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Harmonic Residuals and Nonlinearity
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Spectral Quantities

∆t-discretization, X , of X :
X = {X (tn) }n∈Z .

Discrete-time Fourier transform, X̃ , of X :

X̃ (f ) =
∑
n∈Z

e−i2πfnX (tn).

Spectral representation of X :

X (tn) =

∫ 1
2

− 1
2

e i2πfnZ̃µ(df )

Spectral measure, Z̃µ, of X :

Z̃µ( (f , f +∆f ] ) = Z̃ (f +∆f )− Z̃ (f ).

Z̃̃Z̃Z the integrated spectrum of X .
Ž̌ŽZ the normalized integrated spectrum of X .

Ž(f ) =
1

2
lim

δδδ→0+2×1

{
Z̃(f − δδδ[1]) + Z̃(f + δδδ[2])

}
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Spectral Analysis,: Koopmans (1995); Percival & Walden
(1993)

Desire: Signals characterizing the X̃ FDD’s.

Options:

Assumption: Z̃ = X̃ .

Approximation: Z̃ ̸= X̃ . ⇒ Ž ≈ Z̃ , Ž ≈ X̃ .

Reconstructions: {Yk }KN−1
k=0{Yk }KN−1
k=0{Yk }KN−1
k=0 , the DFT-eigencoefficient

processes.

Yk reconstructs X̃ .

Yk reconstructs Ž .

XXX specification: Yk asymptotically complex-normal; KN = 2NW .
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System Effects

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

Coupled oscillations in a damping 
medium with turbulent driving 𝓛𝓛𝑶𝑶𝑶𝑶𝑶𝑶−𝟏𝟏

Model 
component

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)NSS

Model class

http://convozine.com/blackcircle/25778

Feynman et al. (2011)
Thornton & Marion (2004)

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

LTI-filtering 𝓛𝓛𝑵𝑵𝑳𝑳𝑳𝑳

Prince & Links (2006)

Standardized displacement

Fig.7.1

𝑋𝑋0
(𝑆𝑆𝑆𝑆𝑆𝑆) 𝑋𝑋1

(𝑆𝑆𝑆𝑆𝑆𝑆) 𝑋𝑋𝑢𝑢
(𝑆𝑆𝑆𝑆𝑆𝑆) 𝑋𝑋(𝐺𝐺𝑆𝑆𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝐶𝐶𝐶𝐶𝐼𝐼)(𝑡𝑡𝑛𝑛)

+
Middleton (1960)
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Yaglom/Brockwell-Davis/Brillinger Stationary Noise

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

Model 
component

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

~ quadratic
~ AR(1) integrator
Andrews (1983)
Brockwell & Davis, 1991
Gray (1999)
Kiusalaas (2010)
Middleton (1960)
Marshall (2020)

Model class

IID

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)AR(1)

NSS

NSS

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

~ AR(2) integrator
Shumway et al. (2017)
Wodeyar et al. (2021)

~ ARMA(p,q) integrator
Brillinger (1981)
Brockwell & Davis (1991)
Corollaries 4.4.1, 4.4.2

Yaglom (1962), Figs.1-3

Fading radio intensity
Time series

Autocorrelation PSD

Kay et al. (1981)
Kolmogorov et al. (1960)
Martin et al. (1982)
Percival et al. (1993)
Rozanov (1990)
Slutsky (1937)
Stoica et al. (1999)
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Normality of the DFT-eigencoefficient Processes

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

Innovations PDF
(standard-normal 
overlay)

Model 
component

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

Model class

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)Gumbel (G), Laplacian (L), Normal (N), Student (S), Uniform (U)

Brillinger (1981), Mallows (1967)
Rosenblatt (1961), Andrews (1983),
Somerset (2017), Springford (2017)

IID

ACS-AP+MA(q)

LAPTV+ARMA(1,q)

LAPTV+NSS

Marshall (2020), Chapter 4

Logistic

Gumbel

Uniform

Student

𝒀𝒀𝒌𝒌
(𝑶𝑶𝑶𝑶𝑳𝑳) 𝒇𝒇𝒎𝒎 ⇒ 𝑵𝑵(𝑶𝑶𝑶𝑶𝑳𝑳)~𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂 𝐍𝐍𝐂𝐂𝐍𝐍𝐂𝐂𝐍𝐍𝐂𝐂

𝐑𝐑𝐑𝐑𝐑𝐑𝟐𝟐𝑲𝑲𝑵𝑵 �𝜸𝜸𝝁𝝁
𝑪𝑪𝑳𝑳𝑶𝑶 𝑨𝑨𝒎𝒎𝟐𝟐 = 𝟏𝟏 − 𝒐𝒐 𝑵𝑵−𝜶𝜶 𝝈𝝈(𝑳𝑳𝑵𝑵𝑰𝑰) 𝟐𝟐

Record size
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State-model Specification

Hidden driver layer �𝑍𝑍(𝑆𝑆𝐷𝐷𝐷𝐷)

Hidden output layer �𝑍𝑍(𝑂𝑂𝑂𝑂𝑆𝑆)

Layer State point

𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆Observable layer

�𝑍𝑍 𝑂𝑂𝑂𝑂𝑆𝑆 = �𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆

�𝑍𝑍 𝑆𝑆𝐷𝐷𝐷𝐷 = �𝑋𝑋 𝑆𝑆𝐷𝐷𝐷𝐷

Assumption

Napolitano (2012)
Krishnan (1984)
Thomson (2000)

�𝒁𝒁(#) trace
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Model Class

Regularity conditionsModel class

ℒ𝐶𝐶𝑆𝑆𝐶𝐶

Model 
component

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

Reconstructed spectral process

Slepian expansion error, 𝑵𝑵 → ∞

𝑂𝑂𝑝𝑝(1)

�𝑍𝑍(𝑂𝑂𝑂𝑂𝑆𝑆)

ACS-AP

ACS-AP
�𝑍𝑍 𝑂𝑂𝑂𝑂𝑆𝑆 = �𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆

Reconstruction composite FDD’s , 𝑵𝑵 → ∞
Multivariate Gaussian

<=>

𝑯𝑯𝑪𝑪𝑪𝑪𝑪𝑪𝓛𝓛𝑪𝑪𝑪𝑪𝑪𝑪
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State-model Specification

Hidden driver layer �̌�𝑍(𝑆𝑆𝐷𝐷𝐷𝐷)

Hidden output layer �̌�𝑍(𝑂𝑂𝑂𝑂𝑆𝑆)

Layer State point

𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆Observable layer

�𝑍𝑍 𝑂𝑂𝑂𝑂𝑆𝑆 ≠ �𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆

�𝑍𝑍 𝑆𝑆𝐷𝐷𝐷𝐷 ≠ �𝑋𝑋 𝑆𝑆𝐷𝐷𝐷𝐷

Assumption

Loeve (1963)
Thomson (1990)

Frequency

Spectral power
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Model Class

Regularity conditions

𝑊𝑊 ∈ 0,0.5𝜋𝜋−1

ACS-AP+MA(q)

Model 
component

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

Reconstructed spectral process

Slepian expansion error, 𝑵𝑵 → ∞, 𝑾𝑾 → 𝟎𝟎
𝑂𝑂𝑝𝑝(1)

�̌�𝑍(𝑂𝑂𝑂𝑂𝑆𝑆)

Reconstruction composite FDD’s , 𝑵𝑵 → ∞

Multivariate Gaussian

Model class

IID
GLNSU

LAPTV+NSS

ACS-AP+MA(q)

LAPTV+ARMA(1,q)

https://mathworld.
wolfram.com/Recta
ngleFunction.html
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Conclusions - The Model Class

Model 
component

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

Model class

IID
GLNSU

LAPTV+NSS

ACS-AP+MA(q)

LAPTV+ARMA(1,q)

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

Model 
component

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

Model class

ACS-AP

ACS-AP

ACS-AP

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

Convention Proposed
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Nonlinear Processes

Middleton (1960)
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Nonstationarity and Filtering

Goal: Infer input autocorrelation structure.

NSS input - motivation:

Spectral-correlation detectors for nonstationarity.
Distribution analysis.
Robustness, model validation.

Class Model
Mellors et al. (1998): Seismic surface waves

Input: NSS X (OUT )(t) =

0.5M−1∑
m=1

x(INP)
m

(
t + [2πfm ]−1 · ϕm(t)

)
+ X (INP)(t).

Output: Contaminated narrowband, period-M∆t signal

Thompson (2018): La Nina Gulf Stream eddies

Input: NSS X (OUT )(t) =

0.5M−1∑
m=1

X (INP)
m

(
t + [2πfm ]−1 · Φ1(t)

)
.

Output: Narrowband, ACS, period-M∆t AP

Brillinger (1993), Schevon et al. (2012), Smith et al. (2016),
Weiss et al. (2013): California earthquake mag. 1932-1992
Multiunit neuron activity in seizures

Input: NSS X (OUT )(t) =
∫ t
0 X (INP)(s)ds

Output: Stationary-increment process
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Why Stationary Input?

Model validation: Segregates the base and all upper layers by
autocorrelation functionality. Discrete NSS processes are functions of
IID sequences (Brillinger, 1981).

Nonstationarity detectors: Specifies the null hypothesis.

Distribution analysis: Specifies the stationary approximation.

Robustness: ARIMA(0, 1, 0) ∼ AR(1) ∼ ARMA(1). The lower down
the layers the inference is to be conducted, the fewer the parameters
(model complexity inversely-proportional to layer height).

Physical foundations: Thermal, scatter noise: normal, first-order
Markovian processes (Middleton (1960), Chapter 7).

Model/test performance: Computationally-inexpensive simulations.
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Stationary-input/Nonstationary-output Systems

Class Model
Thompson (2018): La Nina Gulf Stream eddies

Input: NSS X
(INP)
m (t) = Am · cos

(
2πm · [M∆t]−1t

)
.

Output: Narrowband, ACS, period-M∆t AP X (OUT )(t) =

0.5M−1∑
m=1

X (INP)
m

(
t + [2πfm ]−1 · Φ1(t)

)
.

Moghtaderi et al., 2009a,b

Input: NSS X (OUT )(t) =
∫∞
−∞ e i2πf ·|∆t|−1t · H(IOS)(t) Z̃

(INP)
µ (df )

Output: Uniformly-modulated argmaxξ∈R
∣∣∣ F

{
H(IOS)(t)

}
(ξ)

∣∣∣ = 0

Øig̊ard (2006), Napolitano (2012) Section 4.2.4.4:
# earthquakes mag.> 7.0> 7.0> 7.0

Input: Gaussian NSS X (OUT )(aτ) =
∫∞
−∞ e i2πf ·|∆t|−1aτH(IOS)(f , t)Z

(INP)
µ (df )

Output: fBM H(IOS)(f , t) = a−H · e−i2πf |∆t|−1t

Self-similarity: X (OUT )(tn) = m−HX (INP)(tn ; tm)

X (INP)(tn ; tm) = X (OUT )(tn) − X (OUT )(tn − tm)
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Stationary-input/Nonstationary-output Systems

Class Model
Mellors et al. (1998): Seismic surface waves

Input: NSS x
(DSP)
m (t) = am · cos

(
2πm · [M∆t]−1t

)
.

Output: Contaminated narrowband, period-M∆t signal X (OUT )(t) =

0.5M−1∑
m=1

x(INP)
m

(
t + [2πfm ]−1 · ϕm(t)

)
+ X (INP)(t).

Brillinger (1993), Schevon et al. (2012), Smith et al. (2016),
Weiss et al. (2013): California earthquake mag. 1932-1992
Multiunit neuron activity in seizures

Input: NSS X (OUT )(t) =
∫ t
0 X (INP)(s)ds

Output: Stationary-increment process

X (INP) unifrequency spectral mass: Linear-algebra approach.

X (OUT ) bifrequency spectral mass:

Z
(INP)
µ = Z (INP)dλ1.

Z (INP): Integrated spectrum of X (INP) (Napolitano, 2012).

Z (INP)(f + fm) Slepian expansion.
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Multitaper Cyclostationary Analysis - Overcoming
Limitations

Z (INP) is not a derivative. Require:
1 Spectral quantity under analysis.
2 Slepian-expansion theory for that quantity (e.g., 2NW -theorem).
3 Errors to compare old and new models.

X (OUT ) DFT-eigencoefficient processes: justify normality. Require:
1 ACS-model having accurate NSS-approximation.
2 NSS-approximation must satisfy the Marshall (2022) conditions.

Robustness. Require:
1 X (OUT ) ∼ X (INP) spectral associations invariant to linear effects.
2 X (OUT ) bifrequency distribution → X (INP) low-dimensional subspace.
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Perturbed-Gaussian, NSS Input

Model 
component

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)NSS

Model class

𝑋𝑋0
(𝑆𝑆𝑆𝑆𝑆𝑆) 𝑋𝑋1

(𝑆𝑆𝑆𝑆𝑆𝑆) 𝑋𝑋𝑢𝑢
(𝑆𝑆𝑆𝑆𝑆𝑆) 𝑋𝑋(𝐺𝐺𝑆𝑆𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝐶𝐶𝐶𝐶𝐼𝐼)(𝑡𝑡𝑛𝑛)

+
Middleton (1960)

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

Standardized displacement

Fig.7.1

𝒈𝒈(𝑵𝑵𝑵𝑵𝑵𝑵) nonlinear functional

Fig.50-4

Sources of nonstationarity

Feynman et al. (2011)
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Estimating AP-model

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴0.5𝐶𝐶−1)+ + +

𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴0.5𝐶𝐶−1)+ + + 𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)𝑍𝑍𝜇𝜇
𝑆𝑆𝑁𝑁𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑆𝑆𝑁𝑁𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑆𝑆𝑁𝑁𝐼𝐼 (𝐴𝐴0.5𝐶𝐶−1)+ + +

ℒ𝑁𝑁𝑆𝑆𝐼𝐼

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆)(𝑡𝑡𝑛𝑛)𝑍𝑍𝜇𝜇
𝑂𝑂𝑂𝑂𝑆𝑆 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑂𝑂𝑂𝑂𝑆𝑆 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑂𝑂𝑂𝑂𝑆𝑆 (𝐴𝐴0.5𝐶𝐶−1)+ + +

Estimating stochastic AP function Model 
component

Model class

IID
GLNSU

ACS-AP+MA(q)

LAPTV+ARMA(1,q)

LAPTV+NSS
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A State Model

Hidden driver layer 𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴0.5𝐶𝐶−1)

Hidden output layer 𝑍𝑍𝜇𝜇
𝑂𝑂𝑂𝑂𝑆𝑆 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑂𝑂𝑂𝑂𝑆𝑆 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑂𝑂𝑂𝑂𝑆𝑆 (𝐴𝐴0.5𝐶𝐶−1)

Layer State points

𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆 (𝑡𝑡0) 𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆 (𝑡𝑡1) 𝑋𝑋 𝑂𝑂𝑂𝑂𝑆𝑆 (𝑡𝑡𝐼𝐼−1)Observable layer

Yousefi et al. (2019)
Babadi et al. (2014)

𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴0.5𝐶𝐶−1)Base layer

GLM Interactions
Cyclic connectivity map

Real

Im
ag

in
ar

y
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Cyclostationarity from Nonlinearity

𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴0.5𝐶𝐶−1)+ + + 𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

Model 
component

�𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛) = �
𝑢𝑢=1

2

�
𝑙𝑙

𝛼𝛼𝑢𝑢𝑙𝑙𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷,𝑢𝑢 𝐴𝐴𝑙𝑙

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷,1 (𝐴𝐴𝑙𝑙): One of the 𝑍𝑍𝜇𝜇

𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴𝑚𝑚).

𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷,2 (𝐴𝐴𝑙𝑙): 𝑍𝑍𝜇𝜇

𝑆𝑆𝐷𝐷𝐷𝐷,1 (𝐴𝐴𝑙𝑙) × {One of the 𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴𝑚𝑚)}.

IID
GLNSU

Model class

GLM:

ACS-AP+MA(q)

Estimating stochastic AP function

Uncorrelated jumps, Koopmans (1974)

Napolitano (2012) Theorem 1.2.24
Corduneanu (1989) Chapter VII
Von Neumann (1934)
Infinite series, only finitely 
many coefficients nonzero.
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Quasimonochromatic light waves

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴0.5𝐶𝐶−1)+ + +

𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴0.5𝐶𝐶−1)+ + + 𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

Estimating stochastic AP function Model 
component

Model class

IID
GLNSU

ACS-AP+MA(q)

The waves cannot be too dispersive, and Hecht 
uses the term, “quasimonochromatic”. ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

Hecht (2002)
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Particular and Characteristic Solutions

𝑔𝑔(𝐼𝐼𝑁𝑁𝐼𝐼)

ℒ𝑂𝑂𝑆𝑆𝑂𝑂−1

Decomposition Model 
component

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝑆𝑆𝑁𝑁𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)

𝑋𝑋 𝐶𝐶𝐶𝐶𝐷𝐷 (𝑡𝑡𝑛𝑛)+ =𝑋𝑋 𝐼𝐼𝐷𝐷𝑆𝑆 (𝑡𝑡𝑛𝑛)

IID
GLNSU

ACS-AP+MA(q)

LAPTV+ARMA(1,q)

Model class

Thornton & Marion (2004)

𝑋𝑋(𝑆𝑆𝐷𝐷𝐷𝐷)(𝑡𝑡𝑛𝑛)𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝑆𝑆𝐷𝐷𝐷𝐷 (𝐴𝐴0.5𝐶𝐶−1)+ + +

𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+1) 𝑍𝑍𝜇𝜇

𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴−0.5𝐶𝐶+2) 𝑍𝑍𝜇𝜇
𝐼𝐼𝐼𝐼𝐼𝐼 (𝐴𝐴0.5𝐶𝐶−1)+ + + 𝑋𝑋(𝐼𝐼𝐼𝐼𝐼𝐼)(𝑡𝑡𝑛𝑛)
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Assumption - Asymptotic Errors

𝐸𝐸𝜃𝜃 �𝑍𝑍 𝑂𝑂𝑂𝑂𝑆𝑆 (𝑓𝑓𝑚𝑚)
2

= �𝛾𝛾𝑍𝑍
(𝑂𝑂𝑂𝑂𝑆𝑆) (𝑓𝑓𝑚𝑚,𝑓𝑓𝑚𝑚)

Aliased bifrequency density

𝑅𝑅𝑅𝑅 �𝛾𝛾𝑍𝑍 (𝑓𝑓𝑚𝑚,𝑓𝑓𝑚𝑚)

𝐼𝐼𝐼𝐼 �𝛾𝛾𝑍𝑍 (𝑓𝑓𝑚𝑚,𝑓𝑓𝑚𝑚)

Hidden output layer

Layer

Napolitano (2012)
Lea (2004)

Zero-offset bifrequency mass

Frequency

François Marshall (Boston University) Nonlinearity 25/06/2022 37 / 43



Condition - Slepian Expansion of the Integrated Spectrum

𝑿𝑿(𝑶𝑶𝑫𝑫𝑫𝑫)

=

𝑿𝑿(𝑶𝑶𝑶𝑶𝑳𝑳) 𝓛𝓛𝑪𝑪𝑪𝑪𝑪𝑪

�
−∞

∞

𝐸𝐸𝜃𝜃 1 − Π
𝑡𝑡
𝑁𝑁

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑁𝑁
2
𝑡𝑡

2

𝑑𝑑𝑡𝑡 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝑁𝑁
�

−𝐼𝐼2

𝐼𝐼
2

𝐸𝐸𝜃𝜃 �
𝑘𝑘=𝐾𝐾𝑁𝑁

∞

Ψ𝑘𝑘(𝜁𝜁) 𝑋𝑋𝑘𝑘
(𝑂𝑂𝑂𝑂𝑆𝑆)

2

𝑑𝑑𝜁𝜁 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝐼𝐼

𝑿𝑿(𝑶𝑶𝑶𝑶𝑳𝑳) is timelimited level 𝑶𝑶𝑳𝑳𝑻𝑻𝑵𝑵 : 𝑿𝑿(𝑶𝑶𝑶𝑶𝑳𝑳) is bandlimited level 𝑶𝑶𝑶𝑶𝑻𝑻𝑵𝑵 :

Slepian’s errors:

Slepian (1976)

Hecht (2002) Fig.7.37a
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Condition - Slepian Expansion of the Integrated Spectrum

�𝑍𝑍(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑓𝑓 + 𝑓𝑓𝑚𝑚 = �
𝑘𝑘=0

𝐾𝐾𝑁𝑁

𝜖𝜖𝑘𝑘−1 𝑈𝑈𝑘𝑘 𝑓𝑓 �𝑍𝑍𝑘𝑘
𝑂𝑂𝑂𝑂𝑆𝑆 (𝑓𝑓𝑚𝑚) + 𝑜𝑜𝑝𝑝 𝑁𝑁−12Hidden output layer

Layer

�
−∞

∞

𝐸𝐸𝜃𝜃 1 − Π
𝑡𝑡
𝑁𝑁

𝑋𝑋(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑁𝑁
2
𝑡𝑡

2

𝑑𝑑𝑡𝑡 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝑁𝑁
�

−𝐼𝐼2

𝐼𝐼
2

𝐸𝐸𝜃𝜃 �
𝑘𝑘=𝐾𝐾𝑁𝑁

∞

Ψ𝑘𝑘(𝜁𝜁) 𝑋𝑋𝑘𝑘
(𝑂𝑂𝑂𝑂𝑆𝑆)

2

𝑑𝑑𝜁𝜁 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝐼𝐼

𝑿𝑿(𝑶𝑶𝑶𝑶𝑳𝑳) is timelimited level 𝑶𝑶𝑳𝑳𝑻𝑻𝑵𝑵 : 𝑿𝑿(𝑶𝑶𝑶𝑶𝑳𝑳) is bandlimited level 𝑶𝑶𝑶𝑶𝑻𝑻𝑵𝑵 :

Slepian’s errors:

Slepian (1976)

Observable layer 𝑵𝑵 → ∞𝑌𝑌𝑘𝑘
(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑓𝑓𝑚𝑚 = �

𝑓𝑓𝑚𝑚−𝑊𝑊

𝑓𝑓𝑚𝑚+𝑊𝑊
𝑉𝑉𝑘𝑘 𝑓𝑓 − 𝑓𝑓𝑚𝑚 �𝑍𝑍(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑓𝑓 𝑑𝑑𝑓𝑓 + 𝑂𝑂𝑝𝑝(1)

Slepian (1978), Fig.1

Hecht (2002) Fig.7.37a
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Expansion Estimates - Asymptotic Theory

�𝑍𝑍(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑓𝑓 + 𝑓𝑓𝑚𝑚 = �
𝑘𝑘=0

𝐾𝐾𝑁𝑁

𝜖𝜖𝑘𝑘−1 𝑈𝑈𝑘𝑘 𝑓𝑓 �𝑍𝑍𝑘𝑘
𝑂𝑂𝑂𝑂𝑆𝑆 (𝑓𝑓𝑚𝑚) + 𝑜𝑜𝑝𝑝 𝑁𝑁−12

Aliased, integrated-spectrum process

Estimating element
𝑵𝑵 → ∞

Hidden output layer

Layer

Slepian (1978)

Slepian (1978), Fig.1
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Asymptotic Expansion Errors

Layer

Observable layer

�

−𝐾𝐾𝑁𝑁4

𝐾𝐾𝑁𝑁
4

𝐸𝐸𝜃𝜃 Π
𝑓𝑓
2𝑊𝑊

− �
𝑘𝑘=0

𝐾𝐾𝑁𝑁−1

𝛽𝛽𝑘𝑘 𝑈𝑈𝑘𝑘(𝑓𝑓)

2

𝑑𝑑𝑓𝑓 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝐼𝐼

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐 is frequency-limited level 𝑶𝑶𝑳𝑳𝑻𝑻𝑵𝑵 : 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬(𝟐𝟐𝟐𝟐) is bandlimited level 𝑶𝑶𝑶𝑶𝑻𝑻𝑵𝑵 :
Slepian’s errors:

4 �
−∞

∞

𝐸𝐸𝜃𝜃 1 − Π 𝑡𝑡 sinc(2𝑡𝑡) 2𝑑𝑑𝑡𝑡 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝑁𝑁

𝑌𝑌𝑘𝑘
(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑓𝑓𝑚𝑚 = �

−∞

∞
Π

𝑓𝑓
2𝑊𝑊

𝑉𝑉𝑘𝑘 𝑓𝑓 �𝑍𝑍𝜇𝜇
(𝑂𝑂𝑂𝑂𝑆𝑆) 𝑑𝑑𝑓𝑓 + 𝑓𝑓𝑚𝑚 + 𝑂𝑂𝑝𝑝(1)

Π
𝑓𝑓
2𝑊𝑊

= �
𝑘𝑘=0

𝐾𝐾𝑁𝑁−1

𝛽𝛽𝑘𝑘 𝑈𝑈𝑘𝑘(𝑓𝑓) + 𝑜𝑜𝑝𝑝 𝑁𝑁−12

𝑵𝑵 → ∞, 𝑾𝑾 → 𝟎𝟎

Slepian, (1976, 1978)
Thomson (1982, 2000, 2013)

https://mathworld.wolfram.co
m/RectangleFunction.html

Slepian (1978), Fig.1

https://mathworld.wolfram.com/SincFunction.html
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Expansion Errors, N = O
(
104

)
, NW = 5

EDMN is 5% of max.

�

−𝐾𝐾𝑁𝑁4

𝐾𝐾𝑁𝑁
4

𝐸𝐸𝜃𝜃 Π
𝑓𝑓
2𝑊𝑊

− �
𝑘𝑘=0

𝐾𝐾𝑁𝑁−1

𝛽𝛽𝑘𝑘 𝑈𝑈𝑘𝑘(𝑓𝑓)

2

𝑑𝑑𝑓𝑓 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝐼𝐼

𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐 is frequency-limited level 𝑶𝑶𝑳𝑳𝑻𝑻𝑵𝑵 : 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬(𝟐𝟐𝟐𝟐) is bandlimited level 𝑶𝑶𝑶𝑶𝑻𝑻𝑵𝑵 :

Slepian’s errors:

4 �
−∞

∞

𝐸𝐸𝜃𝜃 1 − Π 𝑡𝑡 sinc(2𝑡𝑡) 2𝑑𝑑𝑡𝑡 ≤ 𝐸𝐸𝑆𝑆𝐶𝐶𝑁𝑁

https://mathworld.wolfram.com/SincFunction.html

Slepian, (1976)
Kiusalaas (2010)
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Conclusions

Stationary modelling does not preclude multitaper cyclostationary
analysis.

Normalized, integrated spectrum - not the integrated spectrum itself.

2NW theorem for the normalized, integrated spectrum.

State model: AR(1) ⇒ nonlinearity, Gaussian statistics, reduced
dimension.
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