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Dirac equation

The stability of solitons all Dirac models is wide open.

In its simplest, 1D Soler version is{
iut = ∂xv + (1− (|u|2 − |v |2)k )u
ivt = −∂xu − (1− (|u|2 − |v |2)k )v

(1)

Solitons are special solutions in the form(
u
v

)
= e−iωt

(
φ
ψ

)
, |ω| < 1, which satisfy

{
ωφ = ∂xψ + (1− (φ2 − ψ2)k )φ

ωψ = −∂xφ− (1− (φ2 − ψ2)k )ψ
(2)
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Explicit solutions

With σ =
√

1− ω2, the exact solutions are localized and (Lee
et. al. in 1975; Chugunova-Pelinovsky’06, Cooper et. al’10)

φ(x) = cosh(kσx)

√
1 + ω

1 + ω cosh(2kσx)

[
(k + 1)σ2

1 + ω cosh(2kσx)

] 1
2k

ψ(x) = sinh(kσx)

√
1− ω

1 + ω cosh(2kσx)

[
(k + 1)σ2

1 + ω cosh(2kσx)

] 1
2k

Open problems: Uniqueness? Non-existence of the waves for
|ω| > 1?
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Linearized problem

For the simplest case k = 1, linearization leads to the following
Hamiltonian eigenvalue problem{

L+z1 = −λz2

L−z2 = λz1
(3)

where


L− =

(
1− ω − (φ2 − ψ2) ∂x

−∂x −1 + (φ2 − ψ2)− ω

)

L+ = L− − 2

(
φ2 −φψ
−φψ ψ2

)

Atanas G. Stefanov, UAB Open problem: Stability of solitons in the 1D Dirac model



Linearized problem

For the simplest case k = 1, linearization leads to the following
Hamiltonian eigenvalue problem{

L+z1 = −λz2

L−z2 = λz1
(3)

where
L− =

(
1− ω − (φ2 − ψ2) ∂x

−∂x −1 + (φ2 − ψ2)− ω

)

L+ = L− − 2

(
φ2 −φψ
−φψ ψ2

)

Atanas G. Stefanov, UAB Open problem: Stability of solitons in the 1D Dirac model



Spectral stability?

Spectral stability means L+z1 = −λz2,L−z2 = λz1 has no
solutions for λ : <λ > 0.

Equivalently,
L−L+z = −λ2z (4)

has no solutions.
Open problem: Prove spectral stability for ALL waves.
Main issue: L± have spectrum at both ±∞.

Why NLS is better?

Since L− ≥ 0, z ⊥ Ker [L−], (4) is transformed into√
L−L+

√
L−w = −λ2w ,w = L−

1
2

− z.

But this is self-adjoint problem, so −λ2 is real. A huge step.
Open problem: Can one at least prove that λ2 in (4) is real
(and not λ = a + ib : a,b 6= 0).
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Thank you for your attention!
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