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VERTEX ALGEBRAS: WHY?

* Vertex Operators are local operators that describe the propagation of string states in string theory.

* The chiral algebra of symmetries of a conformal field theory is a vertex algebra.

« The Moonshine module V¢ acted on by the Monster group is a vertex algebra.

* Representations of vertex algebras provide examples of modular tensor categories.

* Vertex algebras are connected to modular forms and mock modular forms.




VERTEX OPERATOR ALGEBRAS

A vertex operator algebra consists of a 7 -graded vector space 1V = HnEZ V., such that

e dimV,, < oo and V,, = 0 for n sufficiently small

® A linear map Y ( .,z): V — End V[[2%!]]

a—Y(a,z)= Z e
nes

n
wezr{ exforsion  Kes,Z Yla.,2=0n

where Y (a, z)b = Z abz" "1 € V((2)) <= a,b=0forn>>0
nez

—d09 ~99 _2 i
Y(Q,,E b= Qqu% 4—@18\02 -+ Qo2 + Qb2 + 0:410 + O:Zb%_-l-. .




VERTEX OPERATOR ALGEBRAS

A vertex operator algebra consists of a 7 -graded vector space V' = HnEZ V., such that

e dimV,, < oo and V,, = 0 for n sufficiently small

® A linear map Y ( .,z): V — End V[[2%!]]

a—Y(a,z)= Z e
nes

n
wezr{ exfortion  Res,Z Y@ B=Qn

where Y (a, z)b = Z abz" "1 € V((2)) <= a,b=0forn>>0
nez

Image Credit: String Theory Explained —
What is The True Nature of Reality?
https://youtu.be/Da-2h2B4fau




VERTEX OPERATOR ALGEBRAS

A vertex operator algebra consists of a 7 -graded vector space V' = HnEZ V., such that

e dimV,, < oo and V,, = 0 for n sufficiently small

® A linear map Y ( .,z): V — End V[[2%!]]

a—Y(a,z)= Z pz "t

ne
e |0) € Vj, the vacuum vector

® w € Vs (the conformal vector) which satisfies Y(w,z) = Z L,z "2

ne
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EXAMPLES OF VERTEX (OPERATOR) ALGEBRAS (=VOAS)

|. Free bosons = Fock Representation 71

2. TheVirasoroVOAs M.




EXAMPLE 1: THE FREE BOSONS

Consider the Heisenberg Lie algebra H with generators z,,n € Z,c where ¢ is central and
['Tfru er/"m] — ndn,—mc
@ X1Tr_o9 —X_92x1 =()
@ Lo _9 — X _2XT9 = 2¢
® roC — T2 = ()

WVe fix a triangular decomposition for H:

i @Ca:n, H° := Czxg & Cc, HT = @Cw—na

and build a one dimensional representation C1 for H= := Ht ¢ HY with action given by

@ r,1=0forn>0

e ¢c1=1




[Ty ] = N0y —m 2

EXAMPLE 1: THE FREE BOSONS (continued)

The Fock representation 7T is defined as the induced representation ® 71%_2 — T_2%1 =0

® L2X o9 — X _2T2 = I

m=U(H) RuH+gH) C1

@ LoC— CxTo = ()

ezr,1=0forn>0

1
=1 An elewent T
is au \ileo—
Linearly 7 2 Clz_q1,2 9,2 3, -] Cowmﬁon &
X . creoffon operotod
.27133_21 = 33_2.5[711 =0 L ic;no X~°l o _th&_

Q
 2or_ol =2 5701 + 21 =21~ Xe=19 _ fr >0

er_1x_51= r_ox_11

ax-o
oanililofion cerators




VOA STRUCTURE ON 7T =FREE BOSONS

0|0)=1

ol w, = %xz_ll + ax_o1 | isaconformal vector Vg € C  VYVe denote that VOA
structure by 7T

31 T—2T-11 gz 4}

®Y(z_11,2) anz "l oy X (2) = anz_”_l

nez nez

oV (%99_11,2) _ % X (2)X(2) :

oY (r_;, -rx_;1,2)= GO 1(% o7 IIX(z)- - 071X (2)

T = 1700




VOA STRUCTURE ON 7T =FREE BOSONS

0|0)=1

1 1 1 5 1 0 1 5
Lo = 5 (I;)kak —+ Z$k$k) = 2 (QZZU_gCUg) + 5:190 = 2 (222 x_ec‘?m_g) + Exo

k>0




VOA STRUCTURE ON 7T =FREE BOSONS

1
(2ZE aj_gax ) — 35'0

£>0

0 Lol0) = 3 (28 1m0 £ 2oz ) 1 + 331 = 0[0)
231 e I |
o Lox_ 31— ( Zbofrﬁ gaf )m_31+%m%m_31

0
827_3

— 3.’1?_3]_

= 35(3_3 512'_31

More generally, we have

® LO(x—jl o .:B—jk:]‘) - (.71 + )24 —|—jk)39—j1 e xg, 1




GRADED DIMENSION OF 71

Therefore, we have a decomposition into [j-eigenspaces

=P

n>0

1 T = spanci{z_;, ---x_;, 1| 71

T 4

-— g —_— e e p— — T ——m
-— -

> 2 gy, J1t o+ Jk =n}

diam L =P
0144,,\‘2, P('L)
LD =F12)
i S =P(4)



GRADED DIMENSION OF 71

Therefore, we have a decomposition into Lg-eigenspaces

=B,

n>0
MTp = Spancic—;, - T—; 1| 1224k, 1+ +je=n}
dimm,, = p(n) = # of partitions of n

. 1 :
dimg(m) :=q 22 Z dim(7,)q" —— Graded dimension of 71
n>0

=q 2y, -, p(n)q"

1 oo o Dedekin eta function, a modular form .
m n(q) = ¢ 1], (1 —¢") = (compatible with an action of SL(2,Z)if ¢ = ¢*™7)




THE MODULAR GROUP

SL(2,7Z) acts on the upper half plane  H = {7 € C | Re(7) > 0}

It is generated by the following two transformations:

T(r)=r+1 S(r) = =

Image credit: By Nihargargava - Own work, CC BY-SA 4.0, Image credit: By Nihargargava - Own work, CC BY-SA 4.0,
https://commons.wikimedia.org/w/index.php?curid=6459564 | https://commons.wikimedia.org/w/index.php?curid=64595958




THE MODULAR GROUP

SL(2,7Z) acts on the upper half plane  H = {7 € C | Re(7) > 0}

a b _ar+b
c d T_CT—I—d

B LY =2 o)

Image credit: By Nihargargava - Own work, CC BY-SA 4.0, Image credit: By Nihargargava - Own work, CC BY-SA 4.0,
https://commons.wikimedia.org/w/index.php?curid=64595641 https://commons.wikimedia.org/w/index.php?curid=64595958
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MODULAR FORMS

A modular form of weight £ is a holomorphic function f : H — H satisfying

o f(Z) = (cr+a)Ff(n)

@ f isboundedas T — i0c0

dimg(m) = [n(q)] ™

Dedekin eta function, a modular form if ¢ = e?""

L |
m n(q) = g2 Hfzozl(l —q") = of weight k = 1

2




MODULE FOR AVERTEX OPERATOR ALGEBRA

A V-module is a vector space W = ]_[|:|T/V,,L together with a linear map
n c R_|_

Yw(.,z):V — End W[[zF!]]

a+— Yw(a,z) = Z =
neL

+ SEVERAL AXIOMS




“NICE” VERTEX ALGEBRAS

® A vertex operator algebra is RATIONAL if it has semisimple representation theory -
There are
finitely many
—m) inequivalent
irreducible
modules

(W1, WM

@ A vertex operator algebrais Cy-cofinite if dimV/Cy (V) < o0

Co(V) = {u_sV |u,v € V})¢

Y (u,z)v = anZ Upvz "1




Theorem (Zhu-96) “The space of graded traces for simple modules of nice VOAs is modular invariant”
Let V be a rational (5 cofinite vertex operator algebra V = ®n20 V...
Let k € Z, and u € V), and let W be an irreducible positive energy module.

Then, the trace function

Trw (u, 7) := Tr|w oV (u)gro—c/?4
converges to a holomorphic function on H, where o'V (u) = u}”_ ;.

Moreover, the space spanned by {Tryi(u,7) 1 <i< M} (W ...WM all of the irreducibles)

is a finite dimensional representation of SL(2,7Z).

Taking u = |0)

0),7) =g /% 2 AeR, t""(fdvv;)q)\

In particular, the space of graded dimensions for simple modules of nice VOAs is modular invariant.




OTHER VERTEX ALGEBRAS AND MODULARITY

Many interesting vertex algebras, such as the free bosons are not rational, i.e. they admit
indecomposable and not irreducible modules.

In 2004, Miyamoto defined graded pseudo-traces for indecomposable modules and
proved their modularity for irrational and C5 cofinite vertex operator algebras.

Informally:
Once we have indecomposable modules, degree-preserving operators are not diagonalizable
on each graded component of a module. For a nice enough module (an interlocked module)

A C B
MMw)|w,=| 0 E *C
0O 0 A

Pseudo-traces capture some of the new off-diagonal information




GRADED PSEUDO-TRACES
For an “interlocked module” W = erc@—' Generalized eigenvectors for Ly

one can choose a “Miyamoto basis” for each graded component such that

A C B
OW(”U)|W[A] =1 0 E *C
0O 0 A

pstr(o™ (v) [wiyy) := tr(B) — Pseudo-trace at degree )

L0|W[>\] : (Lg)k + (L(j;)V)A (because L acts not diagonalizably on 117)

Modified Pseudo-trace at degree A — pstr(ow(v)|ww qr(Lf?Jv)A )= Zj€Z>g pstr(o™ (v) Wi l, (Lév)g\(log q)’)




GRADED PSEUDO-TRACES

For an “interlocked module” W =[], .c Wix——— Generalized eigenvectors for Lg

one can choose a “Miyamoto basis” for each graded component such that

A C B
MMw)|w,=| 0 E *C
0O 0 A
N S
pstryy (v, 7) = pstry, (0" (v)g"0/21) =y " pstr(0™ (v)[wyy g F0 ) ) g For g~ /2
AeC

— Z( modified pSGUdO-trace))\q(Lg)A q—6/24
AeC

= Y rec Ljezs, PSE(0" (0)|wyy 1 (L83 (log ¢)7) g~/




GRADED PSEUDO-TRACES: AN EXAMPLE

Let W (A, k) be the indecomposable 7T -module with W(\, k) = P WA E)p

W(X k)o = span{uy, ... ug}

TLEZ_|_

(:Uo—)\)ulzo, ($0—)\)Uj:’le_1, jZQ,...,k
A 1 0 --- 0 0]
O A1 --- 0 0
O 0 A -~ 0 O
$0|W(A,k)0: :
0O 0 O A1
0 0 0 0 A |

Lo = oWV (AR) (T-11) s the degree-preserving endomorphism associatedto z_11 € 7




GRADED PSEUDO-TRACES: AN EXAMPLE

Let W (A, k) be the indecomposable 7T -module with W (X, k) = D,,cz, W(A, k)n
W(X k)o = span{uy, ... ug}
(:Uo—)\)ulzo, (wo—)\)uj:uj_l, jZQ,...,k
g = 2 (2 St m_ga%_g) + 223
X g 0 0 0 ] (0 A 5 0 0 0 ]
I R
IR )
Lolw (n ko = o SR B == i
MR 00 0 0 A3
" T 00 0 0 0 A
L 00 0 5 00 0 0 0 0




GRADED PSEUDO-TRACES: AN EXAMPLE

Ifwe take £k =2, W(A,2) = @nez+ WA 2)n
WA, 2)g = span{uy, us} (xg — Nuy =0, (20 — A)uz = uy,

)\2
A0 0 A
Lolwx,2), = [ (2) A2 + [ 0 0 ]»qLé\r _ oLp log(q)
e =L e ]
J 1
% Ly 0

Modified Pseudo- pStl“(OW(].”WDqLéV) = pstr (Id|WO ( 0 1 )) = tr(Alog(q)) = Alog(q)

trace at degree (




SOME GRADED PSEUDO-TRACES

The free boson admits indecomposable non-irreducible modules.VWe computed its pseudo-
traces for certain vectors in 7 [Barron, Batistelli, OH, Yamskulna, 2023]

pstry (1, 7)

pstry (x_11,7)

pstry (w?, T)

The free bosons are not Cs-cofinite. However, we can still apply Miyamoto’s construction to
interlocked modules.

Theorem [Barron, Batistelli, OH, Yamskulna, 2023]
All indecomposable modules for 7, are interlocked in the sense of Miyamoto.




THEOREM: (GRADED PSEUDO TRACES)

[Barron, Batistelli, OH, Yamskulna, 2023]
Let W (a, A\, k) be the indecomposable 7T -module with W (a, A, k) = @nez+ Wia, A\ k),

Wia, A\, k)g = span{uy,...u}

(xo — Nup =0, (zo—Au; =uj_1, J=2,...,k forfixed Na€CkEeN,
Then,
pstryy (1, 7) = Saxk(logq) dimy(W(a, A k))
o k=1 B dgrp=1=1
for a function Ja.x.x(10g ¢) that we can describe explicitly. o k=2 »6a,)\,k=2 = (A —a)logg

e k=3 B

Oa, )\ =3 = % log q + %(A — a)*(log q)°




EXAMPLE 2: THE VIRASORO VERTEX ALGEBRA

V47 is the Lie algebra with generators {Ly }nez and C' where C is central and

3_n
[Lna Lm] . (’I’L — m)Ln+m =+ RTCén,—m




VERMA MODULES

Let Vir® := &,>0CL,, & CC and let C1" denote theVir* -module given by

L,1"=0,n>0
Lol" = h1®  Conformal weight h € C

C1? = c1®  Centralcharge c € C

Then, the Verma module is
M(c,h) :=U(Vir) ®y(vir+) Cle




VIRASORO VERTEX OPERATOR ALGEBRA

Frenkel,Zhu M. = M(c,0)/ < L_11 > isaVOAforany c€C

10 _
e M(c,())/ — MC
<L 11>




VOA STRUCTURE ON M.

.C

S
L 51

L_31

e|0) =10




M. IS IRRATIONAL

10 We have described the graded pseudo-traces for certain indecomposable modules

Q@ ° for the universal virasoro vertex algebra M.
[Barron, Batistelli, OH, Yamskulna, 2023]

1 A M. is neither rational nor Cs-cofinite

[
\J
L,
O
J
L_s1
M\ )\
O U
L%, L 41

For the Virasoro vertex algebra, we proved that there are indecomposable modules that
are “not nice” (i.e. NOT INTERLOCKED).
M, = M(c,0)/ < L_112 > (Unlike in the Free boson case, where all indecomposables are “nice”, i.e. interlocked)

[Barron, Batistelli, OH, Yamskulna, 2023]
We described which indecomposables (induced from the level 0 Zhu algebra) are interlocked and computed their pseudotraces.




FUTURE WORK

® V. and 7 are neither rational nor Cs-cofinite

® They both have, however, “interlocked modules” and interesting graded pseudo-traces.

® These pseudo-traces satisfy an important logarithmic derivative property

(key for modularity in the irrational and C9 cofinite case [Miyamoto])

® We computed [Barron, Batistelli, OH, Yamskulna, 23]
WEWILL STUDY OTHER PSEUDOTRACES

pstrw (1,7) pstrw(1,7) pstr(v,7) for other v € 7,

pstry (x_11,7) pstry (w, 7)

pstry (w*, 7) And their (pseudo)-modular behavior




THANK YOU!

.GRACIAS!
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