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® Field, material properties are not varying in

. TZ y—direction.
S oo ® Field ansatz
E = (Ex(x), Ey (), E(x))e" P52,
dNO:e' 0 T H = (Hy(x), Hy(x), Hy(x))e"“t=Fs2),
Region
Straight Waveguide ® Frequency domain Maxwell equations
E ® For TE mode, governing equation is
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A g L5(E) = 5 T2 + n2(E, = 2E,
~d[ coe |0 x |E,| — 0 as x — +o0, E, is outgoing waves.
Region

Refractive index profile ® Js is propagation constant (unknown).

Ref: P. Joly and C. Poirier, Mathematical analysis of electromagnetic open waveguides,
ESAIM: Mathematical Modelling and Numerical Analysis, 29(1995), pp. 505 — 575 /
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® Plug bent mode field expression in Maxwell's curl equations.
® For TE modes: only (E,, H,, Hg) # 0 and for TM modes: only (Hy, E;, Eg) # 0.
® Principal electric and magnetic components — Bessel equation of complex order vR

A2 dy
2 2.2 2 p2

+ r— 4 (n“(r)k“rc —y°R%)y =0,

dr2 dr
for = E, or ¢ = H,.

Ref: K.R. leemath M.Hammer, R Stoffer, L. Prkna, and J. Ctyroky, Analytic approach to dielectric optical bent slab waveguides.
Optical and quantum electronics, 37(1),2005, pp.37-61.
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Define an operator Lg as
7R

1
Lry = <k2;¢,>r + n2(r)%1/} = ﬁ?w’ 0<r<oo. (1)
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Define an operator Lg as

R

Associated boundary conditions for the guided modes are given by

|(r))] -0 as r—0,
|(r)] -0 as r — oo and % is an outgoing wave,

2 R
Lrt) = <k2 sz,) (g =154 0<r<. (1)

where refractive index profile
ns, 0 <r<R-—dd,
n(r)y=<n;, R—d<r<R,
ne, R<r < oo,

and d core width, k = 2; vacuum wavenumber, v = 8 — 1 unknown propagation

constant, and R bent radius parameter.
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Consider . 2 R
Lry = <k2 wa> n*(r NEY=127% 0<r<c
Using .
<wo>~ | w(r)¢*(r)§dr-

The adjoint operator is

N 203" Y 2 _ 7R
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Cause of Non-self-adjointness

()
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Consider . 2 R
Lry = <k2 wa> n*(r NEY=127% 0<r<c
Using .
<wo>~ | w(r)¢*(r)§dr-

The adjoint operator is

N 203" Y 2 _ 7R
RY = (er)r +n (f)ﬁl/ﬁL <rRk2 - Rk2?/)r> =2

Cause of Non-self-adjointness

and v = 3 — 1« is complex proved by o # 0.

Ref: R. Kumar, and K.R. Hiremath, Non-self-adjointness of bent optical waveguide eigenvalue problem,
Journal of Mathematical Analysis and Applications, 512(1), 2022 p.126024.
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Ref: R. Kumar, and K.R. Hiremath, Non-self-adjointness of bent optical waveguide eigenvalue problem,
Journal of Mathematical Analysis and Applications, 512(1), 2022 p.126024.
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. 2
Bent Waveguide (Lg, /7,v)

Straight Waveguide (Ls, %Wb) e Relationship between real and imaginary
® Eigenvalues are real. part of complex eigenvalues?
e QOperator Ls is compact? ® QOperator Lg is compact or not?
e Corresponding to distinct eigenvalues, e Corresponding to distinct eigenvalues,
eigenfunctions are orthogonal. eigenfunctions are orthogonal or not?
® For the operator Lg, distinct ® For the operator Lg, distinct
eigenvalues are countable (finite?). eigenvalues are countable or

uncountable?

Answers? How?
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Relationship between real and imaginary part of eigenvalues

Consider
r

Lrt) : TR,
Rd] . <k2 R¢r> (r)ﬁw - ﬁ7¢7 < r < oo.

Multiplying with 1* both sides to above equation and integrating both sides we get

5 >, o _,6’2—a2—2zaﬁ/°°R 5
im it = [ it [ () plupar = S0 200 [T R gy,
4 —

r—00 Rk2

Real Real Complex Real
(4)
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Relationship between real and imaginary part of eigenvalues

Consider
r

~2 R
Lry = <k2 R%) (r)ﬁw = ﬁﬁb, 0<r<oo.

Multiplying with 1* both sides to above equation and integrating both sides we get

5 >, o _52—a2—2zaﬁ/°°R 5
im it = [ it [ () plupar = S0 200 [T R gy,
4 —

r—00 Rk2

Real Real Complex Real
(4)

Asymptotic expansion of the v for r — oo

exp —t (nckr - 'ng - E). (5)

TZJNAC 4

mn.kr

Ref: K.R. Hiremath, M.Hammer, R. Stoffer, L. Prkna, and J. Ctyroky, Analytic approach to dielectric optical bent slab waveguides.
Optical and quantum electronics, 37(1),2005, pp.37-61.
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Relationship between real and imaginary part of eigenvalues

Using asymptotic expansion in Eq. (4), one gets
1
B = |AC|2

aRm
where |A| is arbitrary constant.

exp(aRT), (6)
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Relationship between real and imaginary part of eigenvalues

Using asymptotic expansion in Eq. (4), one gets
1

B = |AC|2aR7r exp(aRT), (6)
where |A| is arbitrary constant.
pla)
1
A= —
/ Rmt
0|~ —
1A Y,

Shows the relationship between phase propagation constant 3 and attenuation constant . At a. = Ri,ﬁ
. . . . a
changes its behavior. For finite R, 3 - 0.
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General result on finite number of eigenvalues for a operator

Theorem (Compactness criterion)

Let T : X — Y be a linear operator where both X and Y are normed space. Then T is
compact iff it maps every bounded sequence {1} in X onto a sequence { T} in Y
which has a convergent subsequence.

Theorem (Accumulation point of eigenvalues set)

Let T : X — X be any compact linear operator where X is a normed space. Then set of
the eigenvalues of the operator T is countable and the only possible accumulation point
is zero.

Ref. E. Kreyszig, Introductory functional analysis with applications. Vol. 17. John Wiley and Sons, 1991.
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Let T : D(T) C X — X be a bounded linear operator where domain D(T) of operator T
is a compact normed space, and X is a Banach space. Suppose zero is not an
accumulation point of the eigenvalues for operator T. Then, the distinct eigenvalues of
operator T are finite in counting.

Outline of proof.

First, we prove the bounded operator T is compact by contradiction to the result of the
compactness criterion. Then, we use the result 'accumulation point of eigenvalues set’ to
conclude the eigenvalue set is finite. The eigenvalues set is therefore bounded, discrete,
and closed. Ol
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The operator Lg : Vg C £2[0,00) — £2[0, 00) defined on the Banach space. According
to this previous theorem, if domain Vg is compact set and Lg is bounded then operator
Lr will be compact operator.

Theorem (Kolmogorov—Riesz theorem)

A subset J of (LP(R"), ||.[,),1 < p < oo is totally bounded in LP(R") iff the following
conditions hold
1. J is bounded i.e. there exist an M > 0 such that ||f||, < M for every f € J.
2. For each € > 0, there is a n > 0 such that |t| < n and f € J implies
fR,, [f(t+ x) — f(x)|Pdx < €P.
3. limp_eo f|x|>n |f(x)|Pdx = 0 for every f € J.

Totally bounded (V) and Completeness (£2][0,00)) == Relatively compact (Vg).
Lr, Non-self-adjoint operator having finite number of distinct eigenvalues.

Ref. H. H. Olsen, H. Holden, and E. Malinnikova, An improvement of the Kolmogorov—Riesz compactness theorem.
Expositiones Mathematicae, 37(1), 2019, pp.84-91. 13/17
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! _ r 2 R

For another eigenfunction ¢ and elgenvalue 0 #

¢ 5*2 R

% 2
w0 = (gas), + mgo+ (rsz - Rk2¢'> ke

(7)
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Orthogonality of eigenfunctions

Consider
tev = (L 00,) +r)be="LRy (7)
R k2 R’ R"  k2r"
For another eigenfunction ¢ and elgenvalue 0 #
co— (1 20" 6 2 \_9ZR
RO = (Rk2¢r>r+ m(rge+ <rRk2 Rk2¢’> =T’ (8)

On multiply ¢* to the Eq. (7) and ¢* to the Eq. (8) both side and on integrating both
sides from 0 to oo, one gets
(6> —7%) <9, ¢ >,=0,
—_———
#0
We get,
<, >,=0.

Lr, Non-self-adjoint operator with orthogonal eigenfunctions
14 /17
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Summary

Operator Lg corresponds to bent waveguide EVP is a non-self-adjoint operator.

r 2R
LR@ZJ = (k2 R¢r> (r)ﬁw ﬂ)a 0<r<oo.

Non-self-adjoint problem Lgr — Self-adjoint problem L., = Ls.

Operator Lg is a compact non-self-adjoint operator with finite number of eigenvalues.

Eigenfunctions of operator Lgr corresponding to distinct eigenvalues are orthogonal.

® Finiteness of the eigenvalues set.

15/17



DST, India

Namaste, Thank You

kumar.117@iitj.ac.in

16/17



Asymptotic expansion of eigenfunctions

17/17



Asymptotic expansion of eigenfunctions

u ]
TEO
—_—

(R [um)

Bent mode profile for large R

17/17



Asymptotic expansion of eigenfunctions

: ® For the asymptotic analysis, n(r) = nc

(R [um)

Bent mode profile for large R

17/17



Asymptotic expansion of eigenfunctions

: ® For the asymptotic analysis, n(r) = nc
Y Py + ry + (n2k22 — 2Ry = 0. (9)

(R [um)

Bent mode profile for large R

17/17



Asymptotic expansion of eigenfunctions

: ® For the asymptotic analysis, n(r) = nc
] P + ribe + (R2k2r* = ?R?)p = 0. (9)
@ * Leading behavior of the solution 7/(r) = e>("),
one gets
r?(Sy + S%) 4+ 1S, + (n2k?r? — 4?R?) = 0. (10)

(R [um)

Bent mode profile for large R

17/17



Asymptotic expansion of eigenfunctions

: ® For the asymptotic analysis, n(r) = nc
n P + ribe + (R2k2r* = ?R?)p = 0. (9)
@ * Leading behavior of the solution 7/(r) = e>("),
one gets
r?(Sy + S%) 4+ 1S, + (n2k?r? — 4?R?) = 0. (10)
o 77T ® Assume that |S,| << |S?| as r — oo, we get
Bent mode profile for large R S ~ L wnckr = 5

17/17



Asymptotic expansion of eigenfunctions

22
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Asymptotic expansion of eigenfunctions

= T : ® For the asymptotic analysis, n(r) = nc

“ /\ — r2, + ry + (n2k%r> —42R%)p = 0. (9)
5 * Leading behavior of the solution v(r) = ("),

o ] one gets

r?(Sy + S%) 4+ 1S, + (n2k?r? — 4?R?) = 0. (10)

f L L L
2 0 2 4 6 [ 10
(R) [um]

® Assume that |S,| << |S?| as r — oo, we get
Bent mode profile for large R S ~ L wnckr = 5

® Let S(r) ==+ wnckr + S51(r), and |S1(r)| << |enckr|. From Eq. (10)

S(r) ~ So(r)+ Si(r) ~ £ wnckr — 1 Inr+ Sy(r).
® On putting S(r) back in 1(r) = e5(9), one gets ¥(r ) L oF wnckr+5;(r).

® Asymptotic behavior of mode v will be proportional to

%\H%\
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