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The problem ﬂ(“
Perturbed setting

Hy=Hy+V

V possibly complex-valued (non-self-adjoint)

Question
o(Ho) known = o(Hy)?

Goal
oo(Ho) = @ == a,(Hy) = ap(Ho) = @ (absence of bound states)
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The problem ﬂ(“
Perturbed setting

Hy=Hy+V

V possibly complex-valued (non-self-adjoint)

Question
o(Ho) known = o(Hy)?

Goal
oo(Ho) = @ == a,(Hy) = ap(Ho) = @ (absence of bound states)

w repulsive V

a V (attractive) small if compared to Hy
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The method of multipliers: the origine AT
Toy model: Linear Schrédinger equation
iOiu=—Au (%)

Using (%)
= / Pl = ) = S (= it [ ) “
= ([, [, [xu)
Since [-A,[-A, |x|?]] = 8A, then

dtz/M u =8 [ [vu = 16€

— /|x|2|u]2—>oo for t — +oo dispersion(Morawetz'70)
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The method of multipliers: the origine AT
Toy model: Linear Schrédinger equation
iou=—Au (%)
Using (%)
= / Pl = ) = S (= it [ ) “
= —(u,[-A, [, [x[*]]u)
Since [-A,[-A, |x|?]] = 8A, then

dtz/yx| u =8 [ [vu = 16€

— /|x|2|u]2—>oo for t — +oo dispersion(Morawetz'70)

= Identity (e) alternatively multiplying () by [—A, |x|?] and taking %
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Absence of bound states | AT

nologie.

Self adjoint Schrédinger operator
Hy=-A+V, in [3RYCQC), V:RE R, d>3

m By contradiction: —Au + Vu = Au, AeR
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Absence of bound states | &‘(lT

Self adjoint Schrédinger operator
Hy=-A+V, in [3RYC), V:RE - R, d>3

m By contradiction: —Au + Vu = Au, AeR
= Multiply (in L2) by [~ A, [x|?]u, take the real parts

R(Hvu, [=A, [x]Plu) = AR(u, [, |x[]u)
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Absence of bound states | A\K"

Self adjoint Schrédinger operator
Hy=-A+V, in [3R%C), V:R'=R, d>3
m By contradiction: —Au 4+ Wu = Au, AeR
= Multiply (in L2) by [~ A, |x|?]u, take the real parts

R(Hyu, [-A, [x[Plu) = AR (u,[-A, |x[*]u)
—_——

purely imaginary
([=A,|x|?] skew-symm)
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Absence of bound states | &‘(lT

Self adjoint Schrédinger operator
Hy=-A+V, in [3RYC), V:RE - R, d>3

m By contradiction: —Au + Vu = Au, AeR
= Multiply (in L2) by [~ A, [x|?]u, take the real parts

R(Hyu,[-A, |x|?]u) =0
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Absence of bound states | &‘(lT

Self adjoint Schrédinger operator
Hy=-A+V, in [3RYCQC), V:RE - R, d>3

m By contradiction: —Au + Vu = Au, AeR
= Multiply (in L2) by [ A, [x|?]u, take the real parts

(U, [Hv, [, [xlu) = 0
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Absence of bound states | &‘(lT

Self adjoint Schrodinger operator
Hy=-A+V, in [3R%C0C), V:RI SR, d>3

m By contradiction: —Au + Wu = Au, AeR
= Multiply (in L2) by [~ A, |x|?]u, take the real parts

(u, [Hv, [, [x[lu) = 0

= Compute the double commutator = [|Vul?2 — 1 [ x - VV|u[*? =0
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Absence of bound states | AT

nologie.

Self adjoint Schrédinger operator
Hy=-A+V, in [3R%C), V:RI R, d>3

m By contradiction: —Au + Vu = Au, AeR

= Multiply (in L2) by [ A, |x|?]u, take the real parts
<U, [HV7 [_Av ‘X|2]]U> =0

u Compute the double commutator = [|Vul?2 — 1 [ x - VV|u|? =0

wlix-VV<0 = [|[Vuf<0 = o,(-A+V)=0
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Absence of bound states | A\K"

Self adjoint Schrédinger operator
Hy=-A+V, in [3R%C), V:R'=R, d>3
m By contradiction: —Au 4+ Wu = Au, AeR
= Multiply (in L2) by [~ A, |x|?]u, take the real parts
(u, [Hy, [-A, [x]*]]u) = 0

a Compute the double commutator = [|Vu|2—1 [x-VV|u[> =0

m Let 0 # a2 < 1 be such that

1

5 [l vvLup < & [(vup
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Absence of bound states | &‘(lT

Self adjoint Schrédinger operator
Hy=-A+V, in [3RYC), V:RE - R, d>3
m By contradiction: —Au + Vu = Au, AeR
= Multiply (in L2) by [~ A, |x|?]u, take the real parts
(u, [Hy, [-A, [x[*]]lu) = 0
= Compute the double commutator = [|Vul?—1 [x-VV|u>? =0

m Let 0 # a2 < 1 be such that
1
3 [l oVLuE < 2 [V

(1 _a2)/\wy2 <02 o (cA4 V) =
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Mourre Theory A\KIT

Hy=-A+V(x), V:RY=R

Hy symmetric
—_—

Hyu = Au (u,i[Hy,Alu) =0
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Mourre Theory A\KIT

Hy=-A+V(x), V:RY=R

Hyu= u /200 ilHy, Alu) = 0
i

2

A:= ——(x-V+V-x) (dilation operator) = i[Hy,A] = —2A—x-VV

(u,—2Au) = (u, x - VVuy)
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Mourre Theory A\KIT

Hy=-A+V(x), V:RY=R

Hyu= u /200 ilHy, Alu) = 0
i

2

A:= ——(x-V+V-x) (dilation operator) = i[Hy,A] = —2A—x-VV

(u,—2Au) = (u,x - VVu)
ifx-VV <0 = gp(Hy) =2
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Mourre Theory A\KIT

Hy=-A+V(x), V:RY=R

Hyu= u /200 ilHy, Alu) = 0
i

2

A:= ——(x-V+V-x) (dilation operator) = i[Hy,A] = —2A—x-VV

(u,—2Au) = (u, x - VVuy)

ifx-VV <0 = gp(Hy) =2

How does the method of multipliers meet the Mourre theory?
w A:=—J(x-V+V-x) (diationoperator) = [A, |x[?] = 4iA

® 0p(Hy) = @ under same condition on V
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Mourre Theory A\KIT

Hy=-A+V(x), V:RY=R

Hyu= u /200 ilHy, Alu) = 0
i

2

A:= ——(x-V+V-x) (dilation operator) = i[Hy,A] = —2A—x-VV

(u,—2Au) = (u,x - VVu)
ifx-VV <0 = op(Hv) =92
How does the method of multipliers meet the Mourre theory?
w A:=—J(x-V+V-x) (diationoperator) = [A, |x[?] = 4iA
® 0p(Hy) = @ under same condition on V

Mourre theory does not fit well with the non self-adjoint framework
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Absence of bound states Il &‘(lT

Non self-adjoint Schrédinger operator (Fanelli, Krejéifik, Vega ’18)

Hy=-A+V, in [3R%C), V:RY—=C, d>3
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Absence of bound states Il &‘(lT

vvvvvvvvvvv for

Non self-adjoint Schrédinger operator (Fanelli, Krejéifik, Vega ’18)
Hy=-A+V, in [3RYC), V:RP - C, d>3

—> the spectrum is no more necessarily real

m By contradiction: Hyu = (A + ie)u (Case A > [¢] > 0)
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Absence of bound states Il &‘(lT

vvvvvvvvvvv for

Non self-adjoint Schrédinger operator (Fanelli, Krejéifik, Vega ’18)
Hy=-A+V, in [3R%C), V:RY—=C, d>3
= the spectrum is no more necessarily real
m By contradiction: Hyu = (A + ie)u (Case A > [¢] > 0)
= Multiply (in L2) by [~ A, |x|?]u and take the real parts
R(Hv, [=A, [xJu) = —=S{u, [-A, [x]*]u)
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Absence of bound states I IT
Non self-adjoint Schrédinger operator (Fanelli, Krejéifik, Vega ’18)
Hy=-A+V, in [3RYC), V:RP - C, d>3
—> the spectrum is no more necessarily real
m By contradiction: Hyu = (A + ie)u (Case A > [¢] > 0)
= Multiply (in L2) by [~ A, |x|?]u and take the real parts
§R<"_lV7 [_Aa |X|2]U> = 75%<U3 [7A |X‘2]U>

= one identity is not enough to get the absence of eigenvalues!
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Absence of bound states II IT
Non self-adjoint Schrédinger operator (Fanelli, Krejéifik, Vega ’18)
Hy=-A+V, in [3RYC), V:RP - C, d>3
—> the spectrum is no more necessarily real
m By contradiction: Hyu = (A + ie)u (Case A > [¢] > 0)
= Multiply (in L2) by [~ A, |x|?]u and take the real parts
§R<"_lV7 [_Aa |X|2]U> = 75(‘\§\<Ua [7A |X‘2]U>
= one identity is not enough to get the absence of eigenvalues!

m Notea,b>0 = —2ab<0,buta® —2ab+b?>=(a—b)>>0
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Absence of bound states Il &‘(lT

vvvvvvvvvvv for

Non self-adjoint Schrédinger operator (Fanelli, Krejéifik, Vega ’18)
Hy=-A+V, in [3RYC), V:RP - C, d>3

= the spectrum is no more necessarily real
m By contradiction: Hyu = (A + ie)u (Case A > [¢] > 0)
= Multiply (in L2) by [~ A, |x|?]u and take the real parts
R(Hy, [~ A, [x[2u) = —=3(u, [~ A [xP]u)
= one identity is not enough to get the absence of eigenvalues!
m Notea,b>0 = —2ab<0,buta® —2ab+b?>=(a—b)>>0
= Multiply (in L?) by @u and take the real parts and the imaginary parts

m Good algebra and suitable choices of ¢ gives
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Absence of bound states Il &‘(lT

[IVUul+ A [|ul® —2\"2sgneS [ pivu

/\1/2
+ [ RVIUPP +2R [ xWVT — 237 2sgne [ x 7 V|l =

LT [1x|[Vul + A [|x||ul2 — 2A\1/2 sgn eS x| Vut
IX]
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Absence of bound states Il &‘(lT

JIVUP + X [luP —2)"2sgneS [ gaVu

/\1/2
+ [ RVIUPP +2R [ xWVT — 237 2sgne [ x 7 V|l =

LT [1x|[Vul + A [|x||ul2 — 2A\1/2 sgn eS x| Vut
IX]

u=(x) := e~ N"*sen<lxly(x)  (Eidus '62, lkebe-Saito '72)
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Absence of bound states Il &‘(lT

JIVUP + X [luP —2)"2sgneS [ gaVu

/\1/2
+ [ RVIUPP +2R [ xWVT — 237 2sgne [ x 7 V|l =

LT [1x|[Vul + A [|x||ul2 — 2A\1/2 sgn eS x| Vut
IX]

u=(x) := e~ N"*sen<lxly(x)  (Eidus '62, lkebe-Saito '72)

[Vu™ P = [Vul® + Auf® —2A"2 sgn e 513(TV u)
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Absence of bound states Il &‘(“

[IVulZ 4+ X [|u]? —2)\"2 sgneS [ uVu
ik [LHXHVU‘Z + A []x||uf2 — 2712 sgn e _Hx\ﬁVuD}
+(d—1) [RV[u]? + 2R [ xWuVT — 23X\ 2sgne [ x [ V]uP =0

u=(x) := e~ N"*sen<lxly(x)  (Eidus '62, lkebe-Saito '72)

[Vu™ P = [Vul® + Auf® —2A"2 sgn e 513(TV u)

[IVu P [V 2+ (d = DR [ V]~ P+ 2R [ xwVu~ =
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Absence of bound states Il &‘("

m Integrating by parts

VU= P4+-LL (x| Vu= 2= [ 0,(|Ix|RV)|u~ P—2S [ xSWu—Vu~ =0
/2.

a Let a, b be suitable constants such that
[y < 2 19

/ XISV < 12 / Vup

1-a—2b VU’ZSOM)U “A+V)=0
P
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Absence of bound states |l
Non self-adjoint Schrédinger operator on the half-space (C., Krej€i

{—Au =(\+ig)u Q=R x(0,00)

M+ au=0 0Q = {xq = 0}
with a: 0Q — C, ac € L®(09)
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Absence of bound states llI m\“(lT

Non self-adjoint Schrédinger operator on the half-space (C., Krejéifik
{—Au =(\+ig)u Q=R x(0,00)

U tau=0 9Q = {x4 = 0}
with a: 0Q — C, ac € L®(09)

The analogous identity reads

/|w—|2 12/|x||w 24 / Ralu dot+2R | XauVi do =0
Q A/ oQ
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Absence of bound states llI m\“(lT

Non self-adjoint Schrédinger operator on the half-space (C., Krejéifik
{—Au =(\+ig)u Q=R x(0,00)

U tau=0 9Q = {x4 = 0}
with a: 0Q — C, ac € L®(09)

The analogous identity reads
/|w—|2 /|x||vU 24 / Ralu dot+2R | XauVi do =0
Q M/2 o0

a Ra>0 (repulsivity)
. |]V1/2(x’a)||L2(d71)(Rd_1) <b (smallness)

= 2R [jo X' au" Vi~ < CHU—||/241/2(89)
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Absence of bound states llI m\“(lT

Non self-adjoint Schrédinger operator on the half-space (C., Krejéifik
{—Au =(\+ig)u Q=R x(0,00)

U tau=0 9Q = {x4 = 0}
with a: 0Q — C, ac € L®(09)

The analogous identity reads
/|w—|2 /|x||vU 24 / Ralu dot+2R | XauVi do =0
Q M/2 o0

a Ra>0 (repulsivity)

» [VY2(X )| joo-1y(ga-1y < b (smaliness)
= 2R [jo X' au" Vi~ < CHU—||/241/2(89)

Trace argument = ||u™ [|g1/2(90) < U [lg1() = op(—Aa) =2

Lucrezia Cossetti — The method of multipliers in spectral theory July 11, 2022 8/10



Absence of bound states IV A\‘("

Generalizations to other models:
m Electromagnetic Schrodinger (Fanelli, Krejcifik, Vega '18 d > 2)
Hoy = —(V+iA2+V AR SRY VR C
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Absence of bound states IV g\(lT

Generalizations to other models:
m Electromagnetic Schrodinger (Fanelli, Krejcifik, Vega '18 d > 2)
Hoy = —(V+iA2+V AR SRY VR C
New term depending on B := (VA) — (VA)" :
%/X-B-VAuudx
it [ xPIBRIu < 67 [ [Vaul? 5 op(Hay) = 2.
[Koch, Tataru 2006] Gauge dependent conditions.
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Absence of bound states IV A\‘("

Generalizations to other models:
m Electromagnetic Schrodinger (Fanelli, Krejcifik, Vega '18 d > 2)
Hoy = —(V+iA2+V AR SRY VR C
New term depending on B := (VA) — (VA)" :
%/X-B-VAuudx

it [ xPIBRIuR < B2 [ [Vaul2 =52 o (Hay) = 2.
[Koch, Tataru 2006] Gauge dependent conditions.

@ Lamé operators (C. '17)

Hy == —pA — (A +p)Vdiv+V(x) V:RY—=C% d>3
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Absence of bound states IV AT
Generalizations to other models:
m Electromagnetic Schrodinger (Fanelli, Krejcifik, Vega '18 d > 2)
Hoy = —(V+iA2+V AR SRY VR C
New term depending on B := (VA) — (VA)" :

%/X-B-VAuudx

it [ 1x[2BI2[uf2 < b2 [ |V a2 2% 6y (Hay) = 2.

[Koch, Tataru 2006] Gauge dependent conditions.
@ Lamé operators (C. '17)
Hy == —pA — (A +p)Vdiv+V(x) V:RY—=C% d>3
m Matrix-valued electromagnetic Schrodinger (C., Fanelli, Krejéitik '20)
— Hpv=—(V+iAPlen+V(x) V:RI=C™" d>1
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Absence of bound states IV
Generalizations to other models:

a Pauli operators (C., Fanelli, Krej¢itik '20)

Hp(A, V) = —(V +iAPle —c - B+ V

Lucrezia Cossetti — The method of multipliers in spectral theory

o = (01,02,03)
Oi, V(X) < C2x2
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Absence of bound states IV &‘("

Generalizations to other models:
m Pauli operators (C., Fanelli, Krej¢ifik '20)
Hp(A, V) = —~(V +iAPle —c-B+V o= (01,02,03)
o, V(x) € C?*2

a Dirac operators (C., Fanelli, Krejcifik '20)

1
Hp(A) := —ia- (V + iA(x)) + S a= (o1, a2, 3)
a, €CY 1=1,2,3,4
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Absence of bound states IV &‘("

Generalizations to other models:
m Pauli operators (C., Fanelli, Krej¢ifik '20)
Hp(A, V) = —~(V +iAPle —c-B+V o= (01,02,03)
o, V(x) € C?*2

a Dirac operators (C., Fanelli, Krejcifik '20)
1
Hp(A) := —ia- (V +iA(x)) + S a= (a1, 2, v3)
a, €CY 1=1,2,3,4

Hp(A) + Lice 0
2 P 1'C
Hp(A)~ = < 0 b(A) 1/c2> (supersymmetry)
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Absence of bound states IV &‘("

Generalizations to other models:
m Pauli operators (C., Fanelli, Krej¢ifik '20)
Hp(A, V) = —~(V +iAPle —c-B+V o= (01,02,03)
o, V(x) € C?*2

a Dirac operators (C., Fanelli, Krejcifik '20)

1
Hp(A) := —ia- (V + iA(x)) + S a= (o1, a2, 3)
a, €CY 1=1,2,3,4

Hp(A) + Lice 0
2 P 1'C
Hp(A)~ = < 0 o(A) 1/c2> (supersymmetry)

L//(//// yore // ///f altereticre
s
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Main theorem (C., Fanelli, KrejgiFik ’20) AT

Letd >3,n>1andlet Ac W /(R RY), V = V) + v with V@ = vie

oC
and Rv € WLY2 It Vi € C3°(RY)

[ (181 VOO - [Ru 4 [V + o)) uf? < s [V
Rd RY

then o, (H(A, V)) = @.
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