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m Motivation

= Bayesian inverse problems
= sampling via Covariance-modulated SDE
= mean-field limit

m Gradient flows induced by Covariance-modulated transport
m Geodesic convexity

m EVI formulations and functional inequality

= Entropy method
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Inverse problems for parameter estimation ———wwu
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Parameter estimation: Given data y € RX and noise £ € R?
Find parameter z : y=G(x)+¢& for given model G : R — R¥.

Posterior density: For Gaussian noise £ ~ N(0,T") and = ~ N(0, X) ()= 4 ¥ —-b

A(dn) cexp(—f(@)  with  f@)= Sly- G+ Sl T Geosses
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Parameter estimation: Given data y € RX and noise £ € R?

Find parameter x : y=G(x)+¢& for given model G : R — R¥.

Posterior density: For Gaussian noise £ ~ N(0,T") and = ~ N(0, X)

r(da) o oxp(—f(@)  with  f(@) = sly— Gl + el

Bayesian Inverse problem tasks

(1) Inversion: Find z* := argmax m(x) or (2) Sampling from .
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Inverse problems for parameter estimation

Parameter estimation: Given data y € RX and noise £ € R?
Find parameter z : y=G(x)+¢& for given model G : R — R¥.

Posterior density: For Gaussian noise £ ~ N(0,T") and = ~ N(0, X)

r(da) o oxp(—f(@)  with  f(@) = sly— Gl + el

Bayesian Inverse problem tasks

(1) Inversion: Find z* := argmax m(x) or (2) Sampling from .

(1) Ensemble Kalman Inversion (EKI): Particle algorithm finding z*

J J
. 1 _ ) .1
p) — _— (k)Y _ @y — (k) i — = (’c
& 5 E <G(az ) — G, G(zV)) y>Fac with =5 E G(z

k=1 k=1

[Evensen 1994], [Inglesias, Law, Stuart ’13], [Ernst, Sprungk, Starkloff ’15], [Schillings, Stuart ’17],[Herty, Visconti ’19]
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Ensemble-Kalman-Sampling (EKS)
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Bayesian Inverse problem tasks

(1) Inversion: Find z* := arg max m(x) or (2) Sampling from 7.
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Ensemble-Kalman-Sampling (EKS)

Bayesian Inverse problem tasks

(1) Inversion: Find z* := arg max m(x) or (2) Sampling from 7.

(2) Ensemble Kalman Sampling (EKS): SDE sampling 7 oc e~/ with J particles {X(j)};’:l

J
. 1 _ . ) C
X0 — - <G(X(’“)) _G.G(XY)) — y>pX(k) —C(p)ETix ) 4 \/2 C(p!) W,
k=1
with the covariance of the empirical measure p’ = J~! > j Ox ) - 1055

. J
C(p") = %Z(X(’“) _7)®(X<k> _7> nd | T %ZX('”-
k=1 = o

104.04

103.54

-8.50 -3.256 -3.00 -2.75 -2.50 -2.26 -2.00 -1.75 -1.50
e EKS e EKI

[Reich, Cotter 13|, [Garbuno-Inigo ’20], [Li, Hoffmann, Stuart ’20]
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Ensemble-Kalman-Sampling (EKS)

Bayesian Inverse problem tasks

(1) Inversion: Find z* := arg max m(x) or (2) Sampling from 7.

(2) Ensemble Kalman Sampling (EKS): SDE sampling 7 oc e~/ with J particles {X(j)};’:l

J
. 1 _ . ) C
X0 — - <G(X(’“)) _G.G(XY)) — y>pX(k) —C(p)ETix ) 4 \/2 C(p!) W,
k=1
with the covariance of the empirical measure p’ = J~! > j Ox ) - 1055

¢ J
C(p") = }, Z(X(’“) - 7)®(X<k> _ 7) nd | T % $°x®, ™|
k=1 =

Mean-field limit of EKS: J — oo yields w0s0d
X = - C(law X)Vf(X) + /2 C(law X) W.

103.54

-8.50 -3.256 -3.00 -2.75 -2.50 -2.26 -2.00 -1.75 -1.50
e EKS e EKI

[Reich, Cotter ’13], [Garbuno-Inigo ’20], [Li, Hoffmann, Stuart ’20], [Ding, Li ’21]
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Mean-field EKS: X, = —Clp)VF(Xe) +/2C(pr) Wy

Covariance: C(p) = /(x —M(p)) @ (x — M(p)) dp, Mean: M(p) = /xdp.



Motivation e Ensemble-Kalmar adient flow

Gradient flow for mean-field EKS

Mean-field EKS: X, = —Clp)VF(Xe) +/2C(pr) Wy

Covariance: C(p) = /(x —M(p)) @ (x — M(p)) dp, Mean:  M(p) = /xdp.
Covariance modulated Gradient Flows

0=V (pCYVF(p),  withenergy  F(p)= [logodp+ [ Fap.

38> D7 (C3,18) « V' (®VF) ~ T (2 CQRIV( Logs *¥))
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Mean-field EKS: X, = —Clp)VF(Xe) +/2C(pr) Wy

Covariance: C(p) = /(x —M(p)) @ (x — M(p)) dp, Mean:  M(p) = /xdp.
Covariance modulated Gradient Flows

0=V (pCYVF(p),  withenergy  F(p)= [logodp+ [ Fap.

d
Energy-dissipation identity: E}"(pt) = —/(V}"(pt),C(pt)V}"(pt)) dpy
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Gradient flow for mean-field EKS —"— wwu
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Mean-field EKS: X, = —Clp)VF(Xe) +/2C(pr) Wy

Covariance: C(p) = /(:1: —M(p)) ® (x — M(p)) dp, Mean:  M(p) = /xdp.
Covariance modulated Gradient Flows

0=V (pCYVF(p),  withenergy  F(p)= [logodp+ [ Fap.

d
Energy-dissipation identity: E}"(pt) = —/(V}"(pt),C(pt)V}"(pt)) dpy

= Cov-modulated metric tensor: Formal metric for gradient flow description

1
Weov (s p1)? = inf{/o /<V¢t,C(pt)V¢t>dpt dt: Bipe +V - (pr C(ptVEV ¢) =0,p0 = p°, p1 = pl}
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Mean-field EKS: X, = —Clp)VF(Xe) +/2C(pr) Wy

Covariance: C(p) = /(:1: —M(p)) ® (x — M(p)) dp, Mean:  M(p) = /xdp.
Covariance modulated Gradient Flows

0=V (pCYVF(p),  withenergy  F(p)= [logodp+ [ Fap.

S0 == [(VF (00, Clo) T (p0) dpy

= Cov-modulated metric tensor: Formal metric for gradient flow description

Energy-dissipation identity:

1
Weov (p°, p)? = inf{/ /(Wﬁt, Clpt)Vy) dprdt : 8ype + V- (01 Clpe) V) = 0,po = p°, p1 = pl}
0

Question: Can the covariance-modulation improve convergence rates?
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Splitting of Cov-OT:

Weov(p°, p1)2 = Wou (7°.7")° + D(p°, p")2.
Chc pe MU e
Cov-constrained OT:

Wour (6%, p*) = mf {/ /|v¢| dp dt : l‘égggjﬁ*}.

Constrained geodesics:

Otpe + V- (p:Vpy) =0
Ot + %|1/Jt|2 +z-0zx=0

A~

9=/V¢®V1/Jdp

ol = [1VF a0 = o
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Convexity of energy (formal)

Theorem (Improved constrained convexity) Splitting of Cov-OT:

Let U : R>9 — R>o be an internal energy
satisfying the McCann-conditions and set

p= [V

then for any constrained geodesic follows

d2
@U (pt)

> |p0|W0,11 /P(p) > 05
t=0

with the pressure P(r) = rU’(r) — U(r).

= Entropy U(r) = rlogr (P(r) =r) is l-convex.

5/ 10

— 1T
Weov(p°, p1)2 = Wour (7°.7") + D(p°, p")2.

Cov-constrained OT:

Wor(p',p') = int { / / Vo[ dpedt : “éiﬁzi:%}.

Constrained geodesics:

Otpe + V- (p:Vpy) =0
Ot + %|1/Jt|2 +z-0zx=0

9:/vw®vwdp

Bl = / V2 dp = tr©
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nvexity

Convexity of energy (formal)

T ) Splitting of Cov-OT:

Let U : R>9 — R>o be an internal energy
satisfying the McCann-conditions and set

p= [V

then for any constrained geodesic follows

d2
@U (pt)

> |poly, , /P(P) >0,
t=0
with the pressure P(r) = rU'(r) — U(r).
= Entropy U(r) = rlogr (P(r) = 7") is 1-convex.

Quadratic potential energies V(p) = % [ |x| zdp
are constant along constramed geodesws

5/ 10
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Weor (0%, 0")* = Wor (2°.7") + D(p°, p")2.

Cov-constrained OT:

Wor(p’,p') = mf {/ /|V¢| dpedt :

Constrained geodesics:

M(pt)=0,
C(pe)=1 (-

Otpe + V- (p:Vpy) =0
Ot + %|1/Jt|2 +z-0zx=0

9:/vw®vwdp

ol = [1VF a0 = o
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Setting: f(z) = |z — m0|2B

8tpt =V- (C(p)V(p + pB_l(x — 1‘0)))
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Setting: f(z) = |z — m0|2B

o =V - (C(p)V(p+ pB~H(z — z0))).
Square-root: Given C; = C(p;) solve

A =1C AT A AT =Co

@ Non-symmetric!
Independent of choice of /Cjy
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Setting: f(z) = |z — m0|2B
o =V - (C(p)V(p+ pB~H(z — z0))).
Square-root: Given C; = C(p;) solve
A =1C AT A AT =Co
@ Non-symmetric!
Independent of choice of v/Cy
Normalization map: For m € R4, A € R4x¢

Toa(z) = A7z —m).



vexity e 11iz bing 6 / 10

Normalization and splitting —"— wwu

MUNSTER

. . _ 1 _ 2
Evolution of moments and shape Setting: f(z) = 3lz — ol

Moment equations: m; = M(p;), C; = C(pt) dpe =V - (Clp)V (p + pB~ (z — x9))).
iy, = —Cy B~ (my — o) Square-root: Given C; = C(p;) solve
Ct = ZCt(]l - B_lct)

A =1C AT A AT =Co

Normalized shape evolution:
Non-symmetric!

e = (Ta,,m, )Pt Oy = Any + V- () @ Independent of choice of v/C

Normalization map: For m € R?%, A € R%*¢

Toa(z) = A7z —m).
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. . _ 1 _ 2
Evolution of moments and shape Setting: f(z) = 3lz — ol

Moment equations: m; = M(p;), C; = C(pt) dpe =V - (Clp)V (p + pB~ (z — x9))).

iy = —Cy B~ (my — o) Square-root: Given C; = C(p;) solve
C,=2C,(1-B7'C , :
t t( t) Ay = %CtAt_T AOAg =0,

Normalized shape evolution:
Non-symmetric!

e = (Ta,,m, )Pt Oy = Any + V- () @ Independent of choice of v/C

Normalization map: For m € R?%, A € R%*¢
Ornstein-Uhlenbeck evolutions:
Toa(z) = A7z —m).
Cr=((1—e )B4 e2cy) ™

= explicit sharp convergence rates possible!
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EVI and consequences
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Relative entropy:

E(plpso) = /logpidp

1
p(dz) oo o e 2le ol gy
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EVI and consequences

Theorem (Shape EVT) Relative entropy:
For any v € P 1 holds E(plpss) = /log L ap
Poo

d 1 2
77 Vo (16, V)* A Wo (i, )? < E(VInoo) =€ (milneo) p(dz)oe o e 21777005 4y

— " — wwu

MUNSTER
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EVI and consequences ———wwy
Theorem (Shape EVI) Relative entropy:
For any v € P 1 holds E(plpss) = /log L ap

Poo

d 1 2
77 Vo (16, V)* A Wo (i, )? < E(VInoo) =€ (milneo) p(d)se o e 2177200 g

Exponential stability of shape:

Woa(ni,n7) < e Won(ng, mg)-

Independent of quadratic potential B!
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Theorem (Shape EVTI) Relative entropy:

For any v € Py 1 holds Elplpes) = /logidp

Poo
d 1
awo,n(nt, V> +Wo 1 (1, v)? < EW|Noo) —E (M ]M00) p(dz)so o e 2177005 dy
A v — Exponential stability of shape:
For any v € Poyn(]Rd) Wo,n(mlmf) <eWo (776[777(21)'

E(Nso) £ VI[N )Wo.1(V,Mo0) — Wo1(V, Neo)- Independent of quadratic potential B!
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EVI and consequences ———wwy
Theorem (Shape EVI) Relative entropy:
For any v € P 1 holds E(plpss) = /log L ap
Poo
d 1
aWO,l(nta V> +Wo 1 (1, v)? < EW|Noo) —E (M ]M00) p(dz)so o e 2177005 dy

Corollary (HWT inequality) Exponential stability of shape:

For any v € Poyn(]Rd) Wo,n(né,‘m?) <eWo (776[777(21)'

EWN0) < VI WV]100)Wo1 (¥, Mo0) — Wo 1 (Vs oo )- Independent of quadratic potential B!

Moment part: Explicitly estimated via ODEs!
Recall: D((mo, C(]), (m101)) =

inf{fol rig - Cy Mg + itr(étcglc'tct—l)}



/e Fun al inequa es - 7 /10

EVI and consequences ———wwy
Theorem (Shape EVI) Relative entropy:
For any v € P 1 holds E(plpss) = /log L ap
Poo
d 1
aWO,l(nta V> +Wo 1 (1, v)? < EW|Noo) —E (M ]M00) p(dz)so o e 2177005 dy

Corollary (HWT inequality) Exponential stability of shape:

For any v € Poyn(]Rd) Wo,n(né,‘m?) <eWo (776[777(21)'

EWN0) < VI WV]100)Wo1 (¥, Mo0) — Wo 1 (Vs oo )- Independent of quadratic potential B!

Moment part: Explicitly estimated via ODEs! @ Intrinsic result! Comparison with W, will
Recall: D((mo, Cy), (m1.Ch)) = contain pre-factors [Carrillo-Vaes 2021]
inf{fol r - Cf vy + itr(C’tC’t_lCtCt_l)}



Entropy method e Conv

Convergence to equilibrium

MUNSTER

Splitting of entropy

E(pINzo,8) = EMINo,1) + €(Na(p),c(p) INwo,B)-

- —
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Splitting of entropy Evolution of shape+moments:

g(p|Nzo,B) = 5(77|N0,11) + g(NM(p!,C e)leo,B)- mt = —CtB_l(mt — 1’0)
5 C’t - 2Ct(]l - B_IC’t)
—3 Oy = An + V- (nx)
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Convergence to equilibrium
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Evolution of shape+moments:
E(pINzo,8) = E(MINo,1) + € (Nm(p),c(p) IN2o,B)- 1y = —Cy B~ (my — x)
Cy=2C,(1-B7'Cy)
Oy = Ang + V- (nex)

Comparison of norms:

2 P n-1.3
|z < HC’fB_ cp

i3,

1
2

HCEB*C,&

<1v HB%Cng%
2 2
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Splitting of entropy Evolution of shape+moments:

E(pINzo,8) = E(MINo,1) + € (Nm(p),c(p) IN2o,B)- 1y = —Cy B~ (my — xo)
Th C f 1 C’t - 2Ct(]l - B_IC’t)
t
5(77t|N0,]1)
S(NmtthJN-"EO,B)

with

e ?"&(no|No,1)

Comparison of norms:
K’(B7 Co)e_%g(Nmo,Coleo,B)

<
<

1 1
|517|ZB < Hct2 B_lctz

i3,

HCEB*C,%

<1v HB%O(;lB%
2 2

"(B,Co) = (1VI|BAC5 BE ) (1 [B-3CoB 4 l2)
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Splitting of entropy Evolution of shape+moments:

E(pINzo,8) = E(MINo,1) + € (Nm(p),c(p) IN2o,B)- 1y = —Cy B~ (my — xo)
C’t - 2Ct(]l - B_IC’t)
Theorem (Convergence of shape+moments) Oy = Ay +V - ()
E(nelNo,1)
S(Nmtyct|N:EOaB)

with

e ?"&(no|No,1)

Comparison of norms:
K’(B7 Co)e_2t€<Nm0,Cole0,B>

<
<

|517|ZB < HC’;B_IC’;

i3,

HCEB*C,%

<1v HB%O(;lB%
2 2

w(B,Co) = (1V IBYC BY ) (1V 1B~ CoB 4o
m k improves if mg = xg

= Similar esimates for Fisher information
= exponential smoothing of gradients
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Let B ¢ Rg;li . be fixed and consider energy

€(p):/logpdp+%/(m,3x)dp.

Variance-modulated GF Covariance-modulated GF

Opr = var(py)V - (p: VE' (pt)). Opr =V - (pt Cpr) VE' (pr)).
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Comparison to var-modulated gradient flows ———wwu

MUNSTER

Let B ¢ Rg;li . be fixed and consider energy

€(p):/logpdp+%/(m,3x)dp.

Variance-modulated GF Covariance-modulated GF
Opr = var(py)V - (p: VE' (pt)). Opr =V - (pt Cpr) VE' (pr)).
E(pilpos) < €2 E(prlpoo), E(pilpos) <k € 2 E(pilpoc),
with with
— i d d _ 1 11 _1 _1
)\—mln{“BHQ”B,IHQ, uBnancgln}' K= (1v |B:C; Bz||2) (1\/ IB~tCoB z||2).




9/ 10

Comparison to var-modulated gradient flows —— wwy
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Let B ¢ Rg;ri . be fixed and consider energy

E(p):/logpdp—ké/(m,Bx)dp.

Variance-modulated GF Covariance-modulated GF
Opr = var(py)V - (p: VE' (pt)). Opr =V - (pt Cpr) VE' (pr)).
Epilpo) < €72 E(pilpo), E(pilpc) < ke E(prl o),
with with
— i d d _ 1 11 _1 _1
A= mm{ LT BT } K= (1 v||B:C;B* ||2) (1 V||B-3CyB* ||2).
@ Exponential rate depends on EVs of B! @ Only prefactors depend on EVs of B!
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Summary:
m Covariance-weighted transport distance:

= splitting of the distance in shape and moments
= local existance of geodesics
®m improved convexity properties

m EKS is gradient flow of Covariance-modulated metric

m Uniform exponential convergence rates for quadratic potentials
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Summary:
m Covariance-weighted transport distance:

= splitting of the distance in shape and moments
= local existance of geodesics
®m improved convexity properties

m EKS is gradient flow of Covariance-modulated metric

m Uniform exponential convergence rates for quadratic potentials

Open questions:
m full existence result for geodesics of Covariance-modulated OT?
= Non-quadratic potentials?
m Different modulations (Hessian of p)?

m Pathwise formulations?



Summary and open questions

Summary:
m Covariance-weighted transport distance:

= splitting of the distance in shape and moments
= local existance of geodesics
®m improved convexity properties

m EKS is gradient flow of Covariance-modulated metric

m Uniform exponential convergence rates for quadratic potentials

Open questions:
m full existence result for geodesics of Covariance-modulated OT?
= Non-quadratic potentials?
m Different modulations (Hessian of p)?

m Pathwise formulations?

Thank you for your attention!

MUNSTER
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