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Congruence in a Lie group

Let G be a Lie group with Maurer-Cartan form ω. Underpinning the
moving frame is the following.

Two submanifolds ι : S ↪→ G and ῑ : S ↪→ G are congruent

∃ g ∈ G : ι(S) · g = ῑ(S)

if and only if

there is a map ψ : S → S such that

ψ∗ῑ∗ω = ι∗ω.
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It turns out there is a Lie pseudo-group analog of this result.

For Lie pseduo-groups the coframe equivalence problem above,

ψ∗ῑ∗ω = ι∗ω,

is replaced with a G -structure equivalence problem and the equivariant
moving frame becomes Cartan’s equivalence method.
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Congruence in a Lie pseudo-group

Let H be a Lie pseudo-group on E with groupoids

Hp = {jpϕ|z | z ∈ E , ϕ ∈ H}
= {(z ,Z , . . . ,Z a

A, . . .) | |A| ≤ p} = {(z ,Z (p))}.

Hp

E E ,

σ τ

with σ(jpϕ|z) = z and τ(jpϕ|z) = ϕ(z) = Z .

For g = jpϕ|z , h = jpψ|z ∈ σ
−1(z) we write

Rg · h := jp(ψ ◦ϕ−1)|ϕ(z).
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Let µaA, |A| < p be the Maurer-Cartan forms of Hp.

Two sections, s and s̄, of Hp → E , are “congruent”,

∃ ϕ ∈ H : Rjpϕ · s = s̄

if and only if

∃ ϕ ∈ H : ϕ∗s̄∗µaA = s∗µaA, |A| < p.

See [Ö.A., 2020, Theorem 3.12].

Actually, we also need ϕ∗τ(s̄) = τ(s) so we restrict to s and s̄ that have
constant target coordiantes, τ(s̄) = τ(s) = constant.
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Also, p must be at least as large as the order of H.

Definition 1

The order of H is the smallest number, t such that

Ht = {F (z ,Z (t)) = 0}

for some F and all other defining equations of H are consequences of
F = 0.

So F = 0 is formally integrable/locally solvable and each local solution
belongs to H.
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Example 2

Consider the Lie group action

(x , u) 7→ (X ,U) = (x + a, u + a2x
2 + a1x + a0).

The defining equations are

Xu = 0, Xx = Uu = 1, Uxxx = 0

and it is easily seen that this Lie (pseudo) group has order 3.
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As before, H is a Lie pseudo-group on E , but let E → X be a fiber bundle
with fibers U and let S and S be sections of E . (We may assume X ⊂ Rn

and U ⊂ Rm are open subsets.)

H acts on J∞(E) by prolongation and we write

ϕ · (x , u, . . . , uαJ , . . .) 7→ (X ,U, . . . , Ûα
J , . . .)

for the target variables.

Let s and s̄ be sections of Hp → im(S) and Hp → im(S), respectively.
(With equal and constant target coordinates.)

There is a section fp of Hp → im(S) such that

Rfp · s = s̄,

f ∗p µ
a
A = 0, |A| < p

if and only if

f := τ(fp) satisfies
f ∗s̄∗µaA = s∗µaA, |A| < p.
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Said differently,

Theorem 3

There is a section fp of Hp → im(S) that satisfies the contact condition

f ∗p µ
a
A = 0, |A| < p

such that f := τ(fp) maps S to S

if and only if

There exist sections s and s̄ (with equal and constant target coordinates)
of Hp → im(S) and Hp → im(S) such that

f ∗s̄∗µaA = s∗µaA, |A| < p.

See [Ö.A., 2021, Theorem 2.4].

But does fp determine a bona-fide element of H?
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But does fp determine a bona-fide element of H?

Can we integrate fp to the jet of a pseudo-group element jpϕ?

Locally, E = Rn ×Rm in coordinates z = (x , u) = (x1, . . . , xn, u1, . . . , um).

Let H have order t. If every jet coordinate Z a
A,uα , |A| = t − 1, of order t

that involves a u-derivative can be taken as a principal derivative in the
defining equations for H, we say H is quasi-horizontal.

For quasi-horizontal H on E → X the fp from Theorem 3 uniquely
determines a ϕ ∈ H, [Ö.A., 2021, Theorem 2.12].

Eventually free Lie pseudo-groups are quasi-horizontal, [Ö.A., 2021,
Theorem 3.6].
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Example 4

Consider the pseudo-group H of transformations

(x , u, p, q) 7→ (X ,U,P,Q)

with defining equations

Xp = Xq = Up = Uq = Pq = 0

P =
Ux + pUu

Xx + pXu
, Q =

Px + pPu + qPp

Xx + pXu

and the equivalence of sections (x , u, p)
S7→ (x , u, p, q(x , u, p)).

Obviously, any section of H1 → im(S) annihilating contact forms will
uniquely determine a pseudo-group element.

That is, any (x , u, p) 7→ (X ,U,P) satisfying the blue will determine a
solution to the red.
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In such cases Theorem 3 is reduced to an equivalence problem for
G-structures, [Ö.A., 2020, Section 4.2.1].

Theorem 3

There is a section fp of Hp → im(S) that satisfies the contact condition

f ∗p µ
a
A = 0, |A| < p

such that f := τ(fp) maps S to S

if and only if

There exist sections s and s̄ (with equal and constant target coordinates)
of Hp → im(S) and Hp → im(S) such that

f ∗s̄∗µaA = s∗µaA, |A| < p.
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Continuing the second order ODE example, the pseudo-group is order 1.
Let s and s̄ have target coordinates X = U = P = Q = 0. The recurrence
formula gives

µx = −ωx , µu = −ωu, µp = −ωp, µq = −ωq = −Q̂Xω
x−Q̂Uω

u−Q̂Pω
p

and so the equivalence problem is determined by ωx , ωu, ωp and the first
order invariants Q̂i .
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Now,
ωx = Xxdx + Xudu,

ωu = Uxdx + Uudu,

ωp = Pxdx + Pudu + Ppdp.

But after using X = U = P = Q = 0 and Pp = Uu
Xx+pXu

we haveωx

ωu

ωp

 =

Xx + pXu Xu 0
0 Uu 0

0 Pu
Uu

Xx+pXu

 dx
du − pdx
dp − qdx


=

a1 a2 0
0 a3 0
0 a4

a3
a1

 dx
du − pdx
dp − qdx

 .
Choosing s and s̄ in Theorem 3 is the same as choosing a1, a2, a3, a4 in

Cartan’s equivalence method.
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Theorem 3

There is a section fp of Hp → im(S) that satisfies the contact condition

f ∗p µ
a
A = 0, |A| < p

such that f := τ(fp) maps S to S

if and only if

There exist sections s and s̄ (with equal and constant target coordinates)
of Hp → im(S) and Hp → im(S) such that

f ∗s̄∗µaA = s∗µaA, |A| < p.
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Solving f ∗s̄∗µaA = s∗µaA for f will involve the structure equations

dµaA =
∑
b

ωb ∧ µaA,b +
∑

L+M=A
|M|≥1

(
K

L

)∑
b

µaL,b ∧ µbM .

In our case, we obtain, essentially for free, the structure equations (in
symbolic form)

dωx = µxX ∧ ωx + µxU ∧ ωu,

dωu = ωx ∧ ωp + µuU ∧ ωu,

dωp = (−Q̂iω
i ) ∧ ωx + µpU ∧ ω

u + (µuU − µxX ) ∧ ωp.
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The only structure functions appearing here are the Q̂i which we normalize
to zero. Applying the recurrence formula to these indicates we can
normalize them to zero and solve for Pxx ,Pux and Xxx .

dωx = µxX ∧ ωx + µxU ∧ ωu,

dωu = ωx ∧ ωp + µuU ∧ ωu,

dωp = µpU ∧ ω
u + (µuU − µxX ) ∧ ωp.

Next, to check for involutivity we count the second order pseudo-group
parameters not yet normalized (“order of indeterminancy”). These are
{Puu,Uuu,Xuu,Xux}. The first reduced Cartan character is the maximum

rank of the set of one-forms{(
a
∂

∂ωx
+ b

∂

∂ωu
+ c

∂

∂ωp

)
dωi | i = x , u, p

}
and so on...
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Turns out this is not involutive and we move from H1 to H2 and include
the first order Maurer-Cartan forms µaA, |A| = 1 in the equations
f ∗s̄∗µaA = s∗µaA, compute structure equations, normalize structure
functions and so on...

Note that we are constructing an equivariant moving frame, or rather, a
partial moving frame.

This process will branch according to various relative invariants and on
each branch will terminate at involution or an invariant coframe.

However, contrary to the original equivariant moving frame, we only
normalize invariants appearing in the structure equations at each step, we
do not prolong the action of H to Jk(E) and attemp to normalize all
k-order lifted invariants, saving time.

See [Ö.A., 2020] for more.
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Recall p ≥ order of H.

Theorem 3

There is a section fp of Hp → im(S) that satisfies the contact condition

f ∗p µ
a
A = 0, |A| < p

such that f := τ(fp) maps S to S

if and only if

There exist sections s and s̄ (with equal and constant target coordinates)
of Hp → im(S) and Hp → im(S) such that

f ∗s̄∗µaA = s∗µaA, |A| < p.
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Let E = Rn × Rm.

Theorem 5

[Ö.A., 2021] Let H have order t. Assume that at some point during the
equivalence method above, we mangage to normalize all pseudo-group
parameters of order ≤ t to obtain an equivariant moving frame
ρ : Sq → Ht with some domain of definition Sq ⊂ Jq(E). Write

ρ∗µaA =
n∑

i=1

IA,iω
i + contact forms on J∞(E).

Then a generating set for the algebra of invariants is

{IA,i}|A|<t,1≤i≤n .
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A closer look at the recurrence formula reveals that

an upper bound on the size of this set is

n · (dimHt−1 − n)

and if H acts transitively on Jq(E) then we have the upper bound

n · (dimHt−1 − dimJq−1(E))

If H = G is a Lie group acting transitively on E , then
dimHt−1 = dimG − dimE .
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Not everything is quasi-horizontal

Find the internal symmetries of

vx = u2xx .

This is a matter of completing a system of differential equations to
involution...

Cartan’s equivalence method is applicable but not equivariant moving
frame methods...
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Beyond symbolic formulas

But hang on! Cartan’s equivalence method solves constant coefficient
linear equations when normalizing structure functions (torsion coefficients).
And Cartan’s method provides formulas for the invariants.

On the other hand, the equivariant moving frame can very easily provide
the structure of the invariant algebra through its recurrence formula.

However, finding the non-linear formulas of invariants while working in the
standard pseudogroup jet-coordintes Z a

A is much less convenient than in
Cartan’s prolongation procedure.
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For example, while the recurrence formula gives that, modulo horizontal
forms ωi ,

dQ̂X ≡ µpXX + Q̂PXµ
u
X

and so Pxx can be normalized from Q̂X = 0, we have

Q̂X = −2qp2UuXuu

a41
− 4qpUu Xux

a41
− 2qUuXxx

a41
+

p2Puu

a21
+

2pPux

a21

+
Pxx

a21
+

3qa1Pu + qqp Uu + pquUu + qxUu

a31

Not constant coefficient in the top order terms and generally unpleasant
even in this smallish equivalence problem... imagine what Q̂XX will look
like!

Örn Arnaldsson November 24, 2021 24 / 30



Cartan-esque coordinates

In fact, hiding in the formulas for the pseudo-group Maurer-Cartan forms
µaA are expressions that render the above expressions constant coefficient
at top order just like in Cartan’s original method.

We have, by definition,

ωa = Z a
bω

b, and µab = (dZ a
t )(Z−1)tb − Z a

t1t2(Z−1)t1b (Z−1)t2t ω
t

where (Z−1)ab are the entries of the inverse Jacobian matrix with entries
Z a
b .

Define αa
b := (dZ a

t )(Z−1)tb and the second order Cartan-coordiantes

rabc := Z a
t1t2(Z−1)t1b (Z−1)t2c

so that
µab = αa

b − rabtω
t .
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There are higher order Cartan-coordinates,

ra(a1,...,ak ) := Z a
(t1,...,tk )

(Z−1)t1a1 · · · (Z
−1)tkak ,

where we sum over all possible (t1, . . . , tk). (This is symmetric in the
(a1, . . . , ak) and can be expressed using multi-indices.)

These parametrize, along with z ,Z and Z a
b , the groupoid spaces Hp. We

have, for |A| ≥ 2,

µaA = draA − raA,tω
t + low order stuff.
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Now, the recurrence formula says

0 = dQ = Q̂Xω
x + Q̂Uω

u + Q̂Pω
p + µpX

= Q̂Xω
x + Q̂Uω

u + Q̂Pω
p + αp

x − rpxtω
t

Copying Cartan, we simply compute αp
x and then compare coefficients in

the above. We can already see this will be constant coefficient in the r ’s.
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We had

Q̂X = −2qp2UuXuu

a41
− 4qpUu Xux

a41
− 2qUuXxx

a41
+

p2Puu

a21
+

2pPux

a21

+
Pxx

a21
+

3qa1Pu + qqp Uu + pquUu + qxUu

a31
.

Turns out this is equal to

Q̂X = rpxx +
qa1Pu + qqpUu + pquUu + qxUu

a31
.
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The End
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