? LCK ? currents ? psh functions ?
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|deas for the proof of Theorem 1 & 2

Question
Is it possible to construct other objects with these LCS taming
structures ? LCK ? currents ? psh functions ?

Theorem (M.Brunella)
Every Kato surface admits a LCK structure.
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|deas for the proof of Theorem 1 & 2

Sketch of proof:
1. Flat (holomorphic) line bundles and degree
* acQYM),da=0and L, =R x M with V*:=d +a a
flat connection:
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flat connection: ay, = df; = (U;, e~ parallel sections of L,.
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|deas for the proof of Theorem 1 & 2
Sketch of proof:
1. Flat (holomorphic) line bundles and degree
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flat connection: ay, = df; = (U;, e~ parallel sections of L,.
Lo 2= Ly iff [a] =[] € Hip(M).
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|deas for the proof of Theorem 1 & 2
Sketch of proof:
1. Flat (holomorphic) line bundles and degree
* acQYM),da=0and L, =R x M with V*:=d +a a
flat connection: ay, = df; = (U;, e~ parallel sections of L,.
Lo 2= Ly iff [a] =[] € Hip(M).
e L, = C x M with holomorphic structure from V<.
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|deas for the proof of Theorem 1 & 2
Sketch of proof:
1. Flat (holomorphic) line bundles and degree
* acQYM),da=0and L, =R x M with V*:=d +a a
flat connection: ay, = df; = (U;, e~ parallel sections of L,.
Lo = Ly iff [a] = [5] € Hlg(M).
o L., = C x M with holomorphic structure from V. For the
hermitian structure | - | on C x M the Chern curvature

1
Pt = —Eddc log e 2 = dJa e Ql’l(M7 J).
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|deas for the proof of Theorem 1 & 2
Sketch of proof:
1. Flat (holomorphic) line bundles and degree
* acQYM),da=0and L, =R x M with V*:=d +a a
flat connection: ay, = df; = (U;, e~ parallel sections of L,.
Lo = Ly iff [a] = [5] € Hlg(M).
o L., = C x M with holomorphic structure from V. For the
hermitian structure | - | on C x M the Chern curvature

1
Pt = —Eddc loge2fi = dJa € Ql’l(M7 J).

¢ (Gauduchon) (L, h) holomorphic Hermitian line bundle and g
Hermitian metric on S such that F = g(J.,.) satisfies
dd°F = 0 (aways exists) =

1 h
deg, (L) = 27r/5pv AF

independent of the Chern connection V" on L.
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|deas for the proof of Theorem 1 and 2

1. Flat (holomorphic) line bundles and degree
* acQYM),da=0and L, =R x M with V*:=d +a a
flat connection: vy, = df; = (U;, e~ ') parallel sections of L,.
Lo = Ly iff [a] = [8] € Hig(M).
o L. :=C x M with holomorphic structure from V<. For the
hermitian structure | - | on C x M the Chern curvature is

1
p* = —5dd" log e % = dJjo € QYY(M, J).

¢ (Gauduchon) 3 g Hermitian metric with dd“F = 0.

17 1 1
dogy(La) = %/5,0 AF = %/S(dJa) AF = %/S(dJa, F)gdV,

1 . 1 *
— —27r/5<a,JdgF>ngg = _27T/S<ahv(JdgF)h>ngg‘
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Ideas for the proof of Theorem 1

1. Flat (holomorphic) line bundles and degree

* acQY(M),da=0and L, :=R x M with V¥ :=d +«a a
flat connection;

o L., = C x M with holomorphic structure from V<.
® Y/ g Hermitian metric with ddF = 0.

' 1
degg = —/ ah, Jd g = —27T/S<Oéh,9h>gdv

® (Gauduchon) (JdzF) =0 < b1(S) even.

Conclusion: If b(S) = 1 then sign(deg, (L)) does not depend
on the Gauduchon metric and deg,(L,) = 0 iff [¢] = 0.
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Ideas for the proof of Theorem 1

1. Flat (holomorphic) line bundles and degree

* acQY(M),da=0and L, :=R x M with V¥ :=d +«a a
flat connection;

o L., = C x M with holomorphic structure from V<.
® Y/ g Hermitian metric with ddF = 0.

' 1
degg = —/ ah, Jd g = —27T/S<Oéh,9h>gdv

® (Gauduchon) (JdzF) =0 < b1(S) even.

Conclusion: If b(S) = 1 then sign(deg, (L)) does not depend
on the Gauduchon metric and deg,(L,) = 0 iff [a] = 0. =
induced orientation on H}s(S) = R.



Main Results
00000000008000000000000000000000

|deas for the proof of Theorems 1 & 2

If a € 7(S), let a € a such that F = w1 is Gauduchon and
g = F(.,J) then for L,

degg(£0) = 5= [ llanlPvy <0
Remark: We have an isomorphism of complexes between
93 gk 1M, R) %3 g5(M,R) % . ..

and
d

d d
SE M L) T ENML L)

w — (e_f"ww,.) therefore

HE(MR) = HE,_ (M, L)

—a

It explains the title “twisted geometry”
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|deas for the proof of Theorems 1 & 2

2. Taming LCS and the degree:

Lemma 1
let w a LCS which tames S and F = w(11), then

dadSF =0
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|deas for the proof of Theorems 1 & 2

2. Taming LCS and the degree:

Lemma 1
let w a LCS which tames S and F = w(11), then

dadSF =0

Proof: develop dyw with w = F + w(20) 4 ,(0:2),

Lemma 2

dodsF =0 <= d(0 —a)+g(0 —a,a)=0
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|deas for the proof of Theorems 1 & 2

2. Taming LCS and the degree:

Lemma 1
let w a LCS which tames S and F = w(11), then

dadSF =0

Proof: develop dyw with w = F + w(20) 4 ,(0:2),

Lemma 2
dodsF =0 <= d(0 —a)+g(0 —a,a)=0

Proof: Take Hodge * of d,dSF.
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|deas for the proof of Theorems 1 & 2

Lemma 3

S=(M,J), a€ H:(M,R), c = [g] conformal class and g
Gauduchon. We have equivalence:

(i) V& € ¢, 3a € as.t. dzdSF =0,

(ii) 3¢ > 0 on M which satisfies

Lga(¥) = Dg(v) — g(0% — 22§, dvp) + g (0% — 2§, af) = 0
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|deas for the proof of Theorems 1 & 2

Lemma 3

S=(M,J), a€ H:(M,R), c = [g] conformal class and g
Gauduchon. We have equivalence:

(i) V& € ¢, 3a € as.t. dzdSF =0,

(ii) 3¢ > 0 on M which satisfies

Lga(¥) = Dg(v) — g(0% — 22§, dvp) + g (0% — 2§, af) = 0

Proof: Write o = af; — dlog, where ¢ > 0 in lemma 2.
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|deas for the proof of Theorems 1 & 2

Lemma 4
For every smooth i > 0,

/M g71/f(¢) /M (h7ah)_/(HahH2+ Zalldvlig)ve

In particular if ¢ is a solution

/Mg(ai,eiwg:/M(uahug zrrdwr\2)vg>o
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|deas for the proof of Theorems 1 & 2

Lemma 4
For every smooth i > 0,

/M g71/f(¢) /M (h7ah)_/(HahH2+ Zalldvlig)ve

In particular if ¢ is a solution
| eta o = [ (IIZ + S ldwlP)vg > 0
M M

Proof: difficult part, elliptic but not self-adjoint differential
equation.

(Perron's principle): 3 solution L(7)) = 0 with ¢ > 0 iff the
principal eigenvalue A\(L) = 0;
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|deas for the proof of Theorems 1 & 2

For by(S) = 1,
7(5) ] — 00, 0]

Moreover, H:-(M,R) ~ R may be endowed with the order relation

a>b = degy(Lo®L]) = degg(Lap) = degy(La)—degg(Ls) >0

Corollary
If o is a Lee form of a taming LCS and [a] # 0 = HY(S,L,) = 0.
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|deas for the proof of Theorems 1 & 2

For by(S) = 1,
7(5) ] — 00, 0]

Moreover, H:-(M,R) ~ R may be endowed with the order relation

a>b = degy(Lo®L]) = degg(Lap) = degy(La)—degg(Ls) >0

Corollary
If o is a Lee form of a taming LCS and [a] # 0 = HY(S,L,) = 0.

Proposition
For S € VII;", 7(S) is an open not empty subset of | — 0o, 0[.

Proof: deformation of the structure of Goto type.
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From LCS to twisted currents

How to use these LCS taming structures to obtain new
objects ?

Let D} (M, R) be the currents of dimension k on M.
dy : Di(M,R) — Dj,_1(M,R)
is defined by
Yo € ETHMR),  daT(9) = (~1)71T(dat)
If ¢ is a (k—1)-form and ¢ a (2n — k)-form we have

d(pAY) = dadp ANb + (1) TP Ad_atp
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From LCS to twisted currents

Recall:

Proposition

For S € VI/(T . We have an equivalence between the following two
conditions:

® Let 0+ ac Hi(M,R). Forany a € a, there exists a
Hermitian metric g s.t.

dodSF = 0.

® Let0+# a€ Hip(M,R). Forany a € a, there exists a LCS
taming w s.t.

d,w = 0.
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From LCS to twisted currents

We have a proposition of Harvey-Lawson or Otiman type:

Proposition
Let S whose minimal model is in VIIJ .
® Let B € Hix(M,R) s.t. 31 <0 of degree zero, with
T =dgdg§T > 0. Then b €] — 00,0[ and 7(S) C] — oo, b[.
e Conversely if T(S) C] — oo, b[ for some b < 0, then for each
B € b, there exists T <0 with0# T = dﬁdgT > 0.
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From LCS to twisted currents

We have a proposition of Harvey-Lawson or Otiman type:
Proposition
Let S whose minimal model is in Vllg.
® Let B € Hix(M,R) s.t. 31 <0 of degree zero, with
T =dgdg§T > 0. Then b €] — 00,0[ and 7(S) C] — oo, b[.
e Conversely if T(S) C] — oo, b[ for some b < 0, then for each
B € b, there exists T <0 with0# T = dﬁdgT > 0.

Proof: ({}) A computation gives

(@sd5)(F) = U DjaF A F
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From LCS to twisted currents

We have a proposition of Harvey-Lawson or Otiman type:
Proposition
Let S whose minimal model is in Vllg.
® Let B € Hix(M,R) s.t. 31 <0 of degree zero, with
T =dgdg§T > 0. Then b €] — 00,0[ and 7(S) C] — oo, b[.
e Conversely if T(S) C] — oo, b[ for some b < 0, then for each
B € b, there exists T <0 with0# T = dﬁdgT > 0.

Proof: ({}) A computation gives

(@sd5)(F) = U DjaF A F

Let a € 7(S). Asdim H:\o(M,R) =1, b = ta, B = ta.
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From LCS to twisted currents

We apply T to both members

0<T(F)= (dﬁdET)(F) = T(dgdﬂCF) = t(t2_1)7'(|a|z,F A F)

<0

therefore t €]0,1[ and a = b/t < b (because b < 0 !).
(1) Hahn-Banach
There is a similar result for = > 0.
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From twisted currents to automorphic psh functions
Consider the kernel H of

71(S)

. omd) N
[71(S), m1(S)] — H*(S,Z2) ~Z

7'('1(5) —
and
5—5S
the covering associated to H, then the fiber is Z.
Let §: S — S the automorphism (up to inverse) such that

S ~5/(gP)



Main Results
0000000000000000000e000000000000

From twisted currents to automorphic psh functions
Consider the kernel H of

71(S)

m) = ). ()

~ HY(S,7) ~ 7

and
5—5S
the covering associated to H, then the fiber is Z.
Let §: S — S the automorphism (up to inverse) such that

S ~5/(gP)

Proposition

S admits a closed 1-form 3 and T < 0 of degree 0 such that
T =dgdiT >0 <= 5 admits (1 <0 PSH and automorphic i.e.
dog=Cifor C>0.
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From twisted currents to automorphic psh functions

We have a similar result with 7 > 0.
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From twisted currents to automorphic psh functions

We have a similar result with 7 > 0.

1
loc!

are invariant by 2. On §, there is a smooth function f such that
B = df. There is a constant C such that

Proof: 7 is a function in L; _, and we consider lifts 7 and BA which

fog=Ff+C

where C € R* and may be supposed positive (change & into §71).
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From twisted currents to automorphic psh functions

We have a similar result with 7 > 0.

Proof: 7 is a function in L,loc, and we consider lifts 7 and BA which
are invariant by g. On S, there is a smooth function f such that

B = df. There is a constant C such that
fog=Ff+C

where C € R* and may be supposed positive (change & into §71).

We have . . .
dd®(e'r) = e (dgd§r) = €' T > 0.
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Examples

Primary Hopf surfaces are defined by a contraction
F(z1,2) = (az1 + tz3', bzp), 0<a| <|b| <1, t(a—b")=0.

Let i(z1,22) = log|zz| then do g = i+ log | b]
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Examples

Primary Hopf surfaces are defined by a contraction
F(z1,2) = (az1 + tz3', bzp), 0<a| <|b| <1, t(a—b")=0.

Let i(z1,22) = log|zz| then do g = i+ log | b]

0 is PSH and PH outside the polar set.

T = dd€i is invariant by g therefore induces an exact current T
on S supported by the elliptic curve E defined by z, = 0.



Main Results
000000000000000000000e0000000000

Examples

Primary Hopf surfaces are defined by a contraction
F(z1,2) = (az1 + tz3', bzp), 0<a| <|b| <1, t(a—b")=0.

Let i(z1,22) = log|zz| then do g = i+ log | b]

0 is PSH and PH outside the polar set.

T = dd€i is invariant by g therefore induces an exact current T
on S supported by the elliptic curve E defined by z, = 0.

Lelong number

(@, p) = liminf —0Z)__
z=p log|z — p

is equal to 1. We recover E by Siu theorem:
E={peS|v(dp)>0}
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Examples
Enoki surfaces are defined by the contraction
F(z1,z0) = (t"z125 + P(z),tz) 0<|t| <1

where P is a polynomial of degree n = by(S).
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Examples

Enoki surfaces are defined by the contraction
F(z1,z0) = (t"z125 + P(z),tz) 0<|t| <1

where P is a polynomial of degree n = by(S).

i = log || is automorphic additive.

We recover the cycle of rational curves induced by z = 0 by Siu
theorem as before. The current T is exact as for Hopf surfaces
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Examples

Enoki surfaces are defined by the contraction
F(z1,z0) = (t"z125 + P(z),tz) 0<|t| <1

where P is a polynomial of degree n = by(S).

i = log || is automorphic additive.

We recover the cycle of rational curves induced by z = 0 by Siu
theorem as before. The current T is exact as for Hopf surfaces

Intermediate Kato surfaces defined by a contraction of type
F(z1,22) = A\z1Z5+P(2),25), A €C*, deg(P)<s, |z|<1

Now {i(z1, z2) = log|zz| is automorphic multiplicative.
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Examples

Enoki surfaces are defined by the contraction
F(z1,z0) = (t"z125 + P(z),tz) 0<|t| <1

where P is a polynomial of degree n = by(S).

i = log || is automorphic additive.

We recover the cycle of rational curves induced by z = 0 by Siu
theorem as before. The current T is exact as for Hopf surfaces

Intermediate Kato surfaces defined by a contraction of type
F(z1,22) = A\z1Z5+P(2),25), A €C*, deg(P)<s, |z|<1

Now {i(z1, z2) = log|zz| is automorphic multiplicative.
We have @i o g(z1,z2) = log|z¥| = klog|z| = k.
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Examples

The current T = dd°i does not induce a current on S. If we
want an additive PSH function we may consider the function

\7(21, 22) = — Iog(—ﬁ)

which is PSH automorphic additive but all Lelong numbers are
zero. Therefore it is not possible to recover curves by Siu theorem.
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Characterization by application of Siu theorem
Recall: Let T > 0 a closed (1, 1)-current. For ¢ > 0

E(T)={xeS|v(T,x)>c}

is an analytic set.
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Characterization by application of Siu theorem
Recall: Let T > 0 a closed (1, 1)-current. For ¢ > 0

E(T)={xeS|v(T,x)>c}

is an analytic set.
Since S contains at most a finite number of curves the
1-dimensional part C of

E+(T)=JE(T)
c>0

is a curve. We may suppose that the irreducible components of C
are all rational (or is empty !)
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Characterization by application of Siu theorem
Recall: Let T > 0 a closed (1, 1)-current. For ¢ > 0

E(T)={xeS|v(T,x)>c}

is an analytic set.
Since S contains at most a finite number of curves the
1-dimensional part C of

E+(T)=JE(T)
c>0
is a curve. We may suppose that the irreducible components of C

are all rational (or is empty !)
For C; an irreducible component

v(T,C) = inf v(T,x)

xeC;
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Characterization by application of Siu theorem

Define
R:=T-> u(T,G)C]

E.(R) is composed of at most a finite number of points.

Theorem
Let S € Vlly. S is Hopf or Enoki <= there exists T > 0, exact
(1, 1)-current such that C is not empty.
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Characterization by application of Siu theorem

Define
R:=T-> u(T,G)C]

E.(R) is composed of at most a finite number of points.

Theorem
Let S € Vily. S is Hopf or Enoki <= there exists T > 0, exact
(1, 1)-current such that C is not empty.

Proof: (=) see Examples.

(«<=) If there is a rational curve A such that A2 = 0 it is a rational
curve with double point and S is a Enoki surface, therefore we may
suppose that C? < —2. T is exact, [C;] are closed, therefore

R > 0 is closed. Since S € Vily, R is exact by Lamari, hence
[C]=>;v(T,G)[C] is exact and C? = 0.
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Need to twist to have other surfaces

Theorem (Brunella)

Let S € VIl and § — S its cyclic covering. Then, the following
conditions are equivalent:

(i) The minimal model of S is a hyperbolic Kato surface (resp. a
Inoue-Bombieri surface).

(i) § admits a negative (resp. positive) PSH T < 0 such that

T = dd°T > 0 and the support of T is an analytic set of
dimension 1 (resp. empty).
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Need to twist to have other surfaces

Theorem (Brunella)

Let S € VIl and § — S its cyclic covering. Then, the following
conditions are equivalent:

(i) The minimal model of S is a hyperbolic Kato surface (resp. a
Inoue-Bombieri surface).

(i) § admits a negative (resp. positive) PSH T < 0 such that

T = dd°T > 0 and the support of T is an analytic set of
dimension 1 (resp. empty).

Proposition
Let S whose minimal model is in VIIJ .
® Let B € Hix(M,R) s.t. 31 <0 of degree zero, with
T = dgd§T > 0. Then b €] —00,0[ and 7(S) C] — o0, b].

e Conversely if T7(S) C] — oo, b[ for some b < 0, then for each
B € b, there exists T <0 with0 £ T = dﬁdéT > 0.



Main Results
00000000000000000000000000080000

Need to twist to have other surfaces

There is a gap with Brunella’s theorem : L} _— PH !
Conjecture: Vllg is divided

® Hopf and Enoki

® |noue-Bombieri and hyperbolic Kato
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Foliations

How to obtain PSH functions, PH outside polar set ?
We suppose that there exists on S a twisted logarithmic 1-form

we HY(S,Q(~logD)® L), L€ HYS,C*)

where L is a topologically trivial flat line bundle. Let F be the
associated foliation.
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e If S VIS, not Enoki, D polar, then D contains a cycle of
rational curves (Steenbrink & Van Stratten)
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Foliations

How to obtain PSH functions, PH outside polar set ?
We suppose that there exists on S a twisted logarithmic 1-form

we HY(S,Q(~logD)® L), L€ HYS,C*)

where L is a topologically trivial flat line bundle. Let F be the
associated foliation.
All known surfaces in class VIl have such a 1-form.

e If L= O then S is Hopf or Enoki

e If S VIS, not Enoki, D polar, then D contains a cycle of
rational curves (Steenbrink & Van Stratten)

¢ By [D- Complex manifolds, 2021; 8:208-222] as application of
the Donaldson trivialization theorem of the intersection form,
the maximal divisor looks like the one of a Kato surface (two
cycles or one cycle with possible branches)
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Foliations
® all intersection points are singularities of the foliation F.
Locally
dz; dz
el = 0o+ g1(z )7 + g(z)— =

then A\; = g1(0) # 0, A2 = g(0) # 0. These constants give
the value of the residue along each curve. In fact we have the
exact sequence

0 QL@ L — Qk(logD) @ L 050 L -0

with D the normalization of D. But the restriction of £ to D;
is trivial, therefore we have

p
H%(S, Q% (log D) ® L) — P HO(D;, Op,) ~ CP
i=0
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Foliations

® For each singular point p of F, A(p) = :\\—; is real. In fact, the

holonomy group is generated by h(x) = pux where
1 = exp(2miA(p)).

For A(p) = a+ ib, u = exp(2mia) exp(—27b). his a
contraction if b # 0.
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contraction if b # 0. Therefore a leaf L , accumulates on the
divisor and is closed outside D.
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Foliations

_ M

® For each singular point p of F, A(p) = 5 is real. In fact, the

holonomy group is generated by h(x) = pux where

p = exp(2miA(p)).

For A(p) = a+ ib, u = exp(2mia) exp(—27b). his a
contraction if b # 0. Therefore a leaf L , accumulates on the
divisor and is closed outside D.

Intersection matrix is negative definite, therefore D contracts
onto a normal isolated point n: S — S. The singular point
has H({n(D)}) = 0 zero Hausdorff measure. Apply
Remmert-Stein-Shiffman extension theorem: n(L) is analytic.
Hence L C n=%(n(L)) should be analytic. Contradiction.

As current 0, Ty = 2miRes,(0) Tp. Replacing 6 by a suitable
complex multiple, Res, () p, are real Re(Ty) = daT.
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THANK YOU !
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