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CASSELMAN'S MANY INFLVUENTIAL
WoRKS INCLVUDE !

' CASSELMAN ~SHALIKA 5 WHITAKER
FUNCTIONS FoR  UNRAMIAED PRINCIPAL

SERIES Rk P -Abic GROUPS CezBRATED
RESULTS

¢

'G-L.r;' w ALGEGRMe NUMBER RELDS
L-funcions GALoIs PROPERTIES  DURMAM (19%5)
contams A CLEAR EXPLANATION OE MAASS
FoRMS OF ElENVALUE Y

. "A CoNTECTURE ABoUT THE AdAuMC

BEHAVIOR OF EISENSENSTEN SERIES ” Pl AR. QUAT
(2005°)

LIKE AN OLDER CousSW To ME, FoR BiLL THE
ANALYTIc CONTMWVATION of EISENSTEN SERES [3

NoT A BLACK Box ; AnNALYs!S ©E THE
METHoD , 6F POLES ,GRoNT RATES, ARE FUNDAMENTAL ]
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G‘ SEMI SIMPLE REAL

An  ARiTHMENC (BVEN co NGRUENCE)
SUBCROV? .

KK A SUBGROUP STARBILL 2iInG A
CARTAN 1NVo LV TION
G'IK N Is A GLoBALLY SyMMETRIC

SPACE,
X = rl\5 = ek

2
speerrum of L (X) 3 Secmium oF
THE RINE OF

INVARIGNT OPERATORS
o X .

DETTER STILL Y;-, F\G-

SPEcTRUM OF L_"( y)
UNDER The ReGUBAR REPRESENTATIN OF G

ASSUME THAT n\G IS ComPACT SO THAT
“THE SPECTRUM (S DIScRETE.

'OUR INTEREST IS 1IN THE ALCEBRAIC AND
TRANSCENDENTAL  PARTS,



L{-
SIMPLEST EXAMPLE : Lt
x - )R /Z Is A ciRcLe OF LeNGTH -[

2
A= %
Spec (iIA'.—) = %‘EM} y MULT 2
ez

o IF léa THEN SPEQ()() CoASISTA
OF 0 AND <ThE REST ARE TRANSCEMPENTAL ,

B TRANS I)ec;—al (spee(xd) =4 |

THE SPETRUM IS AN AfiTrMENC PROGRESSION,

amuULA  (Porsson ~SUrMMATION)

TRACE PO
NORMALIRE FouRk ER TR.ANSFofM
S-?(x—) e—un'sx %

Al

ME spee(x) meSpec(x)



IS
<
Ec 2 X= 3 RoUND  2-SPHERE
THEw BY USING SPHeficAv HARMONICS

seee ( Ay) IS AFTER NoRMALIZATEN

ﬁj = 3(3'1-1) , jao NiTh  MULT Q4+,
So (5 ALGEBRAMC

. MoAE GENERALLY AdD REMARKABLY

E S IS ANy CoMPAcT GLoBALLY
S‘[MMETR'C SPAce THE SPEeTRVM CAWN

BE COMPUTED AND Is ALGEBRAIC

IN FAcT THE FULL SPECTRUM
o L(&) s compuTed BY
WEYL ( \\IEYL'S C HARACTER FoRMUM).



€.
- I[N THE CASE THAT G AND S
Me NoT compher , L*(&) AwD L(S)
HAVE VERY LITTLE DiIScRETE SPEcTRA,

IF AT ALL.

L(@): HARISH -CHANDRAS DiscfeTe SeRiES

He DEscRiges ExPuerTly AND
ALGERRAICALLY (N OUR SEASE) WhiRr ALL
OF THE DISCRETE SPECTRWM
( FF RANK G- = RANK K ) THRoueH HIS
CHARPCTER  THeoly AND> AsymPTOTICS OF

MATRIX  CO EFFICIEN TS .

ON MANY OCEASIONS LANGLANDS
HAS COMMENTED ©ON How INSRUMENTAL
e ABoVE WAs To His ewN WoRK,



NOTE :  SINCE WE ARe INTERESTED ¥ i
G(A) And NOT TusT THE

AdELE GRoUPS
ARCHMEDIAN SPECTRUM § IF SAY G IS

DEFRED OVER (A AND G(RD (5 CoMPACT,
THen NOT ONLy IS spec( G(RY) AlGesrhic

BuT AlSo ThE SPECTRA OF ALL ThHE
HECKE OPERATORS,

( THESE ACT ON FIN) TE DrMENSIONAL
G(R) SPAcEs &Y convolVTion RBY AEsAAic

MATRCES , O By THe TRACE FoRMULA -- )

. So The BAsIc QUESTwN FoR
US FoR OUR LooSE NOTIeN OF
ALGEBRAIC SPECTRUM , IS WHEAN
G=G(R) IS NON-COMTAT.

- THE  TRANSCENDENEE I3 TIED
To THE ARCHIMEDWAN P LACES |
®
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U
A TOY PRobLEA:\_ (TunT WiTh P.kerAsOV)

METRIC GRAPHI .
THE ONLY COoMPACT SMOOTH ONE =
DIMENSIONAL  RIEMANNIAN MANFoLY Is A

CIRCLE OF LENGTH L.

WHAT IF WE AlLow A FiNITE NVMBER ©OF

SINGULARITIES y THAT IS HO MOGENENS
INTERVALS OF LENGTHS Ly, .4y GLUED

AT VERTICES A1).wyUm ( SINGULARITIES )

=) COWNECTED METRIC GRAPH X

ToPoloGlcALLY X 15 AJEADY NON-TRIVIAL.

'“T(X)'-’ F IS A FREE GRoup OF RANK
N-M+4 .



d* 19.

The LAPLACIAN A 13 I oW
xl.

EAck EDGE AND WE ResoLve THE SmEVLARITY
AT Twe VERTICES WiTh NEUMANN BoRy GoNPiting

¢: X=>¢

@ Is CoNTwvevs AT EAeh v

‘ z ' aecﬁ(u') =0 AT EAcH U,
€ THe SuM [s OVER AtL

DIRECTED € TERMINATING AT U

de 'S DERWVATIVE AvoNG e

ACF + k =0 SELF -

ADTOINT

spec(X) = ; ks § DiscReTE
SUBseT oF R

WHAT chl Be SAID ABOUT THE
ARITHMETIC STRUcTURE oF SPEC(X),

ADITIVE , TRANICENDENTAL ©



lte

THESE ARE SPEcIAL CASES OF QUANTUM

GRAPHS, IN TRoDUCED By CHEMISTS AND
STudssd By PHYSICISTS, ., SMILANSKY, ..

JEACH LOO? OF LENGTH L mw X Gwes
A FulL ARITHMETIC PRo GRESSION

aw
3 —zﬁ"?,mz w  spec(X)
( 47,“(3‘-)‘ sen (}_‘%’_’“,) , IF xe Loop 0 dﬂvm@
. The THREE Xs : . 2

o 4 OO0

THAT SPEC(X) Is AN
)N THE FIRST TWo
METc PROG 1N THE THIRD,

ARE sPeciAL , IN
ARITHMETIC PROGRESSION
AND A UNION OF F-ARITH

IN WHAT FoLLews WE AVoID
TweSeE THREE METRIC GRAPHS.

LR X DE-THE-COMPLEMENT—IN-SPEC-SE—T3L o



\L&T N (X) Be THE COMPLEMENT /N L
SPEC(X) OF THE ARITHMETIC PROGRESS!ONS

coMING FRom THE LOOPS ,

“TreREM  (KURASON-S 202l )
ASSUME THAT Ly ..,y ARE UINEARLY

INDEPENDENT OVER @ THEN

(4) DIMdSFﬁNQ ( N(X) = oo

c=c(x) ST. FoR

(c¢) <THeRe IS
Pcl=

ANy ARITHMETIC PROGRESSION

| PANR ]| =C

e ——————

SCHANUEL's CONT:
TF  Zn 2, -2y ARE LNEARYY WP

oVER @ THEN
TRA’“S DEGQ (2".7!”, ee"..ezﬂ) ? ﬂ .

CcoR TO THEOREM ! |F &;,lg,..)fu ARE L INEARLY
INDEPENDENT DVER & AND ARE A LGEBRAIC AwD
ASSUMING SCHANUEL

TRANS Da@-&(n(x)) = o0 .

EPENDENT

— )




TRACE  FORMULA_ PR X (RoT KoTros/surehnisky | iz

x A METRic GRAPH

/\ Jorl _
"!'..{' ") ™
Z Sk = -?(T 4 +;1,.— Zf(pn ﬂ[x@%{r}—wy {9‘?1

ke spEC(X) peP

WHERE :

P 1s Twe SET OF
To cycuc EouvALence BACKTRACIN

PART GonG AROIND  p

SRIENTED PATHS nw X VP
¢ ALLWED ) .

p pn‘m(r) The PRIMITIVE

. L) The Lede™ oF T PATH

RedpueT ©F THE
’ Sv(P) (3 THE P

' ScATEERNG’ COEFF AT THE VERTICES
ENCOUNTERED ©ON TRAVERSIN G Iig

-
-4+ '}T) =
s = °‘35“’ .
. //\



L3
/Q’-;Z Sk IS A PeSITIVE MEASJRE

ke spec(x) A
SUPPRTEY ©ON A DiscREBTE 3JET AND A

SPORTED N THE DisckeTE ver Imrermly
m 30

" CRYSTALLINE MEASURE wz }.

. A PRoViDES ERoTIC SUCH MEASVRES

WHiCH WERE SeUGHT APTER — GENERALIZED
PoigcoN SUMMATION  WHICH ARe FAL FroMm

ARI THMETC PROCRE SStoN S |

Tae PRooF ©TF THE TEsREM  AND

17$ coKoLuhtY MAKES USE o THE

”"
FulL QUANTITATIVE VERSoNs OF LANGS
Gm CoNTECTURES ~~ PROVED BY M. LAURENT,
EVERTSE- SKHLICKEWE!” ScHAlDT | ALL
RASED ON ScHMID’Ts S UB SPACE THEOREM

_Tug cowWgcTion To Spec(x) Is Vi

AN ENTIRE GUASE-PERIODIC FUNCTION
AND TS 2EROS . [ NeT ExPutctT !)



{
FoR oUR Toy PRoBLEM OF METRIC GRAPHS , u_
TicRe Some ‘osvious’ PonTS IN THE SPECTARUM
comiNG FARom LooPs GIVING ARITHMETe  PROCRESSIeNS,
TuESE HAve A BoundED TRANTCENDE NCE DESKEE,
ThE REST OF THE SPECTRUM IS HiGHLYy
TRANSCENDINTAL WHEN ... ARE
ALGCEBRAIC ( THE “ARITHMETIC x's “ )

WE ExpecT THAT A simILAR PICTURE
Hops FoR p\& (G Now =CoM PACT )
THOUGH THE ' OBVIOUs SPEcTRUM " I3
LEss ©BWOUS & Aud VERY LITTLE CAY B PRVED

MV CH

ApEUAN G , GL(4) ©

C|H ARACTERS ©OF ASELIAN GROYPS
chAv BE pEsc R BED expuc.‘ruy So THAT

These ALGEBRMC / TR ANSCENDENCE
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Fh GlL, /K ,k A Numge FELR s

Hecke  DISTINGUISHED TN TyPES

« FINITE /M AGE
"
« INFNITE IMAGE GROSSEN f

WEIL DEFINED AN EXTENSUN W ©F
GAL(R/K) WHOSE ONE DMENStoAAL REMEXTATIOG

CoRREsPoND TO ALL OF THE HECKE CHARACTERS
He DISTINGUISHES T Wo TYPES OF GROSTEN-CHAR:

(TYPE Ap:  WHesse CoEFF LIE
IN A FIXED NUMBER FIELD

' ﬁOT Ty PE Ao WHhicw HRE ExPECTS
ARE TRANSCENDENTAL .

c LASS NUMBER

EXAMPLES* K=@Wp ) A6 D> st
Ay MU/ Rac
K —2 (_‘i‘;—

!
K cong 6F ¢, meZ, E FuNd UWNIT,N oK)
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CLOSELY  RELATED IS
G’ - SO+ ) F(x') x’)z x‘z.:Dx:
G(R) NoN=CoMPACT !

e

ong  can  Show ( WALDSECHIADT D

THAT TAKING DIFEERENT PRIMES
A YIELD TARANSCBNVENTAL VALUES

FOR  Am(x), USWE THE
X EXPoNENTIALS TuRoREM

2,2, % LiNgEARLY /NOEP OVER R
Wy W LINGARLY /i dcp OVER R

Tein AT  LEAST oONE OF

2{ Wy
c 1S TRANS CENDENTAL



I’Z(FIG') ) c(R) NoA-cor PACT \11

SEM I SinPLE

CLOZEL AND MORE RECENTLY Buz22ARD

AND GEE HAVE FORNMULATED ANALOGUES
OF TyPE Ao, FOR GEMERAL & OR A

NuMBgR Fiew K.

« AN AvToMoRPHIc FORM IS A LGCEBRAIC
oF TIE Ao |F ITS SATAKE P4RAMETERS
ARD L- PARAMETERS ARE /N A FiIxER

MBetrhc BxTN [ THskE AR SUBTLE TS
Wirm T HgTS - )

WE ExXAMINE  THE SUMPLEST

case GQL, /R “wiew  ALREADy
ConNTAINS MANY OF THE Key

]ISSVES . |
¢ THE DISCRETE SeRiEs OF SLa(R) CORESRND

To HoLomoRPhic FoRMS [FoR Wiich EVERYThWE 15 ALFESRAIC.




MAASS FoRMs
WT O [hL‘So wT 4)

A4> +G.—; +k*)p =0
qS(zrz\ =¢(z) , Ve < st2(Z)

A CONGRVENCE SVB&EROL?.

4) € L‘.LCUSP (]’I\ IH ) y HECKE-EIGENFORM,

AvdiTIVE [ ALCEBRAIC st RueTufE

WHAT 15 THE
R-speetRum W R ©

oF Tws DISCRETE

k=0 A=/ PResumaby THESE

CoRRESPOND T9O THE EVEN TWO DimENSIONAL

IRREDUCIBLE FidmeE  ARMW was RE PAE PRENTATIONS

P As ExtthnED o Succinfriy By CASSELMAN ).

WMARASS LANGLANDS — TUNNEL GWE ONE
DREcTION |F (Q IS SolLVARL\E ,

*Ng [CoSAHEDRAL CASE IS KNOWN .



LI‘}_
FOR R+¥o . THe onLy ExpLiT

ExAMPLES KKNOWN ARE  TRE/NDIVIOVALLY)
TRANSCENDENT AL AND L/E vV
AR)THmET'e  PROGRESSION

ke® Toe, ™E 5 P

DUt To MA4ss VIA THETA LUIFT

fom S0y , § =x* py* OR Uswé
HECKE  Nouw-TyPE Ao  GROSs#N CHAR AKTERE
(y,pg'rilmls)

e FoOR SUITABLE SucH [1 ONE CAN

CONSTRUCT H LARCE NUMBER 6F
suen  ARITHMETIC PROGRESSIONS  IN
spec ( 1\H) ANd THERE CLO3ED
Geodesics ON X THAT CoRRESPOND
\ViA Polsson sum TO THESE —

PG HoWEVER THE RELATION HERE.
IS NoT  e&BVious LIKE THAT
FoR LodPS ON MFETR¢ CRAPHS .



|20

(oN TECTUKE'_-_

DIMg  SPAN [smsc (L}CUSP(X[\))] =00

TRANSDEG o [seec (2, 0p) | =20 .

I

EEE—

VERy LITTLE 1€ KNOWN IN THIS DiREcTtoN

THEOREM (s , F.BRUM LEY )

T F T IS AN AUTIgMORPME  CUSR
£k ON Gl /@ WeicH 15 A MAASS
CoRM AT 00 AND WHosE COEFF ARE
NTEGERS IN A MUADRATIC NUMBER
FIELD Ky KERUE), Tuen A=l
AWD TC  coRREsPNDS To A SoLVABLE
Two DimENSIonAL EVEN ARTIN C—'Ahcs
REPRESENTA TION.




THE RELEVANGE F TiE TANSCIENTAL JpEcTRUM

o FoR NUMBER THEBRY h/HV WoRRY ABOUT

THESE. ELUSIVE TRANSCENJENTAL OB TEeTS — WHY

NOT STick To DiscETE SEAies Al CotnoloGeh ForMS P

(1) even 1FONE's (nTEREST 15 ONLy /m

GALO!S RERRESENTATIONS _ HALE OF THE HN(TE

;.Zu‘xv_g&m&%_%gu REPRESTATIONS ARE EVEN,
AlD. THESE’ A CPRRESPOND  TToO. !

| Cug?

MAASS\Forms  WiTh A== - (“mgestaic”)

(2) The PRIMARY Tool /N PROVING

VARIOUS INSTANCES OF IANGLAMDS‘

PRINC)PLE OF F’UNcTaR/AL/r,V,

b5 TuE TRACE T oRMULA

FlF )NV@LVES CompPARISONS OF ORBRITA L

INTEGRM. S ASSOCIARTED WITH CoNTUSACY  CLASSES

[N }W L AND 1T  CAMIOT SINGLE OUT

THE ALGEBM/C Flom THE  TRANSCEN DENTAL

l



~ (3)  AwaLyTic  DICPHANTINE APPLICATIONS QF
AVTOMORPHIC FoRMS MAKE ()SE OF THE FULL

 SPEcTRUM oF *(P\G) ,WiTH THE TRANSCENDENTAL
PART OFT’N NG PRIMARY

_df.n) 2 :
@,!) S_’ = 6(S) g dn) = # efF puisers
| OF 7 .
| 0
: n—d-(ﬁld_(_nf_d)
‘ /SEuBE,r@\ RR ato /%: s y HAS A

n=|
MEROMDRPHIC CoNTINVATION To ct W) T4 PoLE,s oA
Re(s\ =Y AT 4+R ke sPEc(LéisP(n‘(zz) \iH)) .

y 3

(-) SUCH DIOPHANTINE PROBLEMS AS HILBERT's

11-Th PRoBLEM OF REMESENTATIONS QF [NTEGERS
Byl INTECRAL QUADRATIC FoRMS . ARE RESOLVE D

USING MAASS FoRMs AS 4 CENTRAL Tool .

‘.

(4) N Tez  FUNCTION FiELD / B RePLIED.
BY | ,.(e) THERE 1S Neo ARcHIMEDIAN

— Pprace —AW?—CTKEST’O ADINGLY 1o TRANSCENRENTAL

PART. Tt BRIG CoNJECTUKES ° . RiemAW
AND RAMANVIAN ARE KNOwN IN  THAT CASE

———:ﬁvﬂr??rﬁ%s—-ﬁwr——'r%—ﬂm NSCENDENTA -
PART STANDS AsS A BLOCKADE .




VERTICAL‘ AND HORIZONA L- e

ONE CAN COMBINE THESE
LET 'ﬁ' Be THE DIVISION GRoUP OF [T
ﬁ:. g ze T Zgér' FoR SoME 2?1}

—E — ‘EO!’(T) .

g OLT)MATE VERSioN WhicH 13 Also
UNiFoRM OVeR DEFENING FIELDS AD QUANTITATIVE

i THe RAR » OF [T Is Due To
EUERTSE | SHUcKEWE [ SCHMIDT

Taeorem: | C (£*), [7 A RNITEL) GAEAATED
SuBEROUP OF RANK +° ,TheRe ARE TuT, --*Tv

TRPNSLATES OF SUBTORT CONTAINED N \(

SUch THAT B
Tv=T N(TwTu-Ty)

A Vs (@)

REMARK: THE CONSTANT c(v) caN BE
CWen EXPL|CITLY, HOWEVER The AcTVAL

34y 2eRo DIMEWSLOWAL 'q's CANNG T
N GENgRAL BE DETeRMwED By This PRooF.




@

Tug  PRoof  INVoOLVES SPECIALIZATioN

ARGUMENT ,Reducile Te  [TC T(R)
AuD ABSOLUTE HEIGHT VERSIONS  OF
Tue SCHMDT SUBSPACE THEOREM
As wWelr As Ak STUDy ©F PONTS

OF SMALL HEIGHT .

A SpeclAL  ReLE IS PLAYED
Y

V: alml*azxf"”‘"{'@wxa\!:i,
W



