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Constant order (CO) time-fractional diffusion

Q is a bounded domain of RY, d > 2.

For a € (0,1) U (1,2) and T € (0, +00), we consider the IBVP

pO2u—V-aVu+qu = 0 inQ:=Qx(0,T)
u = f onX:=00x(0,T) (1)
Oku(-,0) 0 inQ, k=0,...,[q],

where 0¢ is the Caputo derivative of order a:

") (r _
r(nl—a) fot (th)£+)1_n dr ifae(n—1,n), neN:={1,2,...}
orf(t) =

4f(t) ifa=nec{0}UN.
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Inverse problem 1

Let T, € 99 and gy, C 0N be s.t.

rin n rout # @ and rin U rout = 0f.

We consider the partial DN map at one fixed time Ty € (0, T):

Npag i fir, = aduu(:, To)r

out *

Inverse problem 1:

Does A, 5,4 uniquely determine (p, a, q) ?
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Obstruction to identifiability

e Liouville transform: v := a'/2y is a solution to
a lpddv —Av+q,v = 0 in @
v = aY2f onX
okv(-,0) = 0 inQ, k=0,...,[q],

with
ga = a Y2naY? 4 371/2q31/2'

e DN maps relation:

Npag= 31/2/\‘.,71%1’%31/2 — 31/281,31/2.
e Consequence: (p, a,q) — A, ;4 is not injective, as we have

dlon = 1 and (91,3‘39 =0= /\p@’q = /\aflp,l,qa'

The best we can hope is to recover two out of three coefficients.
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Uniqueness result

Theorem (Kian, Oksanen, ES, Yamamoto '18)

Q is smooth and connected.

Let p; € C(Q), a; € CY(Q) N W?>=(Q), and g; € L>(Q), j = 1,2, satisfy

pj > ¢ >0, aj(x) >c, gj(x) >0, x € Q.
Assume that either of the three following conditions is fulfilled:

(0 ot = e e Vai(x) = Vax(x), x € 0. (2)

(i) a1 = a and
3C >0, |p1(x) — pa(x)| < Cdist(x,0Q)?, x € Q. (3)
(iii) g1 = g2 and (2)-(3).

Then, /\P1,a1)¢71 = /\P27327qz yie/ds (pla ai, ql) = (p27 az, Q2)'
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Variable order (VO) time-fractional diffusion

T € (0,4+00) and Q is a bounded domain of R9, d > 2.

(p(x)a?‘x> A+ q(x)) u(x,t) =0, (x,t)€Q
u(o, t) = thg(o), (o,t) €X (4)
u(x,0)=0, xe€Q,

where k > 2, g is a suitable function, g € L*°(Q,R,) and

O<ap<ax)<ay <1, 0<po<p(x)<pu, xeEQ.

8?()() is the Caputo fractional derivative of order a(x) :
t
a(x) . 1 Oru(x,T)
t) = dr.
R () / (t—r)e® "
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Inverse problem 2

I and oyt are two suitable open subsets of 0.
Let ug be the solution to the IBVP (4) probed by the Dirichlet data

Y 5 (o,t) — thg(o).
For t € (0, T), we introduce the partial DN map
Nap,q(t) : Hin > & = Optig (-, t)ir, 0
where H;, 1= {g € H3/?(0Q); supp g C Tin}.

Boundary data: {A,,, 4(ta), n € N} where (t,), € (0, T)Y has an accumulation
point 7 € (0, T).

Inverse problem 2:

Does {Aq,p,q(tn), n € N} uniquely determine (a, p, q)?
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Uniqueness result, d > 3

Theorem (Kian, ES, Yamamoto '20)

Assume that

a) Q is smooth and connected.
b) Si C Ty and S— C Moy, where

Spi={x € 90Q; £(x—xp) v >0},

for some xo € RY outside the convex hull of Q.
c) The set of admissible unknown coefficients is defined by

E:={(a,p,q);a,p € L®(Q), g€ L=(%R,)}.

Then, for all (o, pj, q;) € €, j = 1,2, we have:
/\al,pl,ql(tn) - /\az,pz,qz(tn)v neN=— (041,[)17 ql) = (a27p27 q2)'
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Uniqueness result, d = 2

Theorem (Kian, ES, Yamamoto '20)

The same conclusion holds for d = 2, provided that:

a) Q is connected with

N
00 = U Yk, Yk = smooth closed contour, k =1,..., N.
k=1

b) Tin = Fous = arbitrary non-empty open subset of OS).
c) The set of admissible unknown coefficients is

E ={(a,p,q)ia,p e L(Q),g € W (R,), k € (2,+00)} .
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Elliptic operator

L2(R) is the Hilbert space L?(2) endowed with the scalar product
(u,v) = /quvdx, u,v € L3(Q).
e H is the operator generated in Li(Q) by the quadratic form
hlu] = /Q (a|Vul]® + qu?) dx, u € Dom(h) := Hg(Q).

e H is self-adjoint in L3(R) and acts on its domain as

Hu:=p~*(V -aVu+ qu), u € Dom(H) := H}(Q) N H*(Q).
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Boundary spectral data

By compactness of Hj(Q) < L5(Q), o(H) is purely discrete.

e {\,; n € N} is the non-decreasing sequence of the eigenvalues (repeated
according to multiplicities) of H.

e {n; n € N}is a family of eigenfuctions of H which form an orthonormal basis
in L2(Q):
P

-V -aVo,+qen = Appen in Q
wp = 0 on 0N
Jopeadx = 1.

e The boundary spectral data associated with (p, a, g):

BSD(p, a, q) := {(An,¥n); n € N}, where 1, := a0, 9q-
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Inverse spectral result

Theorem (Canuto, Kavian '04)

If either of the three assumptions (i), (ii) or (iii) is verified, then we have:

BSD(p1, a1, q1) = BSD(p2, a2, 92) = (p1, a1, q1) = (p2, a2, G2).

@ B. Canuto, O. Kavian, Determining two coefficients in elliptic operators via
boundary spectral data: a uniqueness result, Bolletino Unione Mat. Ital. Sez. B
Artic. Ric. Mat. 8 (2004), no. 1, 207-230.

Thus, it is enough to prove that

/\Pl,éh,fh = AP27327q2 = BSD(plv ar, ql) = BSD([)% az, q2)a

up to an appropriate choice of the eigenfunctions of the operator H associated
with (p, a,q) = (p1, a1, q1).
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Direct problem: existence and uniqueness result

Let p € L(Q), a € C}(R), and g € L=(Q) satisfy
p(x)>c>0, a(x) > ¢, q(x) >0, xe€Q.
Assume that f € Cl+1([0, T], H3/2(0R)) verifies the compatibility conditions
OKF(-,0)=0in 9Q, k=0,...,[].
Then the IBVP (1) admits a unique solution
ue C([0, T], L2(Q)) N C((0, T], H*(Q)), ~ € (0,1).
o K. Sakamoto, M. Yamamoto, Initial value/boundary value problems for fractional

diffusion-wave equations and applications to some inverse problems, J. Math. Anal.
Appl. 382 (2011), 426-447 .
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Partial DN operator

Taking v € (3/4,1), we get that

(x,t) = a(x)d,u(x, t) € C((0, T], L2(0RQ)).

Thus, the partial DN map is well defined as a (bounded) operator
Ap,a,q Hin — L2(rout)7
where

Hip = {f e clI+1((o, T], H3/2(09)); supp f C Ty x (0, To)}.
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OFDE

Let f € Hin.
e For all u € CO([0, T], L2(2)), we have

(8) =D un(t)pn, ua(t) = (u(-,t), ), € [0, T].

n=1
e Since u is solution to the IBVP (1), we have for each n € N,

Ofun + Aptp = — [o Fihada(x)  in (0, T)
Ofu,(0) = 0, k=0,...,[a],

by the Green formula.
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Representation formula

e Expression of the solution u to the IBVP (1), at t = Tq:
To [
u(-, To) = / (Z 7,,(5)@,,) ds in H¥(Q), v € (0,1),
0 n=1
where
0ls) = 5 As) ([ o)
and E, g is the two parameters (a > 0, 5 > 0) Mittag-Leffler function
oo k
z
= ——— z€eC
; Mok +3)

e By the continuity of the trace operator,

a(x)d, u(x, To) / (Z% Yn(x )ds,xean.
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Representation formula, continued

e Put
anp Tz/}np}/)a (X }/)eaQ

where

@ m, € N is the algebraic multiplicity of the eigenvalue \,,

® {¢np pP=1,...,m,} is a family of eigenfunctions of H which form an
orthonormal basis in L2(Q) of ker(H — A,) and ¥, == a8, ¢n,p.

e Representation formula of the partial DN map:

Np.aqf

_ /OT° so-1 (i En o~ Ans®) (/m F(To — s,y)@,,(~,y)da(y)>> ds.
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End of the proof

® Ny ar,qn = Npayaa,ge €ntails for ae. x € Ty and all £ € Hyy, -
T, +oo
/O 01 ("; /BQ (Ecv, (= A1,05%)01 (%, ¥) — Eav,r(—A2,05%)02 (6, 1)) £, To — s)do(y)) s =o.

e Taking f(x, t) = 9(t)h(x), for two arbitrary

¥ e C§°(0, To) and h e H*2(0RQ), supp h C Ty,
0

yields
| FLn(xs%) = Fop(x,5%), s € (0, To), x € Tou| (%)
where
+o00
Fin(zx) =3 Eual-Ain2) ( / ej,n(x,y)hmda(y)) |
n=1 in

analytic continuation
=

e () BSD(p1, a1, q1) = BSD(p2; a2, 92).
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FDE on Riemannian manifolds

Let (M, g) be a compact connected Riemannian manifold of dimension d > 2,
with boundary OM.

e Weighted Laplace Beltrami operator
Dgpu = p Vg uVgu
= zd: g 720 (ulg| g 0y u), ue C(M),
ij=1
where g71 := (g¥)1<; j<q and |g]| := det g.
e For « € (0,1) U (1,2) and g € C*°(M), we consider the IBVP

0fu— Ng u+qu 0 inMx(0,T)
u = f ondMx(0,T)
Ofu(-,0) = 0 inM, k=0,...,[a].
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Inverse problem

Let To € (0, T) and let 'y, and oyt be two non empty open subsets of M.

e Dirichlet data :

Hin = {F € ClIY((0, T], H2 (OM)); suppf C Tin x (0, To)}-

e The partial DN map

Mg g Hin D £ 0pu(-, To)r,,, = Z g"vidgu(-, To)r o,
ij=1

is linear bounded from H,, into L2(Toyut).

Inverse problem:

Does A g, 1u,q determine (M, g), and p and g, uniquely ?
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Two obstructions to uniqueness

e (11,91) and (u2, g2) are gauge equivalent if there exists a positive function
k € C*(M) obeying
k(x) =1, d,k(x) =0 on OM,

such that

po =K 21, Go = qi — Kl K

In this case we have Ay g 11,0 = AM g 112,q2-
o If ®: M — M is a diffeomorphism fixing the boundary OM, then

/\M,g,u,q = /\M,¢*g,#,qa

where ®*g is the pull back of g by .
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The result on manifolds

Theorem (Kian, Oksanen, ES, Yamamoto '18)

Let (M;,g;), J =1,2, be two compact and smooth connected Riemannian
manifolds of dim. d > 2 with the same boundary, and let y; € C*°(M;) and
qj € C>(M;) satisfy

wi(x) > c >0, gj(x) >0, x e M,.
Let Ty, Touy € OMy be relatively open and suppose that
Fin N Fous # 0.
Suppose, moreover, that
g1 =8, 1 =p2=1and d,pu1 = yp2 =0 on OM;.
Then, Apty gy 11,0 = M\Va g2, 112,q. Yields that

o (M1, g1) and (M, g») are isometric

o (p1,q1) and (2, g2) are gauge equivalent.
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DN maps identification

o Nj:= Ay p,q J = 1,2, and recall that for all n € N:

Al(tn) = /\2(tn) = a1/“1('7 tn)|rout = 81/“2('3 tn)

|rout'
o g € H32(0Q) = t = ug(-, t) € A0, +00; H*(Q)):

h:= (8yuz — dyu1)r,,, € A(0,400; L2(Tout))
h(t,) =0for ne N =h=0,
(tn)n has an acc. point in (0, T)

=

Dyt D1 = Dot )ir 1€ (0 400) | (%)

= A1(t) = Aa(t), t € (0,400).
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Calderon problems

e Since t — e~ *tu;(-, t) 6 Ll(O +00; H2(Q)) j=1,2,5¢€(0,4+), the
Laplace transform Uj(s) = fo , t)dt satisfies:

(*) =

aVUl('7s)|r0ut = 8VU2(-7S)|rout7 sE (0,—|—OO)‘ (**)

e Forall s € (0,+00), Uj(s) := %Uj(s) solves

{ (A + Vj(x,s))w(x) = 0, x €
w(x) = g(x), xe€dQ,

with Vi(-,s) := qj + pjs™.
e Putting Ay(. 58 == 8Vl,~lj(s)|rouc, we see that:

(**) = AV1(~,s) = /\Vz(.,s), s e (0, +OO)
Vi(s, s) = Va(, s), s € (0,+00).

0s—=>0=>qg1=q,s=1=p1=py,s=€e=a; =
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Thank you for your attention.

Eric Soccorsi (Aix-Marseille Université) Inverse Coefficient Problems for TFDE



