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Minkowski problem

Minkowski problem: Given a Borel measure y = fdos: on S”, find a
convex body Q C R"*! such that its n-th area measure

Sn(Q,x) = .

Corresponding PDE
o,(Wu(x))=f(x), Wy(x)>0,VxeS", (1.1)
u the support function of Q
Wi(x) = (u(x) +ud;(x)), VrxeS"

Necessary condition
/ f(x)xj dus»=0,vVj=1,--- ,n+1.
Ng

L?-Minkowski problem (Lutwak), try to solve
G (Wu(x)) = P~ (x). (1.2)
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Minkowski problem

The classical Minkowski problem corresponds to p = 1 in (1.2).
We are interested in p < 1.

Yoo > 0, define entropy

Eaf(Q) := sup « 0 log (fén uZO(x)ltle(x)dG(x)> :

20€Q a—

A variational problem:
Minimize &, () under constraint |Q| = c. (1.3)
A minimizer is a solution to
0, (ujj+ud;) = Afu",on S, (1.4)

for some A > 0.
Problem: solve (1.3).
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Anisotropic flow

Find a path to the minimizer of the constraint problem (1.3).

Candidate
Isotropic flow X, = —f*(V)K%v, o > 0. 2.1

Andrews:

For any o > 0 and positive f € C*(S") and any initial smooth, strictly
convex hypersurface Mo C R"™| the hypersurfaces M given by the
solution of (2.1) exist for a finite time T and converge in Hausdorff
distance to a point p € R""! as t approaches T.
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Anisotropic flow

Q C R*"! bounded convex, M = dQ, K(x) the Gauss curvature.
Flow by power of Gauss curvature

X, =K%, a>0. (2.2)

Entropy &5(Q) = sup &4 (L,z0),

Z0EQ
where &4(Q,20) 1= ] log <7{ uZo(x)l_olch(x)> .
_ S
lze, Eu(Q) = Ea(Q,2e), dist(z,,0Q) > 8(d(Q),n,|Q[). (2.3)
Normalized flow
0 K%(x,1)
EX(X, t) = —W V(X, l) —|—X(x, [). (24)
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Anisotropic flow

Andrews-Guan-Ni:
@ Under the normalized flow (2.4), €5 (Q(7)) and &y (2(?)) are
non- increasing
o Vo > &y = 1imy_ye & (L) exists,
°

=t

oo 43 5.
87— 6al Q1)) < - | [fS"f 2 doi- Jy doi —1] dr <0,
Jonfedoy- [suf do

Here f(x,1) = 57250, doy(x) = £ 0 (x).
o Flow (2.4) converges to a soliton nu = K%, 1 = [o, K% .

@ The soliton is a critical point of &, () under the constraint

Q| = |B1].
Classification of solitons:
e 0= _lﬂ, solitons are ellipsoids. (Andrews)

° Vo > soliton is the sphere. (Brendle-Choi-Daskopolous)

e
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Anisotropic flow

$nf =1, |Q| = |B(1)|, the normalized flow

X, = —MV +X. 2.5)

Monotonicity: along (2.5),

n $su % (x, 1) d oy
Eor( —Eq (L = ’ —1)dt<0
af(©2) = ay(n)2) /z. (fth(x,t)doy-fgnh“(x,t)do; > =

B, ) = £z @ (x, DK (x,1), doy(x) = 50 6 (x).

Convergence of (2.5)? Entropy point estimate (2.3) fails for & s!
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Anisotropic flow

For o> - 2 and finite non-trivial Borel measure L on S", n > 1,
there exzsts a weak solution of (1.4) provided the following holds:

(1) If a > 1 and u = f dos» is not concentrated onto any great
subsphere NSt xe S

(ii) If @ = 1 and u satisfies that for any linear (-subspace L C R"t!
with 1 < ¢ < n, we have

n g ny .
(@ p(LNS") < m'ﬂ(s );

(b) equality in (a) for a linear f-subspace L C R with 1 <d <n
implies the existence of a complementary linear _
(n+1—{)-subspace L C R"*! such that suppu C LUL.

ntl

(iii) If 5 < a < 1 and du = f d6 for non-negative f € L = (S").
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Anisotropic flow

Theorem 2 is known. If f is bounded from below and above, it’s a
result of Chou-Wang.

Q@ «a > 1, Chen-Li-Zhu.

© o =1, The paper Boroczky-Lutwak-Yang-Zhang characterized
even measures (L. Chen-Li-Zhu for sufficient condition.

(3] nl@ < a < 1, Bianchi-Boroczky-Colesanti- Yang.

Anisotropic approach was discussed in Andrews-Boroczky-Guan-Ni
under some symmetry assumptions.
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diameter and entropy

Control diameter by entropy.
V8,7 € (0,1), set D = diam(Q),
W(LNS",8)={xeS": (x,y) <8 fory e L- NS"},

If x> 1, and
7{ f<1—1,Vze 8",
P(z LS, 8)
then
a—1 -1 -1
exp Téaaf(ﬂ) >N (n,a)ré aD "o, 3.1)
Ifx=1,and

f fe (1—1)i
W(LNS",8) n+1

for any linear i-subspace L of R"*!, i =1,... n, then

&1 4(Q) > tlogD +1logd —4log(n+1). (3.2)
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diameter and entropy

1
Ifs<a<lp=1-4,7<5f.fu'"aand
ntl n+1
% fn+l+p S Tn+l+p’ VZ c Sn—l’
(1 NSm,8)

then

Q=

. 2/82 1 —1\”
either D < 16n°/6%, or D < 5% fu . (3.3)
Sn

Moreover, if T < %exp (O‘T*l é’af(Q)), then

1 -1 p
either D < 16n%/82, or D < (2exp <aa é@af(g)»". (3.4)
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Weak convergence

As (2.1) contract to a point, we assume it’s the origin.

Lemma 3

Along (2.5),
(a). The entropy &y ¢(€2;) is monotonically decreasing,

@@a,f(gtz) < goc,f(gtl)y Vi1 <t € [0,00). “4.1)
(b). Vty € [0,00),
$sn K (x,1) doy,

Q > o — —1
8as(Qy;0) = bay, +/ <¢Sn h(x,1)do; - §g h%(x,1)do; )‘”
4.2)

where

1

h(x,1) = f(x)ug ® (x,0)K (x,1), Egfo0 = hm é’af(ﬂt)
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Weak convergence

Assume f satisfies condition in Theorem 2, it follows from (4.1 ) and

(3.1)-(3.4),

D(Q(1)) < C. (4.3)
Since |Q(f)| = |B(1)|, we have non-collapsing estimate

p-(Q(r) _

B2 <,

p-(Q(1) ~

where p and p_ are the outer and inner radii of the convex body.
Set
n(n = § hx.1)do 4.4)
Sn

As ¢s. h(x,t) do; is monotone and bounded from below and above by
diameter estimates,

C > lim h@ﬁ:nzé 4.5)

t—oo JQn
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Weak convergence

Holder’s room

(4.2) implies that 3{z }7>_ |, limg_e0 tx = oo and

lim ng” ha+l('x7 t) dGI

- . = 4.6
€0 fonh(x,1)d0 - oo W (x, 1) 0, (*0)

Lemma 4

Letp, g € RY with 117 —i—é =1, set B=min{L 1} Ler (M,p) be a
measurable space, VF € [P, G € L, ||F||r» |rUG|TLq >0,

p q 2
Ju [FGldu |F|2 |G|?
7FG_1<—_ T — - . @7
1| |Gl e B/M((ﬁww,/’du)z (fM|qu,U)2> @D

We use the extra room in above improved Holder inequality to deduce
weak convergence of flow (2.5).

[T
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Weak convergence

Proposition 1

Denote uy = u(x,t), Opi = On(uij(x,tx) +u(x,t)0;). Then

lim ]{ |uk Ok — |d9 =0, (4.8)

where 1 is defined in (4.4) which is bounded from below and above in
(4.5). As a consequence, there is convex body Q C R witho € Q,

Q= [B()|;  Eayr() < Ear(B(1)),

and its support function u satisfies

1
e Sq = 746 (4.9)
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Weak convergence

We only need to verify (4.8), it is equivalent to prove

lim

1
f g Gux — 1" (1)|dO =0
k—oo JSn

(4.10)
1
. f I+ 1 7
futon—gigis | Lo | (furon)
¢ ¥ 0 (1)uf on s
Since D(#) is bounded,

1 1
fé 4 6,40 < (D(1)) 7{& 4 Gy < (D(1)) 109, < €
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Weak convergence

By Lemma 4, withp = o+ 1, Fria = h(x,tx), G=1

: h(xatk) e ? _
lim <( ) —1) do, =0. 4.12)

For ¢, fixed, let
1
%(x) =/ (0w “ o, = h(x,0)n ' ()

and set |
Fe={re§ | In() - 1< 3

It is straightforward to check that A, > 1 depending only on ¢ such
that

Agly? () =1 > |n(x)—1], Vx € X
Ady W) —1P > p(x) -1/ Ve x.
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Weak convergence

1+a
Since |y, % (x) — 1] <27 Vx € Xy, let § = min{1 + a, 2},

1ta 5 Ita
;gnmu)—l“adotkéc(( b 1% ()= 1Pdoy)t + ¢ [y ()~ 1de

By (4.12), .
lim ¢ |y > (x)—1]*doy, =0.
—>00 Sn

It follows (4.10). U
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Weak convergence

Thank you
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