DIVIDED DIFFERENCE OPERATORS FOR HESSENBERG
REPRESENTATIONS

MATHIEU GUAY-PAQUET

ABSTRACT. The equivariant cohomology ring of a regular semisimple
Hessenberg variety in type A is a free module over the equivariant coho-
mology ring of a point. When equipped with Tymoczko’s dot action, it
becomes a twisted representation of the symmetric group, and the char-
acter of this representation is given by the chromatic quasisymmetric
function of an indifference graph. In this note, we use divided difference
operators to decompose this representation as a direct sum of subrep-
resentations in a way that categorifies the modular relation between
chromatic quasisymmetric functions.

1. INTRODUCTION
TODO

2. NOTATION AND COMPUTATIONS

2.1. Context. Fix a natural number n. Let S, be the symmetric group of
order n, viewed as functions from the set {1,2,...,n} to itself, so that

(vw)(i) = v(w(i)) forv,we S, andi=1,2,...,n. (2.1)
The group S, is generated by the adjacent transpositions,
si=(+i+1) fori=1,2,...,n—1, (2.2)

which satisfy the relations

2 .
s; =1d,  $iS(i11)Si = S(i+1)SiS(i+1)5

2.3
$;Sp = sks; for k#£ i+ 1. (23)

We will sometimes write a permutation in one-line notation, as
w = [w(l),w(2),...,w(n). (2.4)

The overarching context for all that follows will be the ring of functions
H = Fun(S,,C[t1,...,ts)]), (2.5)

whose elements can be seen as S,-indexed tuples of multivariate polyno-
mials, or as certain complex-valued functions on S, x C", with pointwise
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addition and multiplication. The ring H is equipped with two S,,-actions:
on the left, Tymoczko’s dot action, defined for v € S, and f € H by

(U ’ f)(wa t, ... 7tn) = f(v_lwa tv(l)v s atv(n))v (26)
and on the right, the star action, defined by
(f xv)(w,t1,. .. tn) = flwv™ b1, ... 1) (2.7)

The left action and the right action commute, so that

(wo)-f=u-(v-f), (u-flsv=u-(f*v), (f*u)xv=fx(uww). (2.8)

The elements fixed by the star action are those which satisfy

flw,tr,... t,) = f(id,t1,...,t,) forall w € S,. (2.9)
As a subring, we identify them with the elements of C[ty, ..., t,], since they
are generated by the algebraically independent elements
(wyt1, ..., ty) —t; fori=1,2,... n. (2.10)
The elements fixed by the dot action are those which satisfy
flwty, . ty) = f(id, tya), -5 twm))  for all w € Sy, (2.11)
As a subring, they are generated by the algebraically independent elements
ri(w,t1, .. tn) =ty fori=1,2,...,n, (2.12)
so we will write this subring as C[ry,...,r,]. For w € S, we have
W -t = by(s tixw=1;
w - 7‘: = r:j(l) rz kW = T:U—l(i) (2.13)
The intersection of Cl[ty,...,t,] and C[ry,...,r,] consists of the symmet-

ric polynomials (in either set of variables), and the subring they generate
together is
Clt1,y .y tnyT1y vy )
(ei(t1,. .. tn) —e€i(re,. .. ,rn)>?:1 ’

where e; is the ith elementary symmetric polynomial in n variables.

(2.14)

2.2. Divisibility conditions. For an element f € H and a transposition
v = (i <> k) € Sy, we will say that f satisfies condition  if

f*(1—=) isamultiple of (r; — 7). (2.15)
Note that, in particular, any multiple of (r; — r) satisfies condition ~:
((ri =re)f) * (L =7) = (ri = 7)) (f % (L +7)). (2.16)

The set of elements which satisfy condition v is closed under addition and
multiplication, so they form a subring of H, which we call H,. More gener-
ally, for a set of transpositions C' C .S,,, we write

He =Nyec Hy (2.17)
for the subring of elements which satisfy all conditions in C. If C is the
empty set, then H¢ is the entire ring H. If C' is the set of all transpositions
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in S, then H¢ is the subring (2.14), generated by ¢1,...,t,,71,...,7,. In
particular, the elements t1,...,t, and rq,...,r, satisfy all divisibility con-
ditions. If w € S, and f satisfies condition ~, then

w - f satisfies condition -, and

2.18
f % w satisfies condition w ™ yw, ( )

so each H¢ is closed under the dot action, but usually not the star action.

2.3. Divided differences. Fori=1,2,...,n—1, we define the ith divided
difference operator 0; : Hy, — H by

f*(l—si)'

Ti = T(i+1)

a(f) = (2.19)

Since 7; — 7(;41) 18 not a zero divisor in H, the quotient involved in this
definition is unique if it exists, and the definition of Hj, is that this quotient
does exist. We record here some of the convenient computational properties
of divided differences which follow directly from the definition.

Lemma 1. For f,g € Hs, and w € S,,, we have:

1. 0(F +9) = () + ilo),

2. 0i(fg) = < Yo+ (f ) ilg),
5. 0i(f9) = £ Oilg) when Bi(f) =0,
4. dulw- f)—w o),

5. O0i(f * si) = =9i(f),

6. 0,(1) * 51 = Oi(),

7. 8(f)*w—8k(f*w) when w(k) =i and w(k+1) =i+ 1,
8. 0i(ty) =

9. 0; is C[tl,..., tn]-linear,

10. 0;(ri) =1,

11. 9i(rgyn) = —1,

12. 0i(ry) = 0 when k ¢ {i,i+ 1}.

Proof. By direct computation. O

Furthermore, the divided difference operators satisfy the relations

97 =0, 9:041)0; = 9(i11)0i0(i11),

) (2.20)
0;0 = 0r0; fork#i+1
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on the appropriate domains, since
9014 1)0i(f) = 9(i11)0i0i1 1) (f)
_ fr(l—s— S(i+1) T SiS(i+1) T S(i+1)Si — Sis(i—i-l)si)

(ri = (1)) (ri = 7(a42)) (P1) — T+2)

(2.21)

and
[ (1—si— sk + sisk)

(Ti - 7"(z‘+1)) (Tk - T(k+1)) '

2.4. Stability. The divided difference operators aren’t defined on all of H,
and don’t preserve the subrings Hg in general. But, motivated by the
following lemma, we will say that a set of conditions C' is s;-stable if

s; € C and s;,Cs; =C. (2.23)
Lemma 2. If C is s;-stable, then 0; is defined on He, and 0;(Hc) C He.

0i0k(f) = Ok0i(f) =

(2.22)

Proof. Since s; € C, it’s immediate 9; is defined on Hpo. To show that
0i(Hc) C He, we will reduce to the case of three specific sets C, each of
which can be checked on a small Clty,...,t,]-linear subspace of H¢, and
provide an explicit basis for this subspace.

As a first reduction, it suffices to check that 0;(Hc) C H¢ for the minimal
s;-stable sets C, which are of the form

C(i,v) = {si, 7, siysi} for a transposition vy € S, (2.24)
because for a general s;-stable set C', we have
He = Myec Hegiy)- (2.25)
As a second reduction, it suffices to check the three specific si-stable sets
C(l,s1) ={(1+2)}
C(l,52) ={(1+2),(1+3),(2+3)} (2.26)
C(1,s3) = {(1 & 2),(3 & 1)},
because each C(i,) can be reduced to one of them, depending on the case:
Case s; = v: Let w € S, be a permutation with
w(t) =1, w(i+1)=2. (2.27)
Then, we have
0i(He(imy) = 0i(Ho(1,6) * w) = 01(Her,s,)) * 0
) (2.28)
S Hoa *w = Hegy-

Case s; # v and v # s;vs;: In this case, v and s;7vs; must be of the form
(i <> k) and (i + 1 <> k), in some order, for some k ¢ {i,i+ 1}. Let
w € S, be a permutation with

wi)y=1, wi+1)=2,  wk)=3. (2.29)
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Then, we have
O(He(in) = 0i(Ho,s) * @) = 01 (Hoqs,) * w (2.30)
C" Hersp) *w = Hegiy

Case s; # v and v = s;7vs;: In this case, v must be of the form (j « k) for
some {j, k} disjoint from {i,7 + 1}. Take w € S,, such that
wi)=1, wi+1)=2, w()=3, wk) =41 (2.31)
Then, we have
Oi(He(imy) = 0i(He(1,55) * w) = 01(He(r,s)) * w0
, (2.32)
S Heisg) *w = Ho(iy)

As an independent reduction, it suffices to check that 9;(Hc) € He on
a certain Cl[ty,...,t,]-linear subspace of H¢. Specifically, let (C) be the
subgroup of S, generated by C', and let 1,y € Hc be defined by

1 ifwe (C)

' (2.33)
0 otherwise.

1<C>(w,t1,... ,tn) = {

Then, 1¢yHc is the Clty, ..., t,]-linear subspace of functions in Hc which
are zero outside of (C) x C". The unit element in Hc decomposes as

1=Y,w- L, (2.34)

where the sum is over an arbitrary choice of representatives w for the cosets
w(C) C S,. For an element f € Hc and a permutation w € Sy, let

fu =Ty (W™ - f) € Ly Ho (2.35)
Then, the element f can be decomposed as
f=2ww: fu, (2.36)
so that
Oi(f) = 2w+ 0i(fu)- (2.37)

Thus, 0;(Hc) € He is implied by 0;(1(¢yHe) € He.
Given all of these reductions, the remaining task is to compute 9; on a
Clt1, ..., tn]-linear basis of 1(cyHc for C' in {C(1,51), C(1,s2), C(1,s3)}.

Case C' = (C(1, s1): The following two elements form a basis:

1(0) (7“1 — tl), 1(0) (238)
and the computation of 0 on them is illustrated below:
s1 (t2 — t1) 1
% % 0 (2.39)
01 01

id 0 1
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Case C = (C(1, s2): The following six elements form a basis:
Liey(re —t1)(r1 —t1)(r1 — t2), Lioy(r2 —t1)(r1 — t1),
Liey(r1 — t1)(r1 — ta), Ligy(ts —73), (2.40)
Liey(r1 = t1), Ly,
and the computation of d; on these elements is illustrated below,
using the abbreviation t;; = (t; — tx):

518289
518592 S$92851
(2.41)
S1 59
id
to1t31t32 to1t31

0 0 to1t31 0

0 0 0
0 0 1 0 0 !

0 0
t31t32 t31
0 t31t32 t31 t32
—_— 5 0
81 81

0 32

0 0

t31 1
to1 t31 1 1
0 0 0
to1 0 1 1 1 1
0 1
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Case C = (C(1, s3): The following four elements form a basis:
Lioy(r1 —t1)(r3 —t3), Liey(rs —t3),

) (r—t)(rs —t3), Lio)(rs —t3) (2.42)

Loy (r —t), Licy,

and the computation of 07 on these elements is illustrated below,
again using the abbreviation t;;, = (¢; — tx):

5183
$1 s3 (2.43)
id
t21t43 t43
0 0 —— 0 g3 —— 0
1 o
0 0
t21 1
to1 0 ———— 1 1 ——— 0
81 a1
0 1
This completes the proof of Lemma 2. O

2.5. Decompositions. Now that we have a handle on the domain and
range of the divided difference operators, we can use them to obtain de-
composition of some of the subrings H¢.

Theorem 3. Let C be an s;-stable set of divisibility conditions. Then, we
have the direct sum decomposition

HC = Héf ) (ri — T'(i_,_l))Hgi (244)
as subgroups of H equipped with the dot action, where
Hli={feHc|f*si=f} (2.45)

Proof. Since C' is s;-stable, the subgroup {id, s;} C S,, of order two acts on
the right on H¢ by the star action, and we have the natural decomposition

He = Hgl fast Has", (2.46)
where we write
Hgsi:{feHc\f*si:—f} (2.47)

for the (—1)-eigenspace of the map f — f *s;. We claim that
Hasi = (’I"i — T(i—i—l))Hga (248)
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because we further claim that the maps
0; '
H:% Hi (2.49)
(ri — 7”(1'+1))/2

form a bijection. This follows from the facts that
0;(H;®) C 0;(He) € HJ,
(i — T(i+1))Hg*i c HES’G

. (2.50)

ai((n—T'(i+1))f)/2:f*(1+8i)/2:f whenfEHl,

(ri = ra41))0i(f)/2 = fx (1 —s;)/2=f when f € H,",
which can be verified by direct computation. ([l

The proof of Theorem 3 yields an additional fact:

Corollary 4. The kernel and image of 9; : Ho — H¢ are equal when C is
s;-stable. They consist of those elements f € Ho such that f x s; = f.

Motivated by the following decomposition, we define the notion of almost-
stability. We will say that a set of divisibility conditions C; is almost-s;-
stable if s; € C1 and there is a unique transposition v such that v € C; but
siys; ¢ Cq. If this is the case, note that the sets

Co=0C1 \ {’7}, Cy=C1 U {81’751}, (2.51)
obtained from C] by adding or removing a single element, are s;-stable.

Theorem 5. Let Cy be an almost-s;-stable set of divisibility conditions, so
that Cy = C1\ {v} and Cy = C1U{s;ys;} are s;-stable. If v = (i <> k), then
we have the direct sum decomposition

HCl = HEVZ? ) (T’i — Tk-)HgO (252)

as subgroups of H equipped with the dot action. Otherwise, v = (i +1 <> k)
and we have the direct sum decomposition

Hcl = Hé«; S% (Tk; — T(l+1))Héle (253)

Proof. We will assume that v = (i <+ k), since the case where v = (i+1 <> k)
follows by using the transformation

HC’1 * 8§; = HSz'ClSi' (2.54)
We claim that the decomposition is given by the following maps:
s, id 0; .
Hg, He, HE (2.55)
0o (rg — T(i+1)) (ri — 1)

To prove this, we need to check that:
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All four maps land in the stated codomain. Using the inclusions
He, € Hey C Hg,
(ri —ri)He, € Hey (2.56)
(rk = r@g1))Hoy € Hey,

we indeed have that
id(Hg;) C Hec, € Hey

9i(He,) € 0i(He,) € HE,
9i((re — (1)) Hey) € 0i(Hey) € HE
(ri — Tk)Ha C (ri —mi)He, € He, -

The two compositions Ho, — H¢, are complementary idempotents.
Using the computational properties from Lemma 1, we have

0i((rk — r(ix))f) + (ri = 11)0:(f) = f
@'((T’k —741)) 0 ((rg — 7’(¢+1))f)) = 0i((rk — r(i41))f) (2.58)
(ri = 1) ((rs — r1)0i(f)) = (ri — 72)05(f)

for every f € Hc,, as required.

(2.57)

The compositions Hg — Hgi and H, — Hgi, are the identity.
Again using Lemma 1, we have

Oi((ri — ) f) = [+ (rivay — r6)0i(f) = f (2.59)
for every f € H¢i and
O ((ri —rag))f) = f+ (ri —r)0i(f) = f (2.60)

for every f € Hgj , as required. O
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APPENDIX A. EXAMPLES FOR 1 = 3

To clarify the notation and conventions used in this note, we illustrate
them here for the case n = 3. In everything that follows, we draw the
elements of S3 as six vertices arranged in a hexagon, with the identity per-
mutation at the bottom, the long word wg = s18281 = s25152 = [321] at the
top, and the other vertices labeled like this:

[321]

S§189 = [231] L] . [312] = S2851
(A1)

s =[213] e [132] = sy
1123

Then, an element of H can be represented as a hexagon with a polynomial
in C[t1, ta, t3] attached to each vertex, like this:

t2(tg — t3)
tot3 o o (t1 +1t3)
(A.2)
5t .1
0

The star action of S5 on H on the right permutes the polynomials attached
to the vertices. For the three transpositions si, so, wg € S3, the effect is:

o/( . ° \o .K—\‘ /{ °
*S1 I :ﬂ: *S59 >l<w()rf>r (AS)
o\ . ° /0 OKJJ i _\'\7‘0
The three actions above are drawn with different kinds of arrows; each kind

corresponds to a divisibility condition which could be imposed on elements
of H. For the element f € H of (A.2), the element (f ;) is:

tots

t2(ty —t3) o o1
(A.4)
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The dot action of S3 on H on the left relabels the variables t1,ts,t3 in
addition to permuting the polynomials attached to the vertices. For the
three transpositions si, s9, wy € S3, the effect is:

- \. .)/S‘ .fﬂ. j[ 130' I (A.5)

S1-° 2
[ ] .—\—\7‘. .H/ { ] [ ] [ ]
t1 < 1o to <> i3 t1 <> 13

For the element f € H of (A.2), the element (s - f) is:

(t2 +t3)

1 o t3(t1 — t3)
(A.6)

0 e o til3
5to
The elements tq, to, t3, 71,79, 73 € H, which satisfy all three divisibility con-
ditions, are:

t1 to t3
ty t1 o to  t3 t3
ty t1 i to  t3 t3
t1 to t3
(A7)
t3 t2 tl
to t3 t3 tv t to
t2 tl tl t3 t3 t2
1 to t3

For each Hessenberg function h : {1,2,3} — {1, 2,3}, there is a correspond-
ing set of divisibility conditions C' = {(i <» k) | i < k < h(i)} C S3, and a
corresponding subring Ho C H. Below we give a C[t1, ta, t3]-linear basis for
each of these Ho. These bases are well-known examples of flow-up bases.
We use the abbreviation t;; = (t; — t), and indicate when 0; or 0y takes
one basis element to another.
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For h = (1,2, 3), we have C = &, and Hc = H has the basis:

0 1 0
L) [ ] (]
le * () 0e e () O
0e e () 0e e () 0e
0 0 0
0 0 0
0e e (e e 0 0e
le e () 0e e ( 0
[ ]
0 1 0

For h = (2,2,3), we have C' = {s1}, and H¢ has the basis:
1 t32 0

Y X 0 0
<

0 0 0
—

1 \I 0 0

o]

] 31
0

(A.8)

(A.9)
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For h = (1,3,3), we have C' = {s2}, and H¢ has the basis:

(-]

1
0 \1

For h = (2,3,3), we have C' = {s1, s2}, and H¢ has the basis:

to1
31 0
0
0 0o

0

0
to3 0
21 0

to1t32

(A.10)
0
0 u \ 0
0 132
/
132
0 131
0 0
0
(A.11)
0
0 12
0 t32
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For h = (3,3,3), we have C' = {s1, s2,wp}, and H¢c has the basis:

to1t31 to1t31t32 t31t32
ta1t31 0 0 0 0 t31l32
0 "oy
0 0o “1 0 0o 2 0 0
0 0 0
321 Ial (A.12)
t31 1 t31
to1 t31 1 1 t31 t32
0 0
to1 0o “t 1 1 2 0 t30

0 1 0
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