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From classical to general truncated K—MP The classical formulation
Our general formulation

The classical truncated K—moment problem

Let d,n € N.
d
o KZ(le"'vxd)ERd _>x“:Xf‘1"'X§d-
a:(al,...,ad)eNO

° J,,:z{az(al,...,ozd)ENg: al—i—---—i—adgn}CNg.

The classical truncated K—moment problem

Given n € N, m = (ma)acy, With m, € R and a closed subset K of RY, does
there exist a nonnegative Radon measure u supported in K s.t.

me = /K"u(dg), Yo € Jy?
K

a-th moment of
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° J,,:z{az(al,...,ozd)ENg: al—i—---—i—adgn}CNg.

The classical truncated K—moment problem

Given n € N, m = (ma)acy, With m, € R and a closed subset K of RY, does
there exist a nonnegative Radon measure u supported in K s.t.

me = /K"u(dg), Yo € Jy?
K

a-th moment of

If such a p exists, we say that u is a K—representing measure for m.
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Our general formulation

The classical truncated K—moment problem

Let d,n € N.
d
o KZ(le"'vxd)ERd _>§(’:Xf‘1"'X§d-
a:(al,...,ad)eNO

° J,,:z{az(al,...,ozd)ENg: al—i—---—i—adgn}CNg.

The classical truncated K—moment problem

Given n € N, m = (ma)acy, With m, € R and a closed subset K of RY, does
there exist a nonnegative Radon measure u supported in K s.t.

me = /K"u(dg), Yo € Jy?
K

a-th moment of

If such a p exists, we say that u is a K—representing measure for m.

Jn ~ N AN classical full K—moment problem
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n €N, m = (mq)acy, C Rwith J, :={a € NJ: a1+ +ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

Mma = /&O‘u(dé), Va € Jp?
K

| AR —
a-th moment of p

Examples of monomial diagrams for d = 2

classical - o € J»
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n €N, m = (mq)acy, C Rwith J, :={a € NJ: a1+ +ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

Mma = /&O‘u(dé), Va € Jp?
K

| AR —
a-th moment of p

Examples of monomial diagrams for d = 2

O—E—6-

1 X x?

classical - o € J» rectangular — o € {0,1,2} x {0,1}
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n €N, m = (mq)acy, C Rwith J, :={a € NJ: a1+ +ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

Mma = /&O‘u(dé), Va € Jp?
K

| AR —
a-th moment of p

Examples of monomial diagrams for d = 2

V) &) &
e—0 6

classical - o € J» sparse — o € {0,1} x {0} U {1,2,3} x {1}
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n €N, m = (mq)acy, C Rwith J, :={a € NJ: a1+ +ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

Mma = /&O‘u(dé), Va € Jp?
K

| AR —
a-th moment of p

Examples of monomial diagrams for d = 2

Y?
= & s
D—@ @@
classical = o € J» sparse hybrid — o € J C N3 infinite
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n € N, m = (ma)acy, C R with J, ;== {a € N(d) a1+ -+ ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

my, = /K”’p(dﬁ), Vo € Jp?
K
[ SA—

a-th moment of p

@ need to prescribe more general sets of moments than all the ones up to a degree

o NN general J C N¢ (finite or infinite)
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n €N, m = (mq)acy, C Rwith J, :={a € NJ: a1+ +ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

Mma = /Ko‘u(dé), Va € Jp?
K

| AR —
a-th moment of p

@ need to prescribe more general sets of moments than all the ones up to a degree

Jn NN general J C N¢ (finite or infinite)

The B—truncated K—moment problem

Given m = (ma)aey C R with J C Ng and K C RY closed, does there exist a
nonnegative Radon measure p supported in K s.t.

Mo, = / X°u(dX) , VaeJ?
K

a-th moment of p

(Here B := span{X®* : a € J} C R[X])
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

The classical truncated K—moment problem

Given n €N, m = (mq)acy, C Rwith J, :={a € NJ: a1+ +ag < n}, and
K C R closed, does there exist a nonnegative Radon measure p supported in K s.t.

Mma = /Ko‘u(dé), Va € Jp?
K

| AR —
a-th moment of p

@ need to prescribe more general sets of moments than all the ones up to a degree

Jn NN general J C N¢ (finite or infinite)

The d—dimensional B—truncated K—moment problem

Given m = (ma)aecy C R with J C N¢, and K C R9 closed, does there exist a
nonnegative Radon measure p supported in K s.t.

me = /K“,u(d&), Vo € J?
K

| A —
a-th moment of p

(Here B := span{X® : a € J} € R[X])
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

@ need to prescribe more general sets of moments than all the ones up to a degree

I AN general J C N¢ (finite or infinite)

The d—dimensional B—truncated K—moment problem

Given m = (ma)aecy C R with J C N9, and K C R? closed, does there exist a
nonnegative Radon measure p supported in K s.t.

mo = [ Xou(dx), vaer
K
| SAE—

a-th moment of p

(Here B := span{X®* : a € J} C R[X])

@ need to consider infinite dimensional spaces as supports, e.g. K = R‘X’,CC"O(Rd)

any other unital commutative real algebra
RIXa, .. Xal ANy (not necessarily finitely generated)
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From classical to general truncated K—MP The classical formulation
Our general formulation

Need for a more general formulation...

@ need to prescribe more general sets of moments than all the ones up to a degree

N AVAV. 4 general J C N¢ (finite or infinite)

The d—dimensional B—truncated K—moment problem

Given a linear subspace B C R[X], L : B — R linear and K C R closed, does there
exist a nonnegative Radon measure p supported in K s.t.

Le) = [ pOu(EX), Vi € B7

@ need to consider infinite dimensional spaces as supports, e.g. K = ]R‘X’,C?O(Rd)

any other unital commutative real algebra
(not necessarily finitely generated)

R[X1,. .., Xg] "N
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From classical to general truncated K—MP The classical formulation
Our general formulation

The general B—truncated K—moment problem

Finite dimensional setting General setting

@ R[X]=R[X1,...,X,] @ A = unital commutative R—algebra

The d—dim. B—truncated K—MP The general B—truncated K—MP
Given a linear subspace B C R[X], Given a linear subspace B C A,
L:B — R and K CRY closed, does L: B — R linear

there exist a nonnegative Radon
measure p supported on K s.t.

L(b) = /Rd b(a)u(da), Vb € B?
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From classical to general truncated K—MP The classical formulation
Our general formulation

The general B—truncated K—moment problem

Finite dimensional setting General setting
@ R[X]=R[X1,...,X,] @ A = unital commutative R—algebra
@ R? = Hom(R[Xy,..., Xg];R)

The d—dim. B—truncated K—MP The general B—truncated K—MP
Given a linear subspace B C R[X], Given a linear subspace B C A,
L:B — R and K C RY closed, does L: B — R linear

there exist a nonnegative Radon
measure u supported on K s.t.

L(b) = /Rd b(a)pu(da), Vb € B?
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From classical to general truncated K—MP The classical formulation
Our general formulation

The general B—truncated K—moment problem

Finite dimensional setting General setting
@ R[X]=R[X1,...,Xq] @ A = unital commutative R—algebra
@ R? = Hom(R[X,..., Xg];R) @ X(A)= Hom(A;R) character space of A

The d—dim. B—truncated K—MP The general B—truncated K—MP
Given a linear subspace B C R[X], Given a linear subspace B C A,
L:B — R and K C X(R[X]) closed, L: B — R linear and K C X(A)
does there exist a nonnegative Radon closed,

measure p supported on K s.t.

L(b) = /Rd b(a)u(da), Vb € B?
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From classical to general truncated K—MP The classical formulation
Our general formulation

The general B—truncated K—moment problem

Finite dimensional setting General setting
@ R[X]=R[X1,...,Xq] @ A = unital commutative R—algebra
@ RY 2 Hom(R[X1, ..., X4];R) @ X(A)= Hom(A;R) character space of A

@ For a € R[X],
5:RY =5 Ris 4(a) := a(a),
Va € RY.
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does there exist a nonnegative Radon closed, does there exist a nonnegative
measure u supported on K s.t. Radon measure u supported on K s.t.

L(b) = /Rd b(a)u(da), Vb € B?
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Finite dimensional setting General setting
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@ RY 2 Hom(R[X1, ..., X4];R) @ X(A)= Hom(A;R) character space of A

@ For a € R[X],
5:RY =5 Ris 4(a) := a(a),
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The d—dim. B—truncated K—MP The general B—truncated K—MP
Given a linear subspace B C R[X], Given a linear subspace B C A,
L:B— Rand K C X(R[X]) closed, L: B — R linear and K C X(A)
does there exist a nonnegative Radon closed, does there exist a nonnegative
measure u supported on K s.t. Radon measure u supported on K s.t.
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From classical to general truncated K—MP The classical formulation
Our general formulation

The general B—truncated K—moment problem

Finite dimensional setting General setting
@ R[X]=R[X1,...,Xq] @ A = unital commutative R—algebra
@ RY = Hom(R[Xy,...,Xs];R) @ X(A)= Hom(A;R) character space of A
@ For a € R[X], @ For a € A the Gelfand transform
4:RY = Ris 4(a) := a(a), 4: X(A) = Ris 4(a) := ala),
Va € RY. Va € X(A).

The d—dim. B—truncated K—MP The general B—truncated K—MP

Given a linear subspace B C R[X], Given a linear subspace B C A,

L: B — Rand K C X(R[X]) closed, L: B — R linear and K C X(A)

does there exist a nonnegative Radon closed, does there exist a nonnegative

measure p supported on K s.t. Radon measure p supported on K s.t.

L(b) = / Bb(a)p(da), Vb € B? L(b) = / B(a)p(da), Vb € B?
X(R[X]) X(A)
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The general B—truncated K—moment problem

Finite dimensional setting General setting
@ R[X]=R[X1,...,Xq] @ A = unital commutative R—algebra
@ RY = Hom(R[Xy,...,Xs];R) @ X(A)= Hom(A;R) character space of A
@ For a € R[X], @ For a € A the Gelfand transform
4:RY = Ris 4(a) := a(a), 4: X(A) = Ris 4(a) := ala),
Va € RY. Va € X(A).
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From classical to general truncated K—MP The classical formulation
Our general formulation

The general B—truncated K—moment problem

Finite dimensional setting General setting
@ R[X]=R[X1,...,Xq] @ A = unital commutative R—algebra
@ RY = Hom(R[Xy,...,Xs];R) @ X(A)= Hom(A;R) character space of A
@ For a € R[X], @ For a € A the Gelfand transform
4:RY = Ris 4(a) := a(a), 4: X(A) = Ris 4(a) := ala),
Va € RY. Va € X(A).
@ R is given the product topology @ X(A) is given the weakest topology wx(a)

s.t. all 4, a € A are continuous.

The d—dim. B—truncated K—MP The general B—truncated K—MP

Given a linear subspace B C R[X], Given a linear subspace B C A,

L: B — Rand K C X(R[X]) closed, L: B — R linear and K C X(A)

does there exist a nonnegative Radon closed, does there exist a nonnegative

measure p supported on K s.t. Radon measure p supported on K s.t.
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From classical to general truncated K—MP The classical formulation
Our general formulation

Searching solvability criteria in this general setting....

The general B—truncated K—moment problem

Let A be unital commutative R-algebra. Given a linear subspace BC A, L: B — R
linear and K C X(A) closed, 3 y1 Radon supported on K s.t. L(b) = [, b du,Vb € B?
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From classical to general truncated K—MP The classical formulation
Our general formulation

Searching solvability criteria in this general setting....

The general B—truncated K—moment problem

Let A be unital commutative R-algebra. Given a linear subspace BC A, L: B — R
linear and K C X(A) closed, 3 y1 Radon supported on K s.t. L(b) = [, b du,Vb € B?

Riesz-Haviland theorem (1923, d = 1; 1936, d > 2)

Full d—dim. KMP:
A=B=R[Xi,...,Xd

b

L(Posgix(K)) C [0,00) < 3 K-representing
measure for L.
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From classical to general truncated K—MP The classical formulation
Our general formulation

Searching solvability criteria in this general setting....

The general B—truncated K—moment problem

Let A be unital commutative R-algebra. Given a linear subspace BC A, L: B — R
linear and K C X(A) closed, 3 y1 Radon supported on K s.t. L(b) = [, b du,Vb € B?

Riesz-Haviland theorem (1923, d = 1; 1936, d > 2)
Full d—dim. KMP:

A=B=R[Xi,...,Xd

b

L(Posgix(K)) C [0,00) < 3 K-representing
measure for L.

Truncated Riesz-Haviland thm (Tchakaloff 1957)

= T T w L(Posgix),(K)) C [0, 00) < 3 K-representing
runcate —dim. E

measure for L.
A=R[Xy,...,Xd
B =R[X1,...,Xq]n
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From classical to general truncated K—MP The classical formulation
Our general formulation

Searching solvability criteria in this general setting....

The general B—truncated K—moment problem

Let A be unital commutative R-algebra. Given a linear subspace BC A, L: B — R
linear and K C X(A) closed, 3 y1 Radon supported on K s.t. L(b) = [, b du,Vb € B?

Riesz-Haviland theorem (1923, d = 1; 1936, d > 2)
Full d—dim. KMP:

A=B=R[Xi,...,Xd

b

L(Posgix(K)) C [0,00) < 3 K-representing
measure for L.

Truncated Riesz-Haviland thm (Tchakaloff 1957)
w L(Posgx), (K)) C [0, 00) < 3 K—representing

measure for L.

Ve
"on., . . .
Mpe exact analogue of Riesz-Haviland fails!

Truncated d—dim. KMP:
A=R[Xq,...,Xd
B =R[X1,...,Xq]n
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From classical to general truncated K—MP The classical formulation
Our general formulation

Searching solvability criteria in this general setting....

The general B—truncated K—moment problem

Let A be unital commutative R-algebra. Given a linear subspace BC A, L: B — R
linear and K C X(A) closed, 3 y1 Radon supported on K s.t. L(b) = [, b du,Vb € B?

Riesz-Haviland theorem (1923, d = 1; 1936, d > 2)
Full d—dim. KMP:

A=B=R[Xi,...,Xd

b

L(Posgix(K)) C [0,00) < 3 K-representing
measure for L.

Truncated Riesz-Haviland thm (Tchakaloff 1957)
w L(Posgx), (K)) C [0, 00) < 3 K—representing

measure for L.

Truncated d—dim. KMP:

A=R[Xy,..., Xy
5_ ]R[[X17 o Xd]]n Truncated Riesz-Haviland thm (Curto, Fialkow 2008)
= L(Posaix,,;(K)) € [0, o),
"on\c,,wt i €{0,1}
+ & 3 K—represent.
3 L extension of L to R[X]z2p+2 measure for L.

s.t. Z(POSRm2n+2(K)) C [0, )
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From classical to general truncated K—MP

The classical formulation
Our general formulation

Searching solvability criteria in this general setting....

The general B—truncated K—moment problem

Let A be unital commutative R-algebra. Given a linear subspace BC A, L: B — R
linear and K C X(A) closed, 3 y1 Radon supported on K s.t. L(b) = [, b du,Vb € B?

Posg(K) :={b€ B:b>0o0n K} ~ Lis K—positive if L(Posg(K)) C [0, 4+c0)

Truncated Riesz-Haviland thm (Tchakaloff 1957)
K cmP* L(Posgix. (K)) C [0 3 K- i
Xln C[0,00) & representing
Truncated d—dim. KMP: / measure for L.
A=R[Xy,..., Xq
B — ]R[[Xi, e, Xd]]n Truncated Riesz-Haviland thm (Curto,Fialkow 2008)
= L(Poszixy,, ., (K)) € [0, 50),
"°~\c%t ie{0,1}
. + < 3 K-represent.
3L Extension of L to R[X]2pt2 measure for L.
s.t. L(Posg(x],,.,(K)) C [0, c0)

Our first goal

finding an analogue of Riesz-Haviland thm for the general B—truncated K—MP!
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The compact case
Representing measures from K—positivity The non-compact case

Our generalized Riesz-Haviland theorem: the compact case

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0o0n K, and L: B — R linear.

L(Posg(K)) C [0,00) <= 3 K — representing measure for L
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The compact case
Representing measures from K—positivity The non-compact case

Our generalized Riesz-Haviland theorem: the compact case

Thm (*) (Curto, Ghasemi, I., Kuhlmann)

Let (A, p) be a seminormed algebra,
B C A linear subsp, S quadratic module,
and £ : B — R linear.

3D > 0:4(g) < Dllglls;p, Vg € B

3 (sp,(A) N Ks) — representing meas. for L

/

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0o0n K, and L: B — R linear.

L(Posg(K)) C [0,00) <= 3 K — representing measure for L

Notation
@ S C A quadratic module, i.e. 1€ S5, S+SCSanda®SC Sforallac A
9 liglls., =infres p(g + h)
@ sp,(A) = {a € X(A): ais p—continuous} Gelfand spectrum
@ Ks:={aeX(A):a(s) >0,VseS}
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The compact case
Representing measures from K—positivity The non-compact case

Our generalized Riesz-Haviland theorem: the compact case

Choquet’'s Lemma (Choquet, 1969) Thm (*) (Curto, Ghasemi, I., Kuhlmann)
Let C convex cone in a real vector space V Let (A, p) be a seminormed algebra,
W C V linear subsp, L: W — R linear B C A linear subsp, S quadratic module,

and £ : B — R linear.

LW N €) C [0, 00)
3D > 0:4(g) < Dllglls;p, Vg € B

4
3 L lin. extension of L to (W + C)N (W — C)
st. L(W+C)n(W —-C)n C) C [0,00). 3 (sp,(A) N Ks) — representing meas. for L |

N/

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0o0n K, and L: B — R linear.

L(Posg(K)) C [0,00) <= 3 K — representing measure for L

Notation
@ S C A quadratic module, i.e. 1€ S5, S+SCSanda®SC Sforallac A
lglls,, = infaes p(g + h)
@ sp,(A) = {a € X(A): ais p—continuous} Gelfand spectrum
@ Ks:={aeX(A):a(s) >0,VseS}
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The compact case
Representing measures from K—positivity The non-compact case

Applications to finite dimensional truncated K—MPs

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0on K, and L : B— R linear.

L(Posg(K)) C [0,00) <= 3 K — representing measure for L

Taking in our theorem
@ A=R[Xy,...,X4]
@ B=R[X1,...,Xq4]n
@ g:=1€R[Xq,...,X4]n

Let d,n € N, K C R? compact, and L : R[X1,...,Xqg]ln — R linear.

L(Posgxj, (K)) C [0,00) <= 3 K — representing measure for L
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The compact case
Representing measures from K—positivity The non-compact case

Applications to finite dimensional truncated K—MPs

Theorem (Curto, Ghasemi, I., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0 on K, and L : B— R linear.

L(Posg(K)) C [0, 00) <= 3 K — representing measure for L

@ A=R[X,Y]
| | | @ B=span{X'Y/:0<i<n,0<j< n}
@ g:=1¢8B

Let ni,n2 €N, K C R? compact and
o ° e L:span{X'Y?:0<i<n,0<j<n}— Rlinear.

L is K—positive <= 3 K — repr. meas. for L
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The compact case
The non-compact case

Representing measures from K—positivity

Applications to finite dimensional truncated K—MPs

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0 on K, and L: B — R linear.

L(Posg(K)) C [0, 00) <= 3 K — representing measure for L

| @ A=R[X,Y]
/L @ B = span(C)
- ) (S @ g=1€8B

I @—0©

@

©
Let C be a finite and connected set of
C={1,X,XY, X2y, xX3vy} monomials in R[X, Y], K C R? compact

A set C of monomials in 2l i gpml(€)) = L uear

R[X, Y], Is .conn'ected if every L is K—positive <= 3 K — repr. meas. for L
monomial in C is the endpoint
of a staircase path starting at 1.
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Applications to finite dimensional truncated K—MPs

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact
B C A linear subspace s.t. 3 g € B with § >0 on K, and L: B — R linear.

L(Posg(K)) C [0, 00) <= 3 K — representing measure for L

@ A=R[X,Y]
@ B = span(C)
@ g=1€B
= = (%3 B Sparse hybrid truncated K—MP
O—E—© sl
Let C be a (not necessarily finite) connected
set of monomials in R[X, Y], K C R?
@ compact and L : span(C) — R linear.

L is K—positive <= 3 K—repr. meas. for L
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Applications to infinite dimensional truncated K—M~Ps

applications in statistical mechanics ~» truncated MP for random measures

~~ truncated K—MP for K subset of signed
measures on X Hausdorff locally compact
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measures on X Hausdorff locally compact
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@ 7 := vague topology on M (X),
= weakest topology making all v — [, fdv continuous for all f € Cc(X).
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Applications to infinite dimensional truncated K—M~Ps

applications in statistical mechanics ~» truncated MP for random measures

~~ truncated K—MP for K subset of signed
measures on X Hausdorff locally compact

@ M(X) := space of all signed Radon measures supported in X

@ 7 := vague topology on M (X),
= weakest topology making all v — [, fdv continuous for all f € Cc(X).

@ Vv e M(X),f, € C(X"), f®n:= fX" fa(x1, .o, xn) @ (dxa, . . ., dxp).

Maria Infusino Truncated MP on commutative real algebras 10 /18



The compact case
Representing measures from K—positivity The non-compact case

Applications to infinite dimensional truncated K—M~Ps

applications in statistical mechanics ~» truncated MP for random measures

~~ truncated K—MP for K subset of signed
measures on X Hausdorff locally compact

@ M(X) := space of all signed Radon measures supported in X

@ 7 := vague topology on M (X),
= weakest topology making all v — [, fdv continuous for all f € Cc(X).

@ Vv e M(X),f, € C(X"), f®n:= fX" fa(x1, .o, xn) @ (dxa, . . ., dxp).
@  := polynomials in the variable v in M(X) and coefficients in Cc(X), i.e.

N
ae P~ al):= Zﬂ-u®j, NecNo, heR, f; e CC(Xj)
j=0
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The compact case
Representing measures from K—positivity The non-compact case

Applications to infinite dimensional truncated K—M~Ps

applications in statistical mechanics ~» truncated MP for random measures

~~ truncated K—MP for K subset of signed
measures on X Hausdorff locally compact

@ M(X) := space of all signed Radon measures supported in X

@ 7 := vague topology on M (X),
= weakest topology making all v — [, fdv continuous for all f € Cc(X).

@ Vv e M(X),f, € C(X"), f®n:= fX" fa(x1, .o, xn) @ (dxa, . . ., dxp).
@  := polynomials in the variable v in M(X) and coefficients in Cc(X), i.e.

N
ae P~ al):= Zﬂ-V@j, NecNo, heR, f; e CC(Xj)
j=0
(M(X), T) is topologically embedded in (X(L@),wx(g)) J
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The compact case
Representing measures from K—positivity The non-compact case

Applications to infinite dimensional truncated K—M~Ps

Taking
Q A=2
@ KCM(X)CX(2)
@ B := Zy := polynomials in & of degree N
@ g:=1€ Py

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact, B C A linear subspace
st. 3 g€ B with §>00n K, and L: B — R linear.

L(Posg(K)) C [0,00) <= 3 K — repres. meas. for L
4
Theorem (Curto, Ghasemi, I., Kuhlmann, 2023)

Let K C M(X) be compact, N € Nand L : &y — R linear.
L(Pos g, (K)) C [0, +00) <= 3 K — representing measure for L.
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Applications to infinite dimensional truncated K—M~Ps

Taking
Q A=2
@ KCM(X)CX(2)
@ B := Zy := polynomials in & of degree N
@ g:=1€ Py

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) compact, B C A linear subspace
st. 3 g€ B with §>00n K, and L: B — R linear.

L(Posg(K)) C [0,00) <= 3 K — repres. meas. for L
4
Theorem (Curto, Ghasemi, I., Kuhlmann, 2023)

Let K C M(X) be compact, N € Nand L : &y — R linear.
L(Pos g, (K)) C [0, +00) <= 3 K — representing measure for L.

— generalizes some results in Kuna, Lebowitz, Speer 2011 for compact subsets of

N(X) =4 > 0y : x; € X, | CN with either |/| < oo orI:N} C M(X)
i€l
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Our generalized Riesz-Haviland theorem: the non-compact case

Theorem (Curto, Ghasemi, |., Kuhlmann, 2023)

Let A be a unital commutative R-algebra, K C X(A) non-compact and closed,
B C A linear subspace s.t.

@ JgeA\Bst. g>1on K
@ 1€ By :=Span(BU{q})
© B, generates A
Q@ vbeB, SUP, ek

and let L : B — R be linear.

%)<oo

L(Posg(K)) C [0, +00)

+ <= 3 K-representing measure for L
3 L extension of L to By ie. L(b)=[bdv, VbeB
s.t. [(Posg,(K)) C [0, 00)

Proof’s idea

@ From L construct a prositive linear functional L on a subspace of an algebra
B C Cy(K), where K is the Hausdorff compactification of K

@ use our result in the compact case to show 3 a Kfrepresenting measure for L

@ show that the representing measure is actually supported in K
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Applications to finite dimensional truncated K—MPs

To apply our result to A = R[X], B = R[X]2,+; with i € {0,1}, K C RY non-cmpt,
we need to find g s.t.

@ 3gcA\Bst. §>1onkK © Bq generates A
@ 1€ B;:=Span(BU{q}) Q VbeE B, supyck

%‘<oo
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To apply our result to A = R[X], B = R[X]2,+; with i € {0,1}, K C RY non-cmpt,
we need to find g s.t.

@ 3gcA\Bst. §>1onkK © Bq generates A
@ 1€ B;:=Span(BU{q}) Q VbeE B, supyck

%‘<oo

1 € R[X]2n+i and R[X]2,+; generates R[X] => (2), (3) hold for all g!
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Applications to finite dimensional truncated K—MPs

To apply our result to A = R[X], B = R[X]2,+; with i € {0,1}, K C RY non-cmpt,
we need to find g s.t.

@ 3gcA\Bst. §>1onK © Bg generates A
@ 1€ B;:=Span(BU{q}) Q VbeE B, supyck

%‘<oo

1 € R[X]2n+i and R[X]2,+; generates R[X] => (2), (3) hold for all g!

k+1 when kis odd
k+2 when k is even

Let P C R[Xq,..., X4lk. Then 3 p with deg(p) = {

p>1onR?and SUp, cgrd )%‘ < oo, Vf € P.
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Applications to finite dimensional truncated K—MPs

To apply our result to A = R[X], B = R[X]2,+; with i € {0,1}, K C RY non-cmpt,
we need to find g s.t.

@ 3gcA\Bst. §>1onK © Bg generates A
@ 1€ B;:=Span(BU{q}) Q VbeE B, supyck

g

%‘<oo

1 € R[X]2n+i and R[X]2,+; generates R[X] => (2), (3) hold for all g!

k+1 when kis odd
k+2 when k is even

Let P C R[Xq,..., X4lk. Then 3 p with deg(p) = {

p>1onR?and SUp, cgrd )%‘ < oo, Vf € P.

P =B = (1) and (4) hold for q := p € R[X]2n+2!
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Representing measures from K—positivity The non-compact case

Applications to finite dimensional truncated K—MPs

To apply our result to A = R[X], B = R[X]2,+; with i € {0,1}, K C RY non-cmpt,
we need to find g s.t.

@ 3gcA\Bst. §>1onK © Bq generates A

@ 1€ B;:=Span(BU{q}) Q VbeE B, supyck

B(ar)
m < o0

1 € R[X]2n+i and R[X]2,+; generates R[X] => (2), (3) hold for all g!

. k+1 when k is odd
Let P C R[Xq, ..., Xg]x. Then 3 p with deg(p):{ ki2 when e odt st

p>1onR?and SUp, cgrd )%‘ < oo, Vf € P.

P =B = (1) and (4) hold for q := p € R[X]2n+2!

Let K C RY be non-compact, n € N, and L : R[X]2,4; — R with i € {0,1}.
L(Possiq, ., (K)) C [0, +0<)
+ <= 3 K-representing measure for L.
3L extension of L to By
s.t. L(Posg,(K)) C [0,00)
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Applications to finite dimensional truncated K—MPs

With the same technique

@ we find a suitable p for the rectangular and the sparse connected
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@ we do NOT find a suitable p for the hybrid situation as K is non-compact and
degree unbounded in some directions!
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Applications to finite dimensional truncated K—MPs

With the same technique

@ we find a suitable p for the rectangular and the sparse connected

@ we do NOT find a suitable p for the hybrid situation as K is non-compact and
degree unbounded in some directions!

BUT if we balance unboundedness and compactness...

Theorem (Curto, Ghasemi, |. Kuhlmann, 2023)

;e:t: R[X, Y] with X = (X1,...,X4) and Y = (Y1,..., Ys),

K := K1 x Ko C RY x R®, with Ki compact in R? and K> non-compact in RS
B :=R[X][Y]2n-1

L: B — R linear

p € RIX][Y]2n

L(PosRm[ﬁ2n71(K)) C [0, +o0)

+ <= 3 K-representing measure for L.
3 L extension of L to B,

s.t. Z(POSBP(K)) C [0, 00)
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Applications to infinite dimensional truncated K—MP:

applications in statistical mechanics ~» truncated N'(X)—MP

N(X) = {Z Ox; 1 Xj € X, with either || < ocoor /= N} is non-compact in M (X) J
iel
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The compact case
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Applications to infinite dimensional truncated K—MP:

applications in statistical mechanics ~» truncated N'(X)—MP

N(X) = {Z&X,. 1 xj € X, with either |/] < oo or | = N} is non-compact in M (X) J
i€l

CASE 1: X compact
Applying our result in the non-compact case for:

Q@ A=2

@ K:=N(X) CTM(X)CX(2)

@ B := %5 := polynomials in & of degree 2

@ g:=1+ ]1;‘?377@3 = PROBLEM: B; = span{B U {q}} does not generate #!
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Applications to infinite dimensional truncated K—MP:

applications in statistical mechanics ~» truncated N'(X)—MP

N(X) = {Z Ox; 1 Xj € X, with either || < ocoor /= N} is non-compact in M (X) J
iel

CASE 1: X compact
Applying our result in the non-compact case for:

@ A:=(R) where
R = {fo AN+ B2+ BIEN®3: o, f €R, A € Co(X), h € CC(XZ)}

® Ki= N(X) C M(X) C X(#) € X({R))
@ B := %5 := polynomials in & of degree 2 C (R)
@ g:=1+ Ilf??‘n@?‘ = Bg = span{B U {q}} = R generates Al
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Applications to infinite dimensional truncated K—MP:

applications in statistical mechanics ~» truncated N'(X)—MP

N(X) = {Z Ox; 1 Xj € X, with either || < ocoor /= N} is non-compact in M (X) ‘
iel

CASE 1: X compact
Applying our result in the non-compact case for:

@ A:=(R) where
R = {fo AN+ B2+ BIEN®3: o, f €R, A € Co(X), h € cc(x2)}
® K= N(X) C M(X) C X(2) C X((R))

@ B := %5 := polynomials in & of degree 2 C (R)
@ g:=1+ l§3n®3 = Bg = span{B U {q}} = R generates Al
4

Let X be compact and L : #() — R be linear and N (X)—positive.
IR >0s.t. V qp,a,6,6 € Posg(N(X)), >

(3 N (X)—repr. measure for L ) =
L(fo + fAn+ f21']®2) + R > 0.
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Applications to infinite dimensional truncated K—MP:

applications in statistical mechanics ~» truncated N'(X)—MP

N(X) := {Z 0y 1 xi € X, with either [/| < oo or | = N} is non-compact in M (X) J
iel

CASE 2: X non-compact
Applying our result in the non-compact case for:

@ A:=(Rr) where 0 <T € Co(X) and
Rr = {fo+ An+ £n®? + 6303 £, € R, € Cc(X), 2 € Cc(X?)}
® K =N(X)C M(X) C X(#) C X(#) x R = X((Rr))
@ B := %5 := polynomials in & of degree 2 C (Rr)
@ g:=1+T19®39%3 = B, =span{BU{q}} =Rr
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Applications to infinite dimensional truncated K—MP:

applications in statistical mechanics ~» truncated N'(X)—MP

N(X) := {Z 0y 1 xi € X, with either [/| < oo or | = N} is non-compact in M (X)
iel

CASE 2: X non-compact
Applying our result in the non-compact case for:

@ A:=(Rr) where 0 <T € Co(X) and
Rr = {fo+ An+ £n®? + 6303 £, € R, € Cc(X), 2 € Cc(X?)}
@ K=N(X)CM(X)CX(ZP)CX(2) xR2X({Rr))
@ B := %5 := polynomials in & of degree 2 C (Rr)
@ g:=1+T1933®3 = B, =span{B Uﬂ{q}} =TRr

Let X be compact and L : 2 — R be linear and N (X)—positive.
FR>0and 0<T €Co(X)s.t.

(EI N (X)—repr. measure for L ) — v q;o’fhfz’& € Posg (N (X)),
L(fo + An + Hn®?) + R > 0.
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Final remarks and open problems

Further remarks on our results

@ they open the way towards a more systematic approach to truncated MP in
infinite dimensional settings, for which very few results are known

@ they produce new insights also in the finite dimensional case

@ they do not yield very concrete solutions but are certainly a first step toward
more concrete ones

@ Can we identify classes of supports or of algebras for which the assumptions of
our generalized Riesz-Haviland theorem can be simplified?

@ When the starting algebra is a topological one, can we make our criteria more
concrete?
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ThanK you for your attention

For more details see:

@ R. Curto, M. Ghasemi, M. Infusino, S. Kuhlmann, The truncated moment problem on
unital commutative real algebras, to appear in Journal of Operator Theory, 2023

@ R. Curto, M. Infusino, The realizability problem as a special case of truncated
infinite-dimensional moment problem, https://arxiv.org/abs/2305.10343
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