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Spectral formulation

Navier-Stokes Equations

{Gtv—eAv+v-Vv:—Vp+b in Ry xD

v=20 on Ry x 0D
v: velocity p : pressure b = b(xz)i: body force
D=Rx(-1,1) €L Reynolds # no slip

v belongs to (L < e 1)
W = {ue %0, T;H: (D,R?)) |divu = 0, u(t,x1+L, x) = u(t,x1, %) }
p belongs to

Qri=1{pe L2(O, T; H,:})C(b)) | Vp(t,x1+L,x2) = Vp(t,x1,x2) }.
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Laminar flow

vV = U(Xz);\l
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Laminar flow

v=U(x)i a€cR: Pressure gradient
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Laminar flow
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Laminar flow

v=U(x)i a€cR: Pressure gradient
U'=a+b(xx) ; p=eaxi+po

Symmetric flow: U(—x2) = U(x2)

Restriction to [0,1] = U'(0) = U®)(0) =0

a=1b=0, Poiseuille flow: U= (1—x3)/2

Linearized operator:

Tuz—caut UM L UL, D,
ox1

(T—ANu—-Vg=F.

Yaniv Almog Laminar flows



stream function u =V v
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stream function u =V v

curl (T — A)u = (— eA? UaaxlA - U”;)q - /\A)w
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stream function u =V v

curl (T — A)u = (— eA? UaaxlA - U”;)q - /\A)w

Fourier cofefficient

1

L .
P(an, x2) = L/ e 'h(x1, x0) dxq
0
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stream function u =V v

curl (T — A)u = (— en? a2 /\A)w

8X1 8X1
Fourier cofefficient
1t
P(an, x2) = L/ e ') (x1, x2) dxq ,

0

The Orr-Sommerfeld operator
2 i . d2 2 . "
Baasé = (— 5+ iBU+ :A)) <W — >¢ —iBU"$

B =ae!=aRe A=Na—ex
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stream function u =V
0 0
o —( _ 2 YA g Y
curl (T — A)u ( D7 +UZ AU /\A)w
Fourier cofefficient

1t
P(an, x2) = L/ e 'h(x1, x0) dxq
0

The Orr-Sommerfeld operator
d? d?
Brapd = (= o5 +iBU+iN) (5 —a?)o—iBU"s
B =ae!=aRe A=Na—ex
Restriction to [0, 1] — even modes

D(By.ap) = {ue H*0,1), «'(0) = u®(0) = 0 and u(1) = /(1) = 0}.
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Fig. 4.11. The curve of marginal stability for plane Poiseuille flow based on
equation (28.33). (From Reid 1965.)
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Grenier, Guo, & Nguyen (2016)
Ci={AeC|RX>0}
CA Y <a<CRAYI0= 3N eC, : KerBy, o # {0}

aR\g ~ O(B~1/?)
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Main results

Almog & Helffer

Let § > 0 and U € C*([0,1]) satisfy

UMW) =0 i max U'(x)<0 ; U(0)=U(0)=0
xe|—1,
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Main results

Almog & Helffer

Theorem
Let § > 0 and U € C*([0,1]) satisfy

UMW) =0 i max U'(x)<0 ; U(0)=U(0)=0
xe|—1,

Then I(ay, C,T) € R3, and By > 1: VB > By it holds that

. d ) )
sup |[|(Bxa,8) 1H+de(BA,a,/3) 1” < cp2,
0<a<a f71/° X
RA<TS1/2
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Main results

Almog & Helffer

Theorem
Let § > 0 and U € C*([0,1]) satisfy

UMW) =0 i max U'(x)<0 ; U(0)=U(0)=0
xe|—1,

Then I(ay, C,T) € R3, and By > 1: VB > By it holds that

. d ) )
sup |[|(Bxa,8) 1H+de(BA,a,/3) 1” < cp2,
0<a<a f71/° X
RA<TS1/2

|l d i i
sp  [|(Baas) M| + || 5 (Bras) Y| < cB7H2.
B1/10+5 < Ix
RA<TBL/2
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Proof outlines

Rayleigh Operator
def 2

, d
Ara E (U+IA)<—@+042> +U",
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Proof outlines

Rayleigh Operator

2
Arve & (U4 i/\)< v —|—a2> + U,

D(Ax.) = {u € H?(0,1), /(0) = u(1) = 0}.
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Proof outlines

Rayleigh Operator
def . d2 2 "
Ara & (U +iN)( s +a )+,
D(Ara) = {u € H(0,1), '(0) = u(1) = 0}.

Bound for AL in the limit |u| — 0.
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Proof outlines

Rayleigh Operator

e . d?
Arve & (U4 :A)( - =3 +a2> +U",
D(Ax.) = {u € H?(0,1), /(0) = u(1) = 0}.

Bound for AL in the limit |u| — 0.

vo = Axa® + (U +iX)¢" (1))
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Proof outlines

Rayleigh Operator
def . d2 2
Are = (U+ l)\)<— 2 + « ) + U,

D(Axa) = {u € H*(0,1), u/(0) = u(1) = 0}.
Bound for A;L in the limit |u| — 0.
vo = Arad + (U+iN)g" (1)

. Ai(BY3e7m/5(1 — x) — i)
¢(X) - Ai(ﬁ1/3e_i27r/3/\)

O(x),
© - cutoff
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Proof outlines

Rayleigh Operator
e d?
Ave & (U+i A)(—ﬁ—i—a ) + U,
D(Ayo) = {u € H?(0,1), /(0) = u(1) = 0}.

Bound for A;L in the limit |u| — 0.
vo = Arad + (U+iN)g" (1)

. Ai(BY3e7m/5(1 — x) — i)
¢(X) - Ai(ﬁ1/3e_i27r/3/\)

O(x),

© - cutoff
Alternative formulation of By o g¢ = f

(L—-BNvo =g re d?
vp(l) = v5(0) =0 Cod

+ iU
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@ Estimate |¢"(1)]
@ Estimate [|(£ — B8\) g, p= 2,0
© Estimate HA;}O[V@HlQ

Q Estimate \\A;i(U +iX)¢" (1)

1,2

Yaniv Almog Laminar flows



@ Estimate |¢"(1)]
@ Estimate [|(£ — 8\) g, p= 2,0
© Estimate HA;}O[V@H1,2

@ Estimate ||A; L (U + iX)¢" (1))

a << ﬁ71/6

1,2
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@ Estimate |¢"(1)]
@ Estimate [|(£ — B8\) g, p= 2,0

© Estimate HA;\la voll1,2

Q Estimate \\A;i(U +iX)¢" (1)

a << ﬁ71/6

1,2

2 . d, ,d1
Ao =V + U =3 U %0
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@ Estimate |¢"(1)]
@ Estimate [|(£ — 8\) g, p= 2,0
© Estimate HA;}O[V@H1,2

@ Estimate ||A; L (U + iX)¢" (1))

a << ﬁ71/6

1,2

d2 1 d 2
Aoo = —Ug + Ul =—2 U2 0

U € KerAoo (U(1) = U'(0))

d1

Yaniv Almog Laminar flows



@ Estimate |¢"(1)]
@ Estimate [|(£ — 8\) g, p= 2,0
© Estimate HA;}O[V@H1,2

@ Estimate ||A; L (U + iX)¢" (1))

a << ﬁ71/6

1,2

d2 1 d 2
Aoo = —Ug + Ul =—2 U2 0

U € KerAoo (U(1) = U'(0))

d1

1
/ Apopdx =0
0

Yaniv Almog Laminar flows



@ Estimate |¢"(1)]
@ Estimate [|(£ — 8\) g, p= 2,0
© Estimate HA;}O[V@H1,2

@ Estimate ||A; L (U + iX)¢" (1))

a << ﬁ71/6

1,2

d2 1 d 2
Aoo = —Ug + Ul =—2 U2 0

U € KerAoo (U(1) = U'(0))

d1

1
/0 Agodpdx =0 ¢(1)=0= Ago¢| _, =0.

Yaniv Almog Laminar flows



Let p>1, Ue C2([0,1]) : U(1) = U'(0) =0
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Let p>1, U e C?([0,1]): U(1) = U'(0) =0
3C>0: Y(o,v) € D(Agp) x WLP(0,1)

satisfying
Ao =v (l,v)=0and v(l) =0

Yaniv Almog Laminar flows



Lemma

Let p>1, U e C?([0,1]): U(1) = U'(0) =0
3C>0: Y(o,v) € D(Agp) x WLP(0,1)

satisfying
Ao =v (l,v)=0and v(l) =0
Then,

16

12 < Cllv|a.
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Lemma

Let p>1, Ue C%([0,1]): U(1) = U'(0) =0
3C >0: Y(¢,v) € D(Agp) x WHP(0,1)

satisfying
Avop=v(l,v)=0and v(1)=0
Then,

16

12 < Cllv|a.

vi=Aoop = —Us" + U"o
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Lemma

Let p>1, Ue C%([0,1]): U(1) = U'(0) =0
3C >0: Y(¢,v) € D(Agp) x WHP(0,1)

satisfying
Avop=v(l,v)=0and v(1)=0
Then,

[9ll12 < Cllvl2-

vi=Agop = —-Ug¢"+ U"p

(= & +iBU)v = UF +206 + U"¢" — (U"9)" in [0,1]
v(1) =Vv'(0)=0
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Ivll2 < €(8722 (61,2 + 16" 2 + 16 2) + 5711F12)
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Ivll2 < €(8722 (61,2 + 16" 2 + 16 2) + 5711F12)

16”2 < € (8723 fll2 + 8|9

12)
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Ivll2 < €(8722 (61,2 + 16" 2 + 16 2) + 5711F12)
19" ll2 < C (B~ fll2+ B[ 0l1,2)

1612 < € (57 211F l2 + 8Y2(1¢ll1.2)
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Ivll2 < €(8722 (61,2 + 16" 2 + 16 2) + 5711F12)
19" ll2 < C (B~ fll2+ B[ 0l1,2)
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Ivll2 < €(8722 (61,2 + 16" 2 + 16 2) + 5711F12)
19" ll2 < C (B~ fll2+ B[ 0l1,2)
16@12 < € (87312 + 82116]1.2)

I6l2 < Clvl2 < € (BNl + B7IIl2)

Proposition

Let U € C*([0,1]): U(1) = U'(0) = U3(0) = 0; U" < 0. Then,
3C >0, Bp > 0: VB> By

H(BO,O,ﬁ)—lH + Hd;dx (B0,0,ﬁ)_lu +ﬁ_1/3H%22 (BO,O,B)_lH < Cﬂ_l .
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Brmgd=f
(»
B(?,O,ﬁ¢ =f+ B)\(gb" — a2¢) — a2d>" + iazﬁU¢
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Brmgd=f
(»
80@,0,,3¢ =f+ B)\(gb" — a2¢) — a2d>" + iazﬁU¢

Corollary

Let U e C*([0,1]): U(1) = U'(0) = U3(0) = 0; U” < 0. Then,
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Brmgd=f
(»
B(?,O,ﬁ¢ =f+ B)\(gb" — a2¢) — a2d>" + iazﬁU¢

Corollary
Let U € C*([0,1]): U(1) = U'(0) = U3(0) = 0; U” < 0. Then,

AC >0, Bp >0, ag >0, Ao >0:V6 > 5o

d
sup H(B&a,ﬁ)_lu + ||$ (Bx,a,ﬁ)_lH < Ccpt.

0<a<ag
[A|<XoB~1/3

Yaniv Almog Laminar flows



