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Introduction Gaussian Kernels

Carl Friedrich Gauß, 1777‑1855

Gauss mentioned Gaussian kernels that
now so often carry his name in 1809 in
his second book [12].

Gaussian Kernels

Qi Ye 8 / 43
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Introduction Composition of Classical Methods

By the techniques of numerical analysis, stochastic analysis, and regression
analysis, we use the kernel‑based approximation methods to combine the
algorithms of finite difference, finite elment and finite volume in a system.
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Introduction Composite Algorithms

The data‑driven methods are used to analyze black‑box models, and the
model‑driven methods are used to analyze white‑box models.

Remark. With the same thought of the Tai Chi diagram, we use the discrete
local information of the black‐box and white‐box models to construct the
global approximate solutions by the algorithms of regularized learning.
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Machine Learning in Banach Spaces Reproducing Kernel Banach Spaces

The details of reproducing kernel
Banach spaces (RKBS) are mentio‑
ned in my paper [29] for 122 pages.
It studies the constructions and
theorems of RKBS and verifies the
learning theory in RKBS, specially,
the sparse learning methods in 1‑
norm RKBS.
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Machine Learning in Banach Spaces Regularized Learning in Banach Spaces

L. Huang, C. Liu, L. Tan, and Q. Ye, Generalized representer theorems in
Banach spaces, Analysis and Applications. 19 (2021), 125–146 [14].

Qi Ye. Analysis of regularized learning for generalized data in Banach
spaces. arXiv:2109. 03159 (2021), 1‑36 [30].

The work of regularized learning in Banach spaces provides another
road to study the algorithms of machine learning including:

the interpretability in approximation theory,
the nonconvexity and nonsmoothness in optimization theory,
the generalization and overfitting in regularization theory.
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Machine Learning in Banach Spaces Regularized Learning in Banach Spaces

The original problem is to solve an exact solution from

inf
f∈B

R( f ),

where B is a Banach space andR : B → [0,∞) is an expected risk function.

Key to Success of Regularized Learning

Remark. We can solve the finite dimensional optimization problems by
alternating direction multiplier methods (splitting methods),

composite optimization methods.

Qi Ye 14 / 43
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Machine Learning in Banach Spaces Regularized Learning in Banach Spaces

We have generalized data

(ξ∗1 , y1), (ξ
∗
2 , y2), . . . , (ξ

∗
Nn , yNn) ∈ B∗ × Y, for n ∈ N,

which can be written as

(ξ∗n, yn) ∈ B Nn
∗ × YNn , for n ∈ N,

where B∗ is a predual space of B and Y is an output range.

For each nth approximate step, we have a multi‑loss function as

Ln : BNn∗ × YNn × RNn → [0,∞),

for example,

Ln(ξ, y, t) =
1

Nn

Nn∑
k=1

L(ξ∗k , yk, tk),

where L is a classical loss function.
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Machine Learning in Banach Spaces Regularized Learning in Banach Spaces

The regularized learning is to solve an approximate solution from

inf
f∈B

Rn( f ) + λΦ(∥ f ∥),

where Rn is an empirical risk function, that is,

Rn( f ) := Ln(ξ∗n, yn, ⟨ f, ξ
∗
n⟩), for f ∈ B,

and λ > 0,Φ : [0,∞) → [0,∞) is an increasing function.

The approximate solution can be equivalently or approximately solved
by a finite‑dimensional optimization, that is,

inf
f∈Um

Rn( f ) + λΦ(∥ f ∥),

where Um is a subset of B such that there exists an surjection Γm

from Ωm onto Um, where Ωm ⊂ Rm and m ∈ N.

Qi Ye 16 / 43
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Machine Learning in Banach Spaces Regularized Learning in Banach Spaces

The representer theorems, approximation theorems, and convergence
theorems of regularized learning are guaranteed by the assumptions:
1. The Rn converges pointwise to Rwhen n→ ∞.
2. The collection of all generalized input data is relatively compact in

B∗ and the collection of all multi‑loss functions is uniformly local
Lipschitz continuous.

⇒ {Rn : n ∈ N} is weakly* equicontinuous on any closed ball of origin.

Regularized Learning for Generalized Data

Qi Ye 17 / 43
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Machine Learning in Banach Spaces Regularized Learning in Banach Spaces

Representer Theorems in [30]
Theorem 4.2 shows that the approximate solutions are equivalently
solved by the finite‑dimensional optimization.

Approximation Theorems in [30]
Theorem 4.5 shows that the approximate solutions are approximately
solved by the finite‑dimensional optimization.

Convergence Theorems in [30]
Theorem 4.6 shows the existence of a weakly∗ convergent subnet of
approximate solutions to an exact solution from the orignial problem.
Theorem 4.7 shows that any element, to which a subnet of approximate
solutions weakly∗ converges, is an exact solution.
Theorem 4.8 shows that the subsequence of approximate solutions for
special regularization parameters is weakly∗ convergent.
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Machine Learning in Banach Spaces Composite Algorithms

Suppose that an exact solution belonging to Bb ∩ Bw is solved by the
both models, that is,

Black‑box Model

inf
f∈Bb

Rb( f ),

inf
f∈Bb

Rbn( f ) + λ ∥ f ∥b .

White‑box Model

inf
f∈Bw

Rw( f ),

inf
f∈Bw

Rwn ( f ) + λ ∥ f ∥w .

Let B := Bb ∩ Bw with ∥ f ∥ := ∥ f ∥b + ∥ f ∥w. Thus, the composite
model can be written as

inf
f∈B

R( f ), inf
f∈B

Rn( f ) + λ ∥ f ∥ ,

where R := Rb + Rw, Rn := Rbn + Rwn .
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Machine Learning in Banach Spaces Composite Algorithms

Let T bn,λ := Rbn + λ∥ · ∥b, Twn,λ := Rwn + λ∥ · ∥w, “prox” represent the
proximal operator, and θ > 0 be a stepsize. Thus, two iterative algo‑
rithms can be used to solve the twomodels above, respectively,

Black‑box Method
gk+1 ∈ proxθT bn,λ(gk).

White‑box Method
gk+1 ∈ proxθTwn,λ(gk).

By the Douglas‑Rochford splitting methods, the composite algorithms
can be written as

hbk ∈ proxθT bn,λ(gk),

hwk ∈ proxθTwn,λ(2h
b
k − gk),

gk+1 := gk + σ(hwk − hbk).
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Big Data Analysis in Education and Medicine Summary of My Projects

By the theory of regulizaed learning, we analyze the big data in education
andmedicine.

The big data analysis of mathematics education of middle school
represents:

The big data analysis of digital images of pancreatic cancer represents:
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Big Data Analysis in Education and Medicine Support Vector Machines for Education

We use the black‑box methods of support vector machines to analyze the
data of mathematics education for hierarchical teaching.

Software Copyright Registration Number: 2021SR0767033

Qi Ye 23 / 43
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Big Data Analysis in Education and Medicine Artificial Neural Networks for Education

We use the black‑box methods of artificial neural networks to analyze the
data of mathematics education for hierarchical teaching.

Software Copyright Registration Number: 2021SR0621919
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Big Data Analysis in Education and Medicine Decision Trees for Education

We use the white‑box methods of decision trees to analyze the data of
mathematics education for hierarchical teaching.

Software Copyright Registration Number: 2022SR0568823

Qi Ye 25 / 43
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Big Data Analysis in Education and Medicine Model‑driven Methods for Image Registration

We use the model‑driven methods to solve the image registration
of pancreatic cancer.

Diffeomorphic Demons Model (Tom Vercauteren, 2009 [26])

L(F,M, s,u) = ∥F−M ◦ s∥2 + λ∥s− u∥+ µ∥∇u∥2.

Remark. The F is a fixed image,M is a moving image, s is the approximate
transformation, u is the real transformation, λ is the parameter of the spatial
uncertainties term, and µ is the parameter of the regularization term.
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Big Data Analysis in Education and Medicine Data‑driven Methods for Image Registration

We use the data‑driven methods to solve the image registration of
pancreatic cancer.

Deep Learning based on Registration: VoxelMorph
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Big Data Analysis in Education and Medicine Numerical Examples of Image Registration

Based on the LPBA40 data set, we use the model‑driven and data‑driven
methods to register the brain CT images as follows:

Numerical Results of Diffeomorphic Demons Model and VoxelMorph Model

Remark. The computational time, accuracy, and process of the model‐driven
method are longer, higher, and smoother than the data‐driven method.
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Big Data Analysis in Education and Medicine Composite Algorithms

By the theory of regularized learning, we will combine the black‑box and
white‑box methods to construct the composite algorithms to solve the
problems of the big data analysis in education andmedicine. Our original
ideas are inspired by the eastern philosophy such as goldenmean and Tai
Chi diagram.

Plato and Aristotle

Qi Ye 29 / 43



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Qi Ye 30 / 43



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Thank You!
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Laboratory for Machine Learning and Computation Optimization

http://mlopt.scnu.edu.cn/en/
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