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Unit Disk Domain, d = 2, p = 2,

u(x1, x2) = x1x2 + cos(x1) exp(x2)
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Unit Disk Domain, d = 2, p = 2,

u(x1, x2) = (x1 + x2)
4 cos(x1(x1 + 2x2))

λ/Λ = 1.0000

λ/Λ = 0.2500

λ/Λ = 0.1459

λ/Λ = 0.0250

λ/Λ = 0.0025

λ/Λ = 0.0019
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BASIC IDEAS
MAIN GOAL: Solve the second-order linear elliptic equations in
non-divergence form

−Lu(x) := −
d∑

i,j=1

aij(x)∂iju(x) = f(x) x ∈ Ω

u(x) = g(x) x ∈ ∂Ω

,

for an open bounded domain Ω ∈ Rd. The matrix A(x) =
(aij(x))di,j=1 is assumed to be symmetric and positive definite sat-
isfying the uniform ellipticity condition

λ|ξ|2 ≤ ξTA(x)ξ ≤ Λ|ξ|2 ∀ξ ∈ Rd

for positive constants λ,Λ with ratio λ/Λ ≤ 1.
Denote M(x) := (A(x))1/2.

NONLOCAL RELAXATION METHOD: The nonlocal elliptic
operator[2, 3, 4] can be defined as

Lδu(x) =

ˆ
Bδ(0)

1

δd+2
γ

(
|z|
δ

)
(u(x+M(x)z)− u(x)) dz

=

ˆ
Ex
δ (0)

1

δd+2
γ

(
|M(x)−1y|

δ

)
det(M(x))−1(u(x+ y)− u(x)) dy

:=

ˆ
Ex
δ (0)

ρδ(x,y)(u(x+ y)− u(x)) dy.

It can be shown that

Lδu(x) → Lu(x) as δ → 0.

{y∈Rd:M(x)−1y∈Bδ(0)}=:Ex
δ (0)

BOUNDARY TREATMENT: Point cloud contains

1. Interior points {x1, . . . ,xN} (in Ω),

2. Boundary points {xN+1, . . . ,xM} (in Ωδ \Ω).
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OPTIMIZATION BASED MESHFREE METHOD: We use the fol-
lowing minimization problem[1, 6] to select a stencil for interior
point xi and p the order of the polynomial space:

{βj,i} = argmin
{βj,i}∈Sδ,h,p

∑
j

βj,i

ρδ(xi,yj,i − xi)
,

where h is the fill distance[5] and

yj,i =

{
xj ,xj ∈ Ω

projection from xj to xi at ∂Ω ,xj ∈ Ωδ \ Ω
,

Sδ,h,p :=
{
{βj,i} : βj,i ≥ 0 and Lh

δ,Ωu(xi) = Lδu(xi) ∀u ∈ Pp(Rd)
}
,

Lh
δ,Ωu(xi) =

∑
xj∈Exi

δ (xi)

βj,i(u(yj,i)− u(xi)).

ANALYSIS(YE-TIAN, 2022)
Lemma 1: Assume Sδ,h,p is not empty and C > 0 is a generic con-
stant.

1. If p ≥ 2 and u ∈ C2(Ω), then
|Lh

δ,Ωu(xi)− Lu(xi)| → 0 as δ → 0 for all xi ∈ Ω.

2. If p ≥ 2 and u ∈ C2,α(Ω) for α ∈ (0, 1], then
|Lh

δ,Ωu(xi)− Lu(xi)| ≤ C|u|C2,α(Ω)δ
α for all xi ∈ Ω.

3. If p ≥ 3 and u ∈ C3,α(Ω) for α ∈ (0, 1], then
|Lh

δ,Ωu(xi)− Lu(xi)| ≤ C|u|C3,α(Ω)δ
1+α for all xi ∈ Ω.

Theorem 2: In d = 2, there exists a constant C > 0 such that if

h ≤ Cδ
√
λ/Λ

then Sδ,h,2 is not empty.
Theorem 3: In d = 2, assume Sδ,h,p is not empty, let u be the real
solution and uh

δ be the solution solved by the discrete operator and
C > 0 is a generic constant.

1. If p ≥ 2 and u ∈ C2,α(Ω) for α ∈ (0, 1], then

max
xi∈Ω

∣∣u(xi)− uh
δ (xi)

∣∣ ≤ C|u|C2,α(Ω)

(√
λ/Λ

)−α

hα

2. If p ≥ 3 and u ∈ C3,α(Ω) for α ∈ (0, 1], then

max
xi∈Ω

∣∣u(xi)− uh
δ (xi)

∣∣ ≤ C|u|C3,α(Ω)

(√
λ/Λ

)−(1+α)

h1+α
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