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Problem formulation

Navier-Stokes Equations{
∂tv − ε∆v + v · ∇v = −∇p + b in R+ × D

v = 0 on R+ × ∂D

v: velocity p : pressure b = b(x2)î1: body force

D = R× (−1, 1) ε−1: Reynolds # no slip

v belongs to (L� ε−1)

WT ,L = {u ∈ L2(0,T ;H2
loc(D,R2)) |divu = 0 , u(t, x1+L, x2) = u(t, x1, x2) }

p belongs to

QT ,L = {p ∈ L2(0,T ;H1
loc(D)) | ∇p(t, x1+L, x2) = ∇p(t, x1, x2) } .
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Laminar flow

v = U(x2)î1 a ∈ R: Pressure gradient

U ′′ = a + b(x2) ; p = ε a x1 + p0

Symmetric flow: U(−x2) = U(x2)

Restriction to [0, 1] ⇒ U ′(0) = U(3)(0) = 0

a = 1 b = 0, Poiseuille flow: U = (1− x2
2 )/2

Linearized operator:

Tu = −ε∆u + U
∂u

∂x1
+ u2 U

′ î1 , in D ,

(T− Λ)u−∇q = F .
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stream function u = ∇⊥ψ

curl (T− Λ)u =
(
− ε∆2 + U

∂

∂x1
∆− U ′′

∂

∂x1
− Λ ∆

)
ψ

Fourier cofefficient

φ(αn, x2) =
1

L

∫ L

0
e−iαnx1ψ(x1, x2) dx1 ,

The Orr-Sommerfeld operator

Bλ,α,βφ =
(
− d2

dx2
+ iβ(U + iλ)

)( d2

dx2
− α2

)
φ− iβU ′′φ

β = αε−1 = αRe λ = Λ/α− εα
Restriction to [0, 1] – even modes

D(Bλ,α,β) = {u ∈ H4(0, 1) , u′(0) = u(3)(0) = 0 and u(1) = u′(1) = 0}.
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Grenier, Guo, & Nguyen (2016)

C+ = {λ ∈ C | <λ > 0}

CL β
−1/6 ≤ α ≤ CR β

−1/10 ⇒ ∃λ0 ∈ C+ : KerBλ0,α,β 6= {0}

α<λ0 ∼ O(β−1/2)
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Main results

Almog & Helffer

Theorem

Let δ > 0 and U ∈ C 4([0, 1]) satisfy

U(1) = 0 ; max
x∈[−1,1]

U ′′(x) < 0 ; U ′(0) = U(3)(0) = 0

Then ∃(αL,C ,Υ) ∈ R3
+, and β0 > 1: ∀β > β0 it holds that

sup
0≤α≤αLβ

−1/6

<λ<Υβ−1/2

∥∥(Bλ,α,β)−1
∥∥+

∥∥∥ d

dx
(Bλ,α,β)−1

∥∥∥ ≤ Cβ−1/2 .

sup
β−1/10+δ≤α
<λ<Υβ−1/2

∥∥(Bλ,α,β)−1
∥∥+

∥∥∥ d

dx
(Bλ,α,β)−1

∥∥∥ ≤ Cβ−1/2 .
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Proof outlines

Rayleigh Operator

Aλ,α
def
= (U + iλ)

(
− d2

dx2
+ α2

)
+ U ′′ ,

D(Aλ,α) = {u ∈ H2(0, 1) , u′(0) = u(1) = 0}.

Bound for A−1
λ,α in the limit |<λ| → 0.

vD = Aλ,αφ+ (U + iλ)φ′′(1)ψ̂

ψ̂(x) =
Ai
(
β1/3e−iπ/6[(1− x)− iλ]

)
Ai
(
β1/3e−i2π/3λ

) Θ(x) ,

Θ - cutoff
Alternative formulation of Bλ,α,βφ = f{

(L − βλ)vD = g

vD(1) = v ′D(0) = 0
L = − d2

dx2
+ iβU
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Outlines

1 Estimate |φ′′(1)|

2 Estimate ‖(L − βλ)−1g‖p p = 2,∞

3 Estimate ‖A−1
λ,αvD‖1,2

4 Estimate ‖A−1
λ,α(U + iλ)φ′′(1)ψ̂‖1,2

α� β−1/6

A0,0 = −U d2

dx2
+ U ′′ = − d

dx
U2 d

dx

1

U

φ(1) = 0⇒ A0,0φ
∣∣
x=1

= v(1) = 0

U ∈ KerA0,0 (U(1) = U ′(0) = 0)

∫ 1

0
A0,0φ dx =

∫ 1

0
v dx = 0
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Lemma

Let p > 1, U ∈ C 2([0, 1]) : U(1) = U ′(0) = 0

∃C > 0 : ∀(φ, v) ∈ D(A0,0)×W 1,p(0, 1)

satisfying
A0,0 φ = v 〈1, v〉 = 0 and v(1) = 0

Then,
‖φ‖1,2 ≤ C ‖v‖2 .

v := A0,0φ = −Uφ′′ + U ′′φ

{(
− d2

dx2 + iβU
)
v = Uf + 2U ′φ(3) + U ′′φ′′ − (U ′′φ)′′ in [0, 1]

v(1) = v ′(0) = 0
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‖v‖2 ≤ C
(
β−2/3

(
‖φ‖1,2 + ‖φ′′‖2 + ‖φ(3)‖2

)
+ β−1‖f ‖2

)

‖φ′′‖2 ≤ C
(
β−2/3‖f ‖2 + β1/6‖φ‖1,2

)
‖φ(3)‖2 ≤ C

(
β−1/3‖f ‖2 + β1/2‖φ‖1,2

)
‖φ‖1,2 ≤ C‖v‖2 ≤ C

(
β−1/6‖φ‖1,2 + β−1‖f ‖2

)
Proposition

Let U ∈ C 4([0, 1]): U(1) = U ′(0) = U3(0) = 0; U ′′ < 0. Then,
∃C > 0, β0 > 0: ∀β ≥ β0∥∥(B0,0,β)−1

∥∥+
∥∥∥ d

dx
(B0,0,β)−1

∥∥∥+β−1/3
∥∥∥ d2

dx2
(B0,0,β)−1

∥∥∥ ≤ Cβ−1 .

Yaniv Almog Laminar flows



‖v‖2 ≤ C
(
β−2/3

(
‖φ‖1,2 + ‖φ′′‖2 + ‖φ(3)‖2

)
+ β−1‖f ‖2

)
‖φ′′‖2 ≤ C

(
β−2/3‖f ‖2 + β1/6‖φ‖1,2

)

‖φ(3)‖2 ≤ C
(
β−1/3‖f ‖2 + β1/2‖φ‖1,2

)
‖φ‖1,2 ≤ C‖v‖2 ≤ C

(
β−1/6‖φ‖1,2 + β−1‖f ‖2

)
Proposition

Let U ∈ C 4([0, 1]): U(1) = U ′(0) = U3(0) = 0; U ′′ < 0. Then,
∃C > 0, β0 > 0: ∀β ≥ β0∥∥(B0,0,β)−1

∥∥+
∥∥∥ d

dx
(B0,0,β)−1

∥∥∥+β−1/3
∥∥∥ d2

dx2
(B0,0,β)−1

∥∥∥ ≤ Cβ−1 .

Yaniv Almog Laminar flows



‖v‖2 ≤ C
(
β−2/3

(
‖φ‖1,2 + ‖φ′′‖2 + ‖φ(3)‖2

)
+ β−1‖f ‖2

)
‖φ′′‖2 ≤ C

(
β−2/3‖f ‖2 + β1/6‖φ‖1,2

)
‖φ(3)‖2 ≤ C

(
β−1/3‖f ‖2 + β1/2‖φ‖1,2

)

‖φ‖1,2 ≤ C‖v‖2 ≤ C
(
β−1/6‖φ‖1,2 + β−1‖f ‖2

)
Proposition

Let U ∈ C 4([0, 1]): U(1) = U ′(0) = U3(0) = 0; U ′′ < 0. Then,
∃C > 0, β0 > 0: ∀β ≥ β0∥∥(B0,0,β)−1

∥∥+
∥∥∥ d

dx
(B0,0,β)−1

∥∥∥+β−1/3
∥∥∥ d2

dx2
(B0,0,β)−1

∥∥∥ ≤ Cβ−1 .

Yaniv Almog Laminar flows



‖v‖2 ≤ C
(
β−2/3

(
‖φ‖1,2 + ‖φ′′‖2 + ‖φ(3)‖2

)
+ β−1‖f ‖2

)
‖φ′′‖2 ≤ C

(
β−2/3‖f ‖2 + β1/6‖φ‖1,2

)
‖φ(3)‖2 ≤ C

(
β−1/3‖f ‖2 + β1/2‖φ‖1,2

)
‖φ‖1,2 ≤ C‖v‖2 ≤ C

(
β−1/6‖φ‖1,2 + β−1‖f ‖2

)

Proposition

Let U ∈ C 4([0, 1]): U(1) = U ′(0) = U3(0) = 0; U ′′ < 0. Then,
∃C > 0, β0 > 0: ∀β ≥ β0∥∥(B0,0,β)−1

∥∥+
∥∥∥ d

dx
(B0,0,β)−1

∥∥∥+β−1/3
∥∥∥ d2

dx2
(B0,0,β)−1

∥∥∥ ≤ Cβ−1 .

Yaniv Almog Laminar flows



‖v‖2 ≤ C
(
β−2/3

(
‖φ‖1,2 + ‖φ′′‖2 + ‖φ(3)‖2

)
+ β−1‖f ‖2

)
‖φ′′‖2 ≤ C

(
β−2/3‖f ‖2 + β1/6‖φ‖1,2

)
‖φ(3)‖2 ≤ C

(
β−1/3‖f ‖2 + β1/2‖φ‖1,2

)
‖φ‖1,2 ≤ C‖v‖2 ≤ C

(
β−1/6‖φ‖1,2 + β−1‖f ‖2

)
Proposition

Let U ∈ C 4([0, 1]): U(1) = U ′(0) = U3(0) = 0; U ′′ < 0. Then,
∃C > 0, β0 > 0: ∀β ≥ β0∥∥(B0,0,β)−1

∥∥+
∥∥∥ d

dx
(B0,0,β)−1

∥∥∥+β−1/3
∥∥∥ d2

dx2
(B0,0,β)−1

∥∥∥ ≤ Cβ−1 .

Yaniv Almog Laminar flows



BN,Dλ,α,βφ = f

m

BD0,0,βφ = f + βλ(φ′′ − α2φ)− α2φ′′ + iα2βUφ

Corollary

Let U ∈ C 4([0, 1]): U(1) = U ′(0) = U3(0) = 0; U ′′ < 0. Then,

∃C > 0, β0 > 0, α0 > 0, λ0 > 0 : ∀β ≥ β0

sup
0≤α≤α0

|λ|<λ0β
−1/3

∥∥(Bλ,α,β)−1
∥∥+

∥∥ d

dx
(Bλ,α,β)−1

∥∥ ≤ Cβ−1 .
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