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Elliptic Darboux-Integrable Systems

Conventions Let .$ denote an exterior differential system (EDS) on manifold M.
(Recall, # is a graded ideal in Q*(M) closed under exterior derivative.)

For k > 0 let .9* denote kth graded piece (assume no O-forms), which spans a sub-
bundle I¥ ¢ A¥T*M. For Pfaffian systems, write I' = I.

Submanifold f : S C M is an integral manifold of § if f*i) =0 for all ¢ € ¥,

Defn! An EDS .9 is decomposable if it is generated algebralcally by finitely many
1-forms and 2-forms on M, and there are sub-bundles V V C T*M such that

e the 1-form generators of .¥ are precisely the sections of VNV

e the 2-form generators of ¥ are either sections of A2V or of A2V

These \A/, V are called the singular systems of .%.

! Anderson, Fels and Vassiliou (Advance in Mathematics 221 (2009), 1910-1963)
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Elliptic Darboux-Integrable Systems

Example Solutions to a second-order PDE for u(z, 1) correspond to integral surfaces
of an EDS . on M7 C J?(R% R). Use coordinates x, v, u, u;, u;; = Uj; on jet space,
assume the PDE is ‘'wavelike':

up = Fx,y,u, uy, us).

and let M7 is the submanifold defined by this equation. The integral surfaces of .9
are the 2-graphs of solutions, defined by u = f(x,y), w1 = fu, ue = f,, etc.

Then .9 is generated by 1-forms
90 = du—u1 dI—U,Q dy, 61 = dul—un dl‘—ulg dy, 92 = d’LLQ—Ulg dﬂf—UQQ dy

and decomposable 2-forms

(duy; — D, F dy) A\ dzx, (dugy — Dy, F dx) N dy.

where D, I = Fx+U1Fu+U11Ful+U12Fu2 and DyF = Fy+UQFu+U12Fu1+U22Fu2.

This is a decomposable EDS, with singular systems

‘7 = {90, (91, 92, dy, du22 — DyF d.CL'}
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Elliptic Darboux-Integrable Systems

A decomposable EDS % is ‘integrable by the method of Darboux’ if each singular
system V' has ‘enough’ independent first integrals, i.e., functions f € C°(M) such
that df € V. Such differentials span the terminal derived system V() C V. These
first integrals are called the Darboux invariants.

Defn .¢ is Darboux-integrable (DI) if
T*M =V 4+ V =V 4V (non-direct sum), and V) nV(*) =,

AN

We'll say the integrability is lean if these sums are direct, i.e., V(®) N V=0-=
vVielny,

Example Solutions of Liouville's equation u,, = €%, the singular systems are
Ty y

‘7 = {19(), (91, @2, dﬂl’, d(ull - %(U1>2>},

‘7 = {90, (91, @2, dy, d(u22 - %<u2>2)}7

For any solution there will be functions ¢, 1) such that

un — U = ¢(x),  up — juy = Y(y)

Moreover, ‘integrability’ stems from the fact that imposing such functional dependen-
cies among the invariants defines a submanifold L C M to which . restricts to be a
Frobenius system (in fact, a pair of equations of Lie type).
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Elliptic Darboux-Integrable Systems

Singular systems for a decomposable EDS .# are made up of factors of its real decom-
posable 2-form generators. We will refer to this as the hyperbolic case.

For elliptic PDE in the plane (e.g., Laplace's equation Au = ) decomposable 2-forms
only arise via complex linear combinations of real generators.

Example Solutions of the elliptic version of Liouville’s equation u,, + u,, = 2"
correspond to integral surfaces of EDS . on M™ C J?(R? R) generated by 1-forms

0y .= du—p drx—qdy, 6,:=dp—(e"+r)dr—sdy, 0y:=dq—sdr—(e"—r)dy

(where p = uy, ¢ = wy, T = Uy — Uy, and s = uy, on solutions) and their reduced
exterior derivatives

df; = dx N\ (dr — e"q dy) + dy A ds, dfy = dx Nds — dy A (dr — e"p dx).
Taking complex linear combinations gives a pair of decomposable 2-forms,
(dz + idy) A (dr — ids — 3e"(p — ig)(dz — idy))
and its conjugate. We therefore define ‘complexified” singular systems

V= {60,601, 02, dz + idy, dr — ids — 3e"(p — ig)(dz — idy)} C T*M ® C

and ‘v/:§
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Elliptic Darboux-Integrable Systems

Defn Let . be an EDS on M and let I' C T*M be the span of the 1-forms of .9.
Then .9 is elliptic decomposable if there is a splitting

(T*M/I"NYC=WaW

such that J is generated algebraically by sections of I' and sections of A2V and A2V,

where V V are pre-images of W W under the C-linear extension of the quotient map
T*M — T*M/I'. Hence VNV = I' ® C.

Rk Necessarily, D = ann(/') must have even rank. The splitting corresponds to a
complex structure on D C T'M which doesn't necessarily extend to T'M .

Defn Such a system is elliptic DI if
T"M®@C=V®™ 4V (non-direct sum), and Ve aye) =g,

Example For elliptic Liouville u,, + u,, = 2", compute that

V) = {d(x +iy),d (r —is — L(p —ig)?) }.

Hence T*M @ C = V() &V and the system is leanly Darboux-integrable.
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Elliptic Darboux-Integrable Systems

Examples of Darboux-Integrable Elliptic PDE
(based on Goursat-Vessiot classification)

Here, u is a real function of z = x +1iy and Z =z — iy.
(2 + 2)uz = 2\/uusz
Ullz = \/ﬁug\/l—l—ug
(sinw)u.s = /1 +u2y/1 4 u2
uttzs = £(u:)p(uz)
where ¢(t) is a solution of the ODE df /dt +t/f = ¢ for a nonzero real constant ¢,
(2 + Z)uzz = y(u.)y(uz)
where 7 is implicitly defined by v(t) — 1 = exp(t — y(t)),

o u
Uz = €,

1 1
Uz = + U U.
= (u+z u—i—Z) =
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Elliptic Darboux-Integrable Systems

Construction of solutions for hyperbolic DI systems depends on the action of the
Vessiot group. lts existence for any DI system % is revealed through careful coframe
adaptations. Its action lets us construct an integrable extension of . that splits into
simpler systems.

Thm (Anderson-Fels-Vassiliou)
Let .9 be a lean DI hyperbohc decomposable system on manifold M. Let n = rkI',
—rkV—n q—rkV—n and |et1<zy,k<n I1<a,b<p 1<apf<qg.

A

Near any point there exists 1-forms 0%, 6%, 7%, #* such that (O x, 7, 7) and (0y, 7, )
are each coframes such that

= {0y} ={6y}, VO ={zx}, V= ={7},

and which satisfy structure equations
dn® =0, dn® =0,
o'y = SAL 7" N7+ LB A frﬁ LO1 0% N O + MO N7,
i, = LEL 7 N7+ SFL it A7 — 1100 A OF + N6 A 77,

where C’Zk are structure constants for a real Lie algebra g, the Vessiot algebra of .%.

Rk There exist local coordinates 2%, y®, t* such that #* = dz® and 7©* = dy°.

Page 8 of 18



Elliptic Darboux-Integrable Systems

‘Corollary’ There exist 1-forms
0' = R(z)i0% + S(x),7", 6 = R(y)i65 + S(y),x°
such that
' = 1CI0T NOF + ()i AT, dOT = =000 NN + (x)F A T
Moreover, if 0% = Q;@{/ and A = I%QR_l then the 1-forms
W' =0+ NS(y)la, @ =0+ (AT S(x)a

span a Frobenius system {&'} = {&'} and satisfy Maurer-Cartan equations

do' = 1C”kw9 A", do' = ——C’kaj A @

Define vector fields )A(Z on M such that XZ LWl = 5; and XZ ot = XZ it = 0.
These generate a locally free G-action on M. Let S C M be a integral submanifold of
{&'} = {&'} which is a slice for this action. Then the action lets us (locally) identify

O SxG— M,

so that ®*w' = 7! left-invariant and ®*w’ = ' right-invariant Maurer-Cartan forms
on G. (The x* and y® pull back to be coordinates on S')
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Elliptic Darboux-Integrable Systems

Theorem Let G1, Gy be copies of G. On N = S x (G; X Gy define a "superposition
map X : N — S X G= M by

S(s,c1,62) = (s, c1050).
Note that this is the quotient map for the right diagonal G-action defined by
(c1,62) - g = (19, 29).

Let A’ be the function on G such that 7 = A’/ (hence ®*\} = A?).

Let 7{, u! denote the left- and right-invariant Maurer-Cartan forms respectively on
G, and similarly 7, pb on Gg. Then the Pfaffian system & on N generated by

E = {r{ — Me);S(y)hdy”, phy+ S(x)yda"}
is an integrable extension of .%.

In other words, & is generated algebraically by >*.% and sections of E.. Moreover, any
integral manifold of .¥ is the image of an integral manifold of &.

Rk System & is the product of Pfaffian systems on G; x (y-variables) and on G5 X
(x-variables), each of which is of Lie type. To see why it's an extension, compute the
pullbacks of generators of .%:

S (RI) = — (i + S(a)ida®) + A7)} (7] = Al(en)S(y)hdy”)
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Elliptic Darboux-Integrable Systems

Coframes for Lean DI Elliptic Systems

Locally on M there are complex-valued 1-forms &%, 7@ such that
rec={0}y=1{0, V=Y

and 0', 7, 7% = 7@ are a local coframe.
Thm These can be chosen to satisfy structure equations da® = 0 and

df' = $AL A N7+ 3Bl A7+ 10007 N0+ ML6T AR,
with complex coefficients. Call this an adapted coframe.

Rk If we choose local coordinates such that 7% = dz“, then Aab, ]k, MZ;]

holomorphic functions of the 2!, ... 2"

Conjecture Based on examples we've calculated, these coframes can always be chosen

so that the C’;k are real and constant. Consequently, they are structure constants of
the Vessiot algebra g. Say an adapted coframe is of Vessiot type if this is the case.

Corollary Let 8, 7%, 7 be Vessiot adapted coframe. Then there exist 1-forms

0' = R(2):0" + S(z)i7"

such that df’ =
then the 1-forms

3 J,ﬁj A OF 4 (%)7 A 7. Moreover if 8 = Q;Q_J and A = RQR_l

AZ_92+)\ZS( )] a

satisfy dw' = 1C’ka] A @w* and span a real Frobenius system.
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Elliptic Darboux-Integrable Systems

These enable us to identify M with the product of a homogeneous space with a
maximal integral submanifold of the {&}.

Canonical Extension for DI Elliptic Systems (A Conjectural Picture)

Given the 1-forms &', ©® on M, define complex vector fields Zj such that

A A

g, Y ~a va
Zj4w—5j, Zj—lﬂ' —Zj—lﬂ' = (.

By the structure equations, [Zj, Zk] = 0, so the real and imaginary parts
X;=2;+2;, Y;=ilZ-2)
form a Lie algebra £ of real vector fields on M, such that € = g ® C where g is the

Vessiot algebra.

These generate a (non-free) action of K (the complexification of the Vessiot group) on
M. Given p € M we can adapt the &' so that the X generate the isotropy subgroup
G at p.

Let S be the maximal integral manifold {&} through p. (The 2% restrict to give
complex coords on S.) Since this is a slice for the K-action, we have an identification

O:Sx K/G— M.
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Elliptic Darboux-Integrable Systems

Left and Right Actions

There is a natural projection 7 : K — K/G which we extend to the product with
S. Then 7 gives the quotient modulo the G-action on K by right multiplication, but
® o is also equivariant for the K-actions on M and on S x K via left-multiplication.

KOSx K

d
SXK/GLM

On K the right-invariant vector fields XJR, Y]R satisfy
[XJR7X/§} - kava [X]R7 YkR] — kanR7 [YjR? YkR} - _C]Eleﬁ

Since they generate left-multiplication on K, these push forward under 7 to give
well-defined vector fields on K/G. Moreover, if we form the (1, 0)-vector fields
R _ 1 R v R
Zj" = 5(Xj 1Y)

A

then 7T*ZJR spans the tangent spaces on K /G and (® o W)*Zf =Z;.
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Elliptic Darboux-Integrable Systems

On K define right-invariant (1, 0)-forms ”{1,0) and left-invariant (1,0)-forms 7'(7170) which

are dual to respectively to the ZJR and the

gL

J (XJL - iYJL)'

N[ —

J
(1,0)°
Then we conjecture that an integrable extension of .¥ is given by the Pfaffian system

& on N =5 x K generated by

Define functions Az- on K such that 7'(2'170) = /\;,u

E = {TZLO) — A;Sé(z)dza} + (complex conjugates).

Integral submanifolds of this extension are solutions of a Lie equation on K given by
holomorphic functions of the z“.

Thus, we can use this to obtain solutions of the original system .# in terms of holo-
morphic data.
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Elliptic Darboux-Integrable Systems

Potential Applications to Isometric Embedding

Let B? be a Riemannian surface with orthonormal frame field vy, vs.
Define dual 1-forms n',n? on M and connection form ni:

Vwva = 03 (W)vy, Vw e T'B.

Let F be the Euclidean frame bundle of R3:
FO={(p,e1, e, e3) | e oriented o.n. basis for T,R*},
with canonical forms w® and connection forms w! = —w? defined by
dp = e, ® W, de, = e ® wg.
Prop An isometric f : B — R? induces lift f: B — Fbye = fu,;, e3 =¢e; X ey,
The graph S of f is an integral surface of 1-forms
1

0 =w' —n', Oy =w' —n? O3:=uw’ 0y =w,—n.

Conversely, any integral surface S C B X F that submerses onto B defines an isometric
Immersion.

The isometric immersion system .% is the Pfaffian EDS on M = B x F generated by
917 827 937 94-
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Elliptic Darboux-Integrable Systems

This system satisfies structure equations

d(glEO, dHQEO,
dbs = w? Ant +ws A, mod 6 ...,0y,
dby = wi Aws — Kn* An?

where K is the Gauss curvature of (B, g).

Consider the ‘elliptic case’” where K > 0. If we let kK = v K, then there are decom-
posable 2-form generators

(wi F ikn?) A (wy & ikn').
Thus, the isometric system .# is elliptic decomposable with singular systems

‘7: {91,...,(94,0.)%—iknz,wg+ikn1}, ‘72?

Thm (Clelland, Vassiliou, I-) There are exactly three surface metrics (up to scale) of
positive curvature for which . is Darboux-integrable. There are local coordinates u, v
on B in which the metrics take the form

g1 = cosh® u(du)? + sinh? u(dv)?,
g_, = sinh* u(du)? + cosh? u(dv)?,
go = u*((du)” + (dv)?),

Each metric has an intrinsic Killing field 0/0v.

Page 16 of 18



Elliptic Darboux-Integrable Systems

Questions What are the Vessiot groups for the isometric embedding systems associated
to these metrics? What are the canonical extensions? How do we express the isometric
embeddings in terms of holomorphic data?

Each of the above metrics g¢ can be expressed as (ds)?+¢/(s)?(dv)? where g = K—3/4
In each case, ¢ satisfies an ODE (%q’)2 — ¢*/3 = C. The solution plays an important
role in a kind of Weierstrass representation for the isometric embeddings:

Defn Define a ‘generalized Gauss map' U : M — C? by

v (b7p7 €1, €2, 63) = q1/363 - %iq/eQ-

This lands in the set Q- of non-real points on the quadric Q¢ C C? defined by
2425+ 25 =C.

Thm B (I-, McKay) If S'is any solution surface, then W|g is holomorphic with respect
to the complex structure defined by V'|g. Moreover, the immersion is determined by
integrating the Weierstrass-type formula

dpls= X x dY
where X = Re VU, Y = Im V.

Rk In fact, the image of an isometric immersion of any of these metrics is an affine
minimal surface in R3, and this is just a special case of Blaschke's Weierstrass-type
representation for such surfaces.
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Elliptic Darboux-Integrable Systems

Questions  What is the relationship between the local extension space N and the
classifying quadric Q7 What is the relationship between the complexified Vessiot
group K, the internal symmetry of (B, g), and the extrinsic symmetries of $7

S x K = N2

d
Sx ka2 s Y

/

(B7gC) F

Qc C C

Thank Youl
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