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Entropy bound

Consider a linear operator S : H — £33, where

> 7 is a finite-dimensional Hilbert space and

> (o0 =0>°({1,...,m}).
For € > 0 let A/(€) be the minimal number of balls in £59 of radius
€ needed to cover the set {Sx: x € H, ||x||x < 1}.

Using an entropy bound known as the “dual Sudakov inequality”,
[Pajor and Tomczak-Jaegermann 1986], Bourgain shows that

log N (€) < (log m)e™[[S 15 e -

Crucial:
» Independent of dim H,
» Only log loss in m.



We apply the entropy bound to a discrete version of the Fourier
extension operator (log m = log R):

S:H = (M NBr), {a}—{) ae(v-x)}k
veNy
where H := (?(A\%) with norm ||a||y = Rf%(zy la,|?)1/2.
Discrete Stein—Tomas inequality

For each R > 2, each collection A} consisting of 1/R-separated
points on S~ each sequence a, C C, each ball Bg and each
collection A; of 1-separated points in RY:

IS I3 (nyry S 1 for P12 2(d +1)/(d ~ 1).

In particular, we have the trivial bound (p’ = o)

||5||H—)f°°(/\1ﬁBR) 5 1.

Thus the entropy number satisfies the bound

log NV (€) < (log R)e .



Consequence:
Chaining

Let p' > 2(d+1)/(d — 1). For every k € Z, there exist sets
Fi C £>°(A1 N Bgr) with the following properties.

(a) log|Fk| < log(R)4* (here | - | denotes counting measure).
(b) For & € Fy,

—k
nglm(/\l) S 27 ”6”[%”(/\1) 5 L.
(c) For each a € H with ||a|| < 1 there is a representation

Sa = Z §(k) for some §(k) € Fk.
keZy
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