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Overview

@ Introduction and motivation

© Biharmonic operator with a discontinuous potential

e Biharmonic operator with a general potential
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Notation

@ Zis a closed linear operator on a Hilbert space,

@ Resolvent set p(Z) := {z € C: £ — z bijective and (£ — z)t bounded},
@ Spectrum o(.Z) :=C\ p(2),

Pseudospectrum

Given € > 0, the e-pseudospectrum (or simply pseudospectrum) of & is defined as

0:(2) = o(2) U{zen@) (-2 ">} .

In general, we can not describe 0.(%) explicitly, because
@ Not easy to calculate the spectrum o(.%) ,
@ Not easy to calculate the resolvent (&£ —z)~*,

@ Even if you have an exact formula for [ (£ — z)™! , not easy to calculate its norm.
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However, when .Z is non-self-adjoint, o0<(-%) can be very non-triviall
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Why should we care about the pseudospectrum?
@ When .Z is self-adjoint (or normal)

-1
£ =27 = gEEer@y

= 0.(¥) ={zeC:dist(z,0(%)) < e}.

However, when .Z is non-self-adjoint, o0<(-%) can be very non-triviall

Figure: Pseudospectrum of ¥ = —% + ix?.

@ Spectral instability:

oe(L)= |J o(Z+V)
V bounded
IVil<e
~~ Small perturbation of the operator does not mean small perturbation of the spectrum.
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What is this talk about?

This talk is about the perturbed biharmonic operator by a complex
potential V € L2 (R, C),

d4
Ly = e + V(x),
Dom(%y) := {u e L*(R) : Aue L*(R)}.
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V = isign(x)
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V = isign(x)
g Dom(.%) = H*(R
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V = isign(x)
g Dom(.%) = H*(R
= a + isign(x), om(.Z) = H'(R).
We can show that
@ Zis a closed operator with a non-empty resolvent set p(£) # 0,
@ its numerical range Num(.%) := {(Lu,u) : u€ H*(R),|lull,z =1} is
Num(.Z) = (0, 4+00) + i[-1,1]

"IN

v

—> % is a m-sectorial operator.
@ the adjoint of .Z is
L = d‘L,@ isign(x), Dom(.Z*) = H*(R),
= % is neither self-adjoint nor normal.
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The Spectrum
Schrodinger (Henry-Krejeifik-17)

2
The spectrum of %L, 1= —:7 + isign(x) is given by

U(XSch) = Uess(»gSch) = [01 +OO) + f{—l, 1}.

Biharmonic (N.-22)

The spectrum of %; := dd% + isign(x) is given by

0(ZLgi) = Tess(Lii) = [0, +00) +i{-1,1}.

¥
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Resolvent estimate

Schrodinger and Biharmonic (Henry-Krejéitik-17 and N.-22)

For all € > 0, there exists a constant Cy > 0 such that
@ 6)\/1R(e|;2 < I Ssen = 2)7H S 41+ &) ez
( E) Re z

Vi—(mz2 = < (L —2)7H < 8(1+¢); Re z

—(Imz)?

for all z € C such that Re z > Gy and Im z € (—1,1).
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Resolvent estimate

Schrodinger and Biharmonic (Henry-Krej¢ifik-17 and N.-22)

For all € > 0, there exists a constant Cy > 0 such that
R . .
(1 E)m < |(Lseh —2) 71| < 4(1 +5)1 (Tnfz)z
(1 - &) ety < (i = )7 < 8( + &) 5y

for all z € C such that Re z > Gy and Im z € (—1,1).

The resolvent can be written in the kernel form

(& - 2)H(x) = /R Ra(x,y)f(v) dy
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Resolvent estimate

Schrodinger and Biharmonic (Henry-Krej¢ifik-17 and N.-22)

For all € > 0, there exists a constant Cy > 0 such that

(1- &) B < (Lo — 2) M S 41+ ) B2
Re z

@ E)X/Re;z < (i — 27 < 8L+ &) iy

for all z € C such that Re z > Gy and Im z € (—1,1).

The resolvent can be written in the kernel form
(£ =270 = [ Relx)F(y)dy

@ The upper bound is obtained by the Schur's test

—1 2
12 -2t < (fgﬂg /]R |Rz(x,y)|dy) <52§ /]R |Rz(x,y)|dx>
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for all z € C such that Re z > Gy and Im z € (—1,1).

The resolvent can be written in the kernel form
(£ =270 = [ Relx)F(y)dy
@ The upper bound is obtained by the Schur's test

—1 2
(£ —-2)" |7 < (igﬂg/RIRz(xyy)ldy) <;Z§/R|Rz(x,y)ld><)

@ The lower bound is obtained by choosing a "nice” function fy € L?(R)

122" %ll 28

_ -1
(£ —-2)""| > Tl 2@
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The above method works because we can calculate an explicit formula for
the resolvent!
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The above method works because we can calculate an explicit formula for
the resolvent!

What about the operator that we can not calculate the resolvent?
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From the definition

A€ 0:(Z) if and only if,

° \e o(2)
or

@ ) is a pseudoeigenvalue, i.e. there exists ¥ € Dom(.%)

(£ =V <elv] .

We call W a pseudomode associated with .
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M:o(l), A — o0 in Q,

Wl

@ In 1999, Davies (Commun. Math. Phys.) realised that we can applied semiclassical
method to answer this question for non-self-adjoint Schrédinger operators.
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Question
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LA = 0(1), Ao o0in@

@ In 1999, Davies (Commun. Math. Phys.) realised that we can applied semiclassical
method to answer this question for non-self-adjoint Schrédinger operators.

@ In 2004, Dencker, Sjéstrand and Zworski (Commun. Pure Appl. Math) developed the
semiclassical idea for the pseudo-differential operators.

© In 2019, Krejéitik and Siegl (J. Funct. Anal.) could answer the question for
non-self-adjoint Schrodinger directly without going through semi-classical regime.
Furthermore, the semi-classical setting follows as a special consequence.

© In 2022, Krejeitik and N. (J. Funct. Anal.) extended the method of Krejéifik and Siegl to
to relativistic quantum mechanics by considering Dirac operators.
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WKB analysis

Find W such that _ when \ very large.
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4
V=) vy

Find W, such that o

= o(1) when X very large.

@ Looking for the pseudomode in the form

n—1
Wyn=&xexp (— > A_kw(X))

k=—1
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WKB analysis

4
V=) vy

Find W, such that N

= o(1) when X very large.

@ Looking for the pseudomode in the form

n—1
Wyn=&xexp (— > /\_kdfk(X)>

k=—1

e &, is a cut-off function,
e 1y satisfying the system of solvable ODEs

1 A — V(X)
The Eq. 1: (1/1(_%)4 =—z
(@)
The Eq. 2: {V = g%
Yo
DTN Banff, Canadaluly 15, 2022
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What's new with this non-semiclassical WKB?

Semiclassical WKB
1) The parameter h is a small positive number.
2) The eikonal and all the transport solutions do not depend on h.
3) The pseudomodes always localize.

4) The potentials are always assumed very smooth.

Non-semiclassical WKB

1) The parameter X is a large complex number.

2) The eikonal and all the transport solutions depend on \. Therefore, it's a
challenge to perform all estimations uniformly.

3) The pseudomodes do not localize, their supports can be extended in some cases.

4) It can cover the potentials with low regularity, even discontinuous ones.
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Let V:R — Rand limsup V(x) < 0 < liminf V(x)
X—>+00

For Schrodinger operators (Krejéitik- Siegl-19)

2
Assume V € Wllzzl’oo(R) for some N > 0 and let Lo, = *dif +iV(x) . Then
X

[1(ZLsch = MW, nll,2 N+1
= L® _ o ((Re/\)_TJr)
IV wll 2Ry

as A — oo C C in the region parallel to the positive semi-axis

1=

V.
For Biharmonic operators (N.-22)
Assume V € WIIZ:3’°°(R) for some N > 0 and let Zg; = % +iV(x) . Then
(L8 = MVl 2 o ((RM)‘#)
Y wll 2Ry
as A — oo C C in the region parallel to the positive semi-axis. y
P (et ey e 002



Example (Bounded and smooth potentials)
V(x) = 2 arctan(x)

We have

lim V(x)=-1 and lim V(x)=1.

X——00 X—r+00

y
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Example (Bounded and smooth potentials)
V(x) = 2 arctan(x)

We have

lim V(x)=-1 and lim V(x)=1.

X—r—00 X—>+00

Then, for all N > 0,
(i = AWl Y
——— 2 2 —O((Re A 4
Wl (CENy

aSA-)OOinQ:{Oé-FI'B:OéZl,BE[—ﬂ,,ﬁJF]C(—l,l)}.
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Example (Bounded at —oo and unbounded at +00)
V(x)=e"—-1
We have
lim V(x)=-1 and lim V(x) = +oo.

X—>—00 X—>+00
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Example (Bounded at —oo and unbounded at +00)

V(x)=e—1

We have
lim V(x)=-1 and lim V(x) = +oo.

X—>—00 X—>+00

For all N > 3 and for all ¢ > 0,

(L = )V nll =N,
—— = 7 1 —O((Re\) *
W] (Re ")

asA—ooinQ={a+if:azl, pe[-p-,0:] C (-1, +0c0)}.
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Example (Bounded at —oo and unbounded at +00)

V(x)=e"—-1
We have
lim V(x)=-1 and lim V(x) = +oo.
X——00 X—r+00
For all N > 3 and for all ¢ > 0,
[(Zv = Vol _

ral 9] ((Re ,\)22N+a)

asA—ooinQ={a+if:azl, pe[-p-,0:] C (-1, +0c0)}.

The method also works for a wide classes of potentials:
@ Polynomials V(x) = sign(x)|x|” for v > 0,
@ Logarithmic functions V(x) = In (x + Vx> +1),...

@ Super-exponential functions V(x) = sinh(x), sinh(sinh(x)), . ..
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Example (Decay at +00)
V(x) = 5, x| 21, 0<y<1.

It does not satisfy the assumption of Theorem:

lim V(x)=0 and lim V(x)=0.

X—r—00 X—>+00
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Example (Decay at +00)

V(x) = =& x| >1, 0<y <1

T x

It does not satisfy the assumption of Theorem:

lim V(x)=0 and lim V(x)=0.

X——00 X—>+00
For all N > 0 and for all € > 0,

[(Lv = Vol _

o o) ((Re )\)’#)

as A\ — oo in

Q:{oa—i—iﬁe(C:ozzl, |/3|5a*%ﬁ*5}.

4
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WKB around turning point

d*
Z = Fs +iV(x) on L*(R.)

@ Assume that V is smooth enough and strictly increasing near +o0o such that

lim V(x) = +o0,

xX——+00
@ We write A = a + i, for sufficiently large 5 > 0, the turning point xg of V by

V(xg) =8,

@ By doing WKB analysis around the turning point, we can construct a region
bounded by two curves in which we get the pseudomode.
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Example (Polynomial potential)

_d* 2Rt
f—dx4+1x on L“(R™) .y > 0.

4
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Example (Polynomial potential)

_d* 2Rt
f—dx,,-%—lx on L“(R™)

There exists a family Wy such that “(Z]l;i)lw I

{a+iﬂ€C:BZIand[3

e
{a+iﬁ€C:BZIandﬁ5

for arbitrary small € > 0.

s
—
[
|

.y > 0.

I = 0o(1) when A — oo in the region

0<y<1,

e <ags

L
wis
—

=

s
NS
—
[
L
——
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Example (Super-exponential potential)

P = % + ie®" on L2(R")

(2 —2wall _

There exists a family Wy such that AT

o(1) when A — oo in the region

4
5

Q::{a+iﬁe<C:,8212nd,3é+E'“('B) 5"5[ ¢ ]_}

for arbitrary small € > 0.
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Example (Super-exponential potential)

P = % + ie®" on L2(R")

(2 —2wall _

There exists a family Wy such that AT

o(1) when A — oo in the region

4
5

Q::{a+iB€C:,leand,3é+E'“('B) 5"5[ ¢ ]_}

for arbitrary small € > 0.

Thank you for your attention!
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