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No force Crack initiation Steady state

H. Yuk, T. Zhang, S. Lin, G. Parada, X. Zhao; Tough bonding of hydrogels
to diverse non-porous surfaces. Nature Materials 15 (2016) 190-196

Adhesion energy (swollen gel on glass): 1123 J/m?
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<~ Com"‘l‘ (& C. Dﬂ ,—f?“"S 103:

Before the deformation:
Step 1. o/

)

And then onto:

Region e’ is mapped onto:




After the deformation:

Step 2.

Before the deformation:




Before the deformation: An intermediate configuration:
Step 3.

After the deformation:




After the deformation:

Before the deformation:

Step 4.




After the deformation:

Step 5.
Before the deformation:




In the limit:

Before the deformation:
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After the deformation:
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In the limit:

After the deformation:

Before the deformation:
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Theorem 1.2. Let u be the H'(B(0,3),B(0,3)) azisymmetric map of Conti-De Lellis de-
fined in Section 3.1.
Let H : (0,400) — [0, +00) be any function satisfying the following hypotheses:

o H is convexr (hence continuous) and satisfies (1.1).
.

/ H(det Du)dx < oc. (1.8)
B(0.3)

Then there exist a sequence of azisymmetric maps (w,), C H'(B(0,3), B(0,3)) such that:
i) w, s bi-Lipschitz for everyn € N,

ii) &(u,) = 0 and u,, satisfies INV for every n € N,

iii) w, — w in H'(B(0,3), B(0, 3))

iv) imr(u, L) = 9B((0,0,), 3), Det Du = 5(000,0,1) = 90,0,0), €(u) > 0, u does not
satisfy condition INV,

v) limy, oo fB(O,S) |Duy,|?dx = fB(O,S) | Du|?dx + 2,

vi) limy, e fB(O,S) H(det Du,,) = fB(O,3) H(det Du),

vii) u is one-to-one a.e., u=' € SBV(B(0,3),B(0,3)) and

ID*w™ | am(B0.3) B3)) = 1D uz | mcBo3)) = 7

In particular, the last three items show that

Ea(u) = E(u) + 2| D*(uw™ )3l me(o,3),r8) = F(u). (1.9)



Quantification of failure of divergence identities

Divergence identities:

[ (det Du(x) 6(x) div g(u(x) + [ad; Du(x) g(u(x)] - Do(x)) dx = 0
for g € CH(R",R™) and ¢ € C°(R).

Taking functions of separate variables: f : 2 x R" — R”,

f(x,y) = o(x) g(y),

the divergence identites read as
/ [cof Vu(x) - Dyf(x, u(x)) + det Vu(x) divy f(x, u(x))] dx = 0.
JQ

Definition of surface energy:

E(u) =

sup / [cof Vu(x) - Dxf(x, u(x)) + det Vu(x) divy f(x, u(x))] dx.
[fllc<1/Q



Geometric interpretation of the surface energy

Theorem. (Henao, M.-C. 11)
E(u) = H"(Ty(u)) + 2H" (T (u)).

Theorem: (Henao, M.-C. 12)
Let u € WL=1(Q, R™) N L>°(Q,R") satisfy INV, det Du > 0,
E(u) < oo. Then

E(u) = Z Perimt(u,a).

acC(u)

and

I',(u)’an_1 &, Mv(u) "o U " imT(u, a).
acC(u)

Cavitation is the only process of creation of surface.



Theorem. (Barchiesi, Henao, M.C., Rodiac 23) If u € A’ and
E(u) < oo then

u—! e SBV
Det Du = (det Du)L> + 3, v; ¢,
or H?-a.e. y € J,—1 both (u™1)*(y) are among the {&.}icn
- H> H?
v(y) = @ and I(y) = J,-

Ax = lim deg(u: 88()(: r): ) - XU(B(X’,’)). Non-zero iff x = &i

r—0
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We illustrate each conclusion in Conti & De Lellis example.

Reference configuration Deformed configuration
— f
/ \ ,,_.-"'-.----- o ---.-""‘--.__\ f
[ // ~
"" I‘. ) // e \\\
l' P '1 £ e o
- y f * "-' '.'..t‘ 'Q,.‘. [
! ( . ""
' i i » {
: [ ;‘i 5
{ :
: (1 !|’ !! "0’
. a |
|
\

L)
2
?
: i
' /
-
* . AN s /
0 N\ / /
,
\ \\ l'. /
\\ ~, o //
', s
T P
- -..-'A'.“-.l UM..SI.-
//'
/ d
//
/ b

» uleSBV

The only singularities of u™! are jumps.



» Det Du = (det Du)L> + 3, vi J¢.
|vi| = volume of cavity. If v; < 0, orientation reversal
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In the example, Det Du = det Du + Z0p — Zdo



» For H?-a.e.y € J,-1 both (u™1)*(y) are among the {&;};cn

Jumps of the inverse are only produced by cavities.
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In the example,



> Ty(y) % @ and I (y) % J,
> = {yeJy1:(u )T =¢&}and [j:=T; NI Then
1D u= 0 = 225 1€ — &1 HA(Ty)
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In the example,

» [y(u)=2and N(u) =T

> I‘;§=I’, [, =g, FEZQ, (o=T, Tpo=9, Top=T,
ID*u™t|| ;= |P — O HA(T)




» Ay = lim deg(u, dB(x,r), ) — Xu(B(x,r))- Non-zero iff x = §;

r—0

> DA =

Ay indicates if x is cavity point, volume enclosed and orientation.

Cancellation: cavity formed at one point is filled from another.
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In the example,

Ap = Xa, Ao = —Xa, Ap + Ag = 0.



Construction similar to bubbling of harmonic maps (Giaquinta,

Modica, Sou&ek 98, Lin 99, Lin, Riviere 02).
Dipole phenomenon (Brezis, Coron 86).

Example by Conti & De Lellis is generic: point singularities,
Interpenetration of matter, orientation-reversal, cavities are filled,

bubbling, dipoles.



How to define cavities using degree

imT(u, B) := {y € R" : deg(u, B,y) # 0}.
(Sverdk 88, Miiller, Spector 95)

For xo € €2,

A cavity point is an xg such that £"(imt(u,xg)) > 0.
We call C(u) the set of all cavity points.



Condition INV
(Miiller, Spector 95)

Let p > n— 1 and xg € 2. By co-area formula,
u|5B(x,,r) € WP(0B(xg, r), R") for a.e. r > 0.
Hence u|yp(x,,r) is continuous and has a degree

deg(u, B(xo,r),y)  fory € R"\ u(9B(xo, r)).

We say that u satisfies INV if

deg(u, B(xg, r),u(x)) #0 a.e. x € B(xop, r),
deg(u, B(xgp,r),u(x)) =0 a.e. x € Q\ B(xo,r).

Roughly, almost every sphere is impenetrable.



Recent related results:

Dolezalova, Hencl, Maly 21: n = 3. If u; homeomorphisms with

bounded energy

1
Du:|? B dx.
/Q Dl (det Duj)2 |

then u; — u with u satisfying INV.

Dolezalova, Hencl, Molchanova 22: If u; homeomorphisms satisfying

Lusin’s N, with det Du; > 0 and bounded energy
/ |Du;|" + A(|cof Duj|) + ¢ (det Du;) dx,
Q

with

[im t) =0. lim —~ = o
t—0+ #(t) ’ t—oo

then u; — u with u satisfying INV and Lusin’s N.
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ssinpe, — ((1—s)e g (¢) + scosp)es

Vs = :
(1 —5)g'(p) cosp + s(e — g(p) sinp)
1

Vo = €y,

(1 —5)g(p) + sesing /
G COsper + (sing — e g(p))es

(1 —s)g'(p) cosp + s(e — g(p)sinp)

Du. = 0su: @ Vs + Opus @ VO + 0,u: @ Vo, |D'u,€|2 = tr DuZDue,

[Du.|* < 2|Vs|?|0sup|* + VO [ug | sin® o + [V (Jup |* + 2[0,uj ).

1 i3
/ |Du.|*dx = 271'/ 0/20|D'u,€|2h€(s,c,9) sin pdpds.
al s=0 J p=

Lemma A.2. For every ¢ € 0, %) and s € [0, 1],
g-(p) < &, e—g:(p)sinp >0 and h(s,¢) > 0.



Lemma A.5. For all ¢ € (0,%], s € [0,1], and € < %,

- 3T
=929 L e < vae,  0< (1-9)glle) cosip+ (e — g:(¢) sing) < X cosp

sin @
3mv/2
W2\/752cos<p and |0ph:(s,¢)| = O(¢).

|h€(33 99)| <

Lemma 3.7. For all ¢ €1[0,%], all s € 0,1], and all positive ¢ such that e*~*7 < Wiﬁ

1 . - - 9~
Z(coscp-l— 2e7) Suy(s,p) <cosp+2e’ <2, |Osuy| < Ce?™?7 cos o, [0pus| = O(1).

?W@/@fﬁ ‘ 2
¢ 3 Y S
30,u5, = (u5) %0, ((u;)d) — 3 (COW 2 ) sin g — 3(u5) 2 / A h(a, ©)do .

g
up o=(0

3\22 =0(¢)

N e

Lemma 3.8.

/, |V<p|2d:c = O(€2| Inel), /, (€ cos c,9)2|Vs|2 dx = O(e|lneg|),

and / IV|?sin®p dx = O(g|Ine]?).



Lower semicontinuity
Let V be an open set such that

imT(u, L) C V.
||Dsu_l||M(ﬁb,R3x3) =||D3u_‘||M(V,R3x3) = ||Ds(u_1)3||M(V,R3x3)

S “D(u—l)3“‘.\4(\,’,&{3)(3) S lllll illf ||D(u;l)3||¢\4(v,R}x})
k—o00

/ V(u')sldy = / 'adj Vu,, es +/ ladj Vu, es|lde.
JV u, H(V)NCs, u; (V)\Cs,

. . 1
lim “?f ”D(u;1)3||M(‘3R3x;;) < £+lim inf [—/ i |Du|?dx + ||DS“EI||M(Q,,.1R3X") :

k—o0 k—00 ('6 oy
~84
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Local invertibility
Divergence identities and det Du > 0 also imply local invertibility:

Theorem. For a.e. x € Q) there exists r, > 0 such that u is

injective a.e. in B(x, ry).

(Fonseca, Gangbo 95, Barchiesi, Henao, C.M.-C. 17)



Global invertibility

If u € WP satisfies
det Du € L', divergence identities, det Du > 0

and some of the following:

» ulyq = uglya with ug : © — R” injective. (Ball 81, Sverak 88,
Henao, Mora, Oliva 21)

[ / det Du < L"(u(£2)). (Ciarlet, Ne&as 87, Qi 88)
Q

» ulyq is limit of injective maps 0€2 — R". (Kromer 20)

then u is globally invertible.
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Relaxation

We are looking for

A larger space C including A! and compact
An effective energy F on C, extension of E

so that
minF = inf E
C Ar

The use of the relaxed energy allows us to transform a problem of
lack of compactness into a problem of regularity.



Open problems

What about the general case? (Fully open)

Is our candidate the correct one? Recovery sequence...
What about allowing cavitations?

If the inverse 1s stable in Sobolev, is INV preserved?

Is it possible that the inverse is fully BV and not SBV? (i.e.,
Cantorian part, when £ (u) = oc)



