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1.1 Anderson operator

Let S be a 2-dimensional closed Riemannian manifold.

» Space white noise — A Gaussian random distribution & with null mean and
covariance E[§(f){(R)] = (f, f2) 2(s), for all smooth test functions fi, f. It is

almost surely of Holder regularity o — 2, for any aw < 1, i.e. (—=1)7.
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In the discrete 2-dimensional torus T2 := (Z/n mod Z)?, the large scale limit of
the operator
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for the discrete Laplace operator Agiscr and a random iid potential (§,-),-€T%
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» Anderson operator — Hu := Au + &u.

In the discrete 2-dimensional torus T2 := (Z/n mod Z)?, the large scale limit of
the operator

nAdgiser + lfi(;i
n
for the discrete Laplace operator Agiscr and a random iid potential (§,-),-€T%
with common law with finite second moment.
To get an unbounded operator on L?(S) one needs a domain D(H) with
Hu € L*(S) when u € D(H).
The multiplication problem
— Pick u B-Hélder. Then £u well-defined iff (o —2) +3 >0, i.e. B> 1T,

— For such u the term Eu is (o — 2)-regular while Au is just
(8 —2) > (a — 2) regular. No compensation to get Au + &u € L*(S).
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resolvent, hence a nice spectral theory. They prove tail estimates for smallest
eigenvalue.
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1.2 Anderson operator: previous works

o Allez & Chouk [15'] construct the operator on T? as a symmetric closed
unbounded operator on LQ(TQ) using paracontrolled calculus. It has compact
resolvent, hence a nice spectral theory. They prove tail estimates for smallest
eigenvalue.

e Labbé [19'] constructs the operator on T? using regularity structures and
proves tail estimates for all eigenvalues.

e Gubinelli, Ugurcan & Zacchuber [19'] give a simplified construction on T?
and T using paracontrolled calculus.

e Mouzard [20'] further simplifies the construction of [GUZ], in a
2-dimensional manifold setting, using high order paracontrolled calculus.
Proves an almost sure Weyl law

#{eigenvalues < A} ~ %(S) A, (A = +00).
7



1.3 A glimpse at paracontrolled calculus for defining H

e The paracontrolled structure — Regularity is not sufficient for making sense
of Hu € L2(S). Impose finer paracontrolled structure

u= P,J/X—l—un

where is a P bilinear operator called paraproduct, v, X € C*(S) and a
remainder term u® € C**(S), with X := —A*(¢).
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1.3 A glimpse at paracontrolled calculus for defining H

e The paracontrolled structure — Regularity is not sufficient for making sense
of Hu € L2(S). Impose finer paracontrolled structure

u=PyX+u

where is a P bilinear operator called paraproduct, v, X € C*(S) and a
remainder term u? € C?%(S), with X := —A~(&). Then the product ué is a
well-defined element of C*7%(S) and Hu € [*(S) if the random quantity X&
is given a priori as an element of C*73(S).

e Where probability saves us — The quantity X(w){(w) does not make sense
for a generic chance element w € Q, as o + (v —2) < 0.

~> Define (X¢)(w) as a random variablel... after regularizing £ into

& € C>(S), setting X, := —A7(&,), and renormalizing

log r
err - E[Xrgr] =: Xré-r + ¢~ err - %

e Working with X.£, + ¢, instead of X;&, is equivalent to working with
renormalized operator A 4+ &, + ¢,. One has

H™! = lim (A + & + o) LA(S) = L2(S).
_An operator that depends continuously on the enhanced noise
€= (£,X¢) € C*2(8S) x C**72(S), with a discrete random real spectrum
(/\,,(g))’120 going to +oo.
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2.1 A fine heat kernel description

Recall « =17. For v > 0 set

tiVC((O7 T], E) = {v € C((O, T], E) i osup sT|v(t)] < oo}

0<s<t<T

Write p2 for heat kernel of Laplace-Beltrami operator; it behaves as t~! for
small t. Set formally
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Recall « =17. For v > 0 set

tMYC((O7 T], E) = {v € C((O, T], E) i osup sT|v(t)] < oo}

0<s<t<T

Write p2 for heat kernel of Laplace-Beltrami operator; it behaves as t~! for
small t. Set formally

() vo = {(6,%) 1= (W(), (e = pE)(x,)) |-
» Theorem — Almost surely the map (x) sends continuously
— the Besov space B; 5 _(S) into t=27C((0, T), €*(8)),

— the Sobolev space H™>%(S) into t~“C((0, T], H*(S)).

These two functions depend continuously on the enhanced noise §A= (&, X9).
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tr2(e”™) and Tauberian theorem give direct short proof of Weyl law
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such that |An| > 1 the n-uniform estimate

o 3 e A Y P
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» Theorem (Bounds for the eigenvalues) — Small time asymptotics for
tr2(e”™) and Tauberian theorem give direct short proof of Weyl law
. Vol(S)
lues < AV ~ ——2 )\
ﬁ{elgenva ues < } yy

Write u, for eigenfunction associated with eigenvalue A, and define for A € R
the spectral projector on L?(S)

T (F) == > (f, un)2 .

An<A

» Theorem (Bounds for the eigenfunctions of H) — One has for all n > 0
such that |An| > 1 the n-uniform estimate

lunllcza—s S [Aa(E)] M2, lunllir < |Ma(E)]E75),

and for all X € Ry the upper bound
1_ 1\+
l<x(F)llie S AZ[1Fi2, Irea(F)llee S A2 |f]] 2.
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3.1 Anderson GFF: Definition and elementary properties

Gaussian free field (GFF): Random field ¢grr with centered Gaussian law and
covariance

E[porr (f) dorr(5)] = / F(x)Ga (x, y)(y) dxdy,

SxS

with G Green function of A —i.e. kernel of A™. One has almost surely
dcrr € H™S(S), for all € > 0.
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Anderson Gaussian free field: A doubly random field ¢ with centered
Gaussian law and covariance

E [6(f) 6(h)] = /S AGIG(x.)ly) dedy,

with G Green function of the random operator H 4+ ¢ — i.e. kernel of

(H + ¢)™%, with ¢ random big enough for H + ¢ to be positive. Write

¢ = ¢(w,w’), with w the randomness from H and w’ the additionnal ‘field’
randomness, and [E’ expectation wrt w’.
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with Ga Green function of A — i.e. kernel of A~1. One has almost surely
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Anderson Gaussian free field: A doubly random field ¢ with centered
Gaussian law and covariance

E [6(f) 6(h)] = /S AGIG(x.)ly) dedy,

with G Green function of the random operator H 4+ ¢ — i.e. kernel of

(H + ¢)™%, with ¢ random big enough for H + ¢ to be positive. Write

¢ = ¢(w,w’), with w the randomness from H and w’ the additionnal ‘field’
randomness, and [E’ expectation wrt w’.

» Theorem — One has (w,w’)-almost surely ¢ € H=(S), for all e > 0, and
the Cameron-Martin space of the w'-law of ¢ is continuously embedded into
HY (S).
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Even though ¢ is only a distribution one can make sense of its square using a
renormalization process after regularization ¢, := e "(¢)
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» Theorem — Almost surely in w € Q, the reqularized Wick square :¢?:
converges in law as r goes to 0, as a random variable on Q' with values in
H=%(S), to a limit random variable :#*:, and one has for all A € C
sufficiently small

Z(3) =E' [e 0] = deta (1d+ A(H + c)*l)‘”2

This random function of A has almost surely an analytic extension to all of

C.



3.2 Anderson GFF: Wick square

Even though ¢ is only a distribution one can make sense of its square using a
renormalization process after regularization ¢, := e "(¢)

(g = ¢r —E'[¢7].

» Theorem — Almost surely in w € Q, the reqularized Wick square :¢?:
converges in law as r goes to 0, as a random variable on Q' with values in
H=%(S), to a limit random variable :#*:, and one has for all A € C
sufficiently small

Z(\) =E [eﬂ:qb?:(l)} _ detz(ld+ AH+ C)il)—l/z

This random function of A has almost surely an analytic extension to all of

C.

» Theorem (The distribution of Z characterizes the distribution of the
spectrum of H) — Let (51, g1) and (S2,8) be two Riemannian closed
surfaces. Then the spectra of the operators H(S1,g1) and H(S2, g2) have the
same law iff the random holomorphic functions Z(S1,g1) and Z(S2, g2) have
the same law.
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Two open questions

e Prove that the (2-dimensional) Anderson operator (on a closed manifold)
has almost surely a simple spectrum.

From our analysis of p: the zeta function of the Anderson operator

Cu(s) =D M(€) "

n>0
has almost surely a meromorphic extension to the half plane {Re(s) > 1/2}.

e Prove the function E[Cq(-)] has a meromorphic extension to all of C.



Thank you for your attention!



