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Equivalent Formulations of Geometric Convexity

Let Q C R” be a smoothly bounded domain (open and connected).
That is, there exists a smooth function p : R” — R such that

Q={xeR": p(x) <0} and Vp(x) # 0 on 99.

The function p is a called a defining function for €.
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That is, there exists a smooth function p : R” — R such that

Q={xeR": p(x) <0} and Vp(x) # 0 on 99.

The function p is a called a defining function for €.

Classical Theorem
The following are equivalent to the geometric convexity of 2.

L S et ade (P)wjwe >0, ¥w € Tp(99) and VP € 90,

2. Q admits a smooth strictly convex exhaustion function
P Q — R,

3. For every compact K C € the set

K= {X € Q : f(x) <supf(t) for all linear functions f}

teK

is compact in Q as well.
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Hartogs Extension Phenomenon

Consider the domain in C? with coordinates (z1, 2):
H = {ZE(C2Z |21| < r1,|22| < 1}U{ZEC2: |21| <l n< |22| < 1}
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Hartogs Extension Phenomenon
Consider the domain in C? with coordinates (z1, 2):
H = {ZE(C2Z |21| < I’1,|Z2| < 1}U{ZEC2: |21| <l,n< |22| < 1}

[22|

Any holomorphic function f on H
has a unique extension f to the

unit bidisk D? given by
| / . 1 [ @)

f - d
(21, 22) 2mi /|C=5 (—2 ¢

where § € (o, 1).

I 1 [z
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> A domain Q C C" is a called pseudoconvex if for every
P € 0% there exists a neighbourhood U of P and a
f € O(UNQ) that cannot be extended holomorphically to P.
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» A domain Q C C" is a called pseudoconvex if for every
P € 0% there exists a neighbourhood U of P and a
f € O(UN Q) that cannot be extended holomorphically to P.

» The Levi problem: is this notion equivalent to the existence of
a f € O(Q2) which cannot be extended to any larger domain?

» How do we characterize pseudoconvex domains in C"7
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Holomorphic Generalizations of Convexity

Definition
Let F be a family of holomorphic functions on a domain 2 C C".
Q is called F-convex if for every compact K C 2 the set

Kr = {z € Q : |f(z)| < sup |[f(w)] for all f E]—"}
weK

is compact in Q as well. A compact K C 2 is F-convex if R}‘ =K.

Examples
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Holomorphic Generalizations of Convexity

Definition
Let F be a family of holomorphic functions on a domain 2 C C".
Q is called F-convex if for every compact K C 2 the set

Kr = {z € Q : |f(z)| < sup |[f(w)] for all f e]—"}
weK

is compact in Q as well. A compact K C 2 is F-convex if R}‘ =K.

Examples

» Polynomial Convexity: 2 = C" and F = Polynomials on C".
Rational Convexity: Q = C" and F = Rational functions.
Holomorphic Convexity: F = O(Q).
The closed unit ball By € C" is F-convex for all F above.
Spherical shell By \ By /2 is not F-convex for any F above.

vVvYyyvyy

If K C C!is compact, then K is rationally convex and the
polynomially convex hull of K is K U holes(K).
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Approximation: Motivation

One of the main reasons for the study of polynomial and rational
convexity is its connection with approximation of holomorphic
functions. The motivation comes from dimension 1.
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Theorem (Runge)

Given K C C compact and f € O(K), there exists a sequence of
rational functions rj(z) with poles off K that approximates f
uniformly on K, i.e., R(K) = C(K). If K has no ‘holes’, then rj(z)
can be taken to be polynomials, that is, P(K) = C(K).
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Approximation: Motivation

One of the main reasons for the study of polynomial and rational
convexity is its connection with approximation of holomorphic
functions. The motivation comes from dimension 1.

Theorem (Runge)

Given K C C compact and f € O(K), there exists a sequence of
rational functions rj(z) with poles off K that approximates f
uniformly on K, i.e., R(K) = C(K). If K has no ‘holes’, then rj(z)
can be taken to be polynomials, that is, P(K) = C(K).

Notice that the distinction between approximation by polynomial
vs rational functions is precisely the distinction between
polynomially vs rationally convex compacts.
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Approximation: Oka—Weil

The multidimensional version is following:
Theorem (Oka—Weil)

If K € C" is polynomially (resp. rationally) convex and f € O(K),
then given any € > 0, there exists a polynomial P (resp. rational
function with poles off K) with ||f — P||x < e.
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Approximation: Oka—Weil

The multidimensional version is following:

Theorem (Oka—Weil)

If K C C" is polynomially (resp. rationally) convex and f € O(K),
then given any € > 0, there exists a polynomial P (resp. rational
function with poles off K) with ||f — P||x < e.

Likewise, If Q C C" is O(2)-convex, then any holomorphic
function in a neighbourhood of a O(£2)-convex compact K is the
uniform limit on K of functions in O().

» A partial converse is also true: if K C C" is a compact such
that P(K) = C(K) (resp. R(K) = C(K)), then K is
polynomially (resp. rationally) convex. Clearly, such K must
have int(K) = @.

P> Roth’s swiss-cheese example shows: there exists a compact
K C C with empty interior such that R(K) # C(K).

> If K C C" is a polynomially convex compact, then every
component of K is polynomially convex.
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Pseudoconvexity
An upper semicontinuous function ¢ : Q — [—00,00) is called
plurisubharmonic (psh) on  if for every P € Q and v € C" the
function C 5 A\ — ¢(P + Av) is subharmonic or identically —oo for
|A\| << 1. Equivalently, ddy > 0 for ¢ € C?(Q). Likewise,
Y € C%(Q) is strictly plurisubharmonic (spsh) if dd¢ > 0.
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Pseudoconvexity

An upper semicontinuous function ¢ : Q — [—00,00) is called
plurisubharmonic (psh) on  if for every P € Q and v € C" the
function C 5 A\ — ¢(P + Av) is subharmonic or identically —oo for
|A\| << 1. Equivalently, ddy > 0 for ¢ € C?(Q). Likewise,

Y € C%(Q) is strictly plurisubharmonic (spsh) if dd¢ > 0.

Examples (f holomorphic):
(1) log|f|; (2) |f|P for p>0; (3) sup, ua(z), where u, psh Va.
Theorem

Let Q C C" be a smoothly bounded domain with defining function
p: C" — R. TFAE to the pseudoconvexity of §2:

1. Q is O(Q2)-convex;

2. 3 %(P)ij‘vk > 0 for all complex tangent vectors w
of O at P for all boundary points P.

3. Q admits a smooth spsh exhaustion function 1) : Q — R.

4. Qu = f is solvable in the C>-category at all form levels.
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What about (1 = 3)?

Theorem
The function z — — log (dist(z,92)) is plurisubharmonic on a
pseudoconvex domain.

The key is to write
dist(z,0Q2) = inf{dq u(z) : ue C" with |u| = 1},

where dq ,(z) measures how large a disk in the “u-direction” with
center at z is contained in D. Then show z — —logdq ,(2) is
plurisubharmonic for each u € C" with |u| = 1.

Theorem (Diederich and Fornaess)

If Q is pseudoconvex with C?-boundary, then —dist( z,Q)"e~ K7l is
spsh in neighbourhood of OS2 for small n > 0 and large K > Q.

From this, one can conclude that pseudoconvex domains with
C2-boundary admit bounded spsh exhaustion functions.
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Properties of Polynomial and Rational Convexity

» The intersection of a family of pseudoconvex domains is
pseudoconvex whenever its interior is nonempty.
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Properties of Polynomial and Rational Convexity

» The intersection of a family of pseudoconvex domains is
pseudoconvex whenever its interior is nonempty.

» A compact K C C" is rationally convex iff for all z ¢ K, there
exists a polynomial P with P(z) = 0 but P~1(0) N K = @.

Proposition

If Q C C" is a bounded domain and Q is rationally convex, then Q
is pseudoconvex. The analogue for polynomially convex compacts
is also true.

The former can be shown by taking the intersection of domains of
the form C" \ £, where p ¢ Q, and ¥, is a complex hypersurface
that passes through p and avoids Q.
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Envelopes of Holomorphy
Given a domain Q C C", the envelope of holomorphy E(Q) is the
largest “domain” to which all holomorphic fuctions on €2 extend.
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Example
Consider the domain HU W; U W, C C2. Here,

H={lal <3zl <1}J{lal <L, } <|z| <1}
Wi={lzn—1< izl <1}, W= {dist(z,7) < 1},
and +y is the curve in the z;-plane
given by

y={x:1<x<2}
U{2e":0<6<n}
U{x:—2<x<0}
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Envelopes of Holomorphy
Given a domain Q C C", the envelope of holomorphy E(Q) is the
largest “domain” to which all holomorphic fuctions on €2 extend.

Example
Consider the domain HU W; U W, C C2. Here,

H={lal <3zl <1}J{lal <L, } <|z| <1}

Wi={lzn—1< izl <1}, W= {dist(z,7) < 1},
|22]
and + is the curve in the z;-plane
f<§ given by
> Y
N vy={x:1<x<2}
U{2e?:0<0<m}
U{x:-2<x<0}
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Envelopes of Holomorphy and Stein Manifolds

The previous example shows that the notion of an “envelope of
holomorphy” is not well-defined in the class of Euclidean domains.
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The envelope of holomorphy of a domain Q C C" exists as a pair
(X, m), where X connected complex manifold and  is a local
homeomorphism 7 : X — C". Furthermore:
1. X contains € in the sense that there exists a continuous map
@ : Q — X with the property that 7 o ¢ is the identity map on
Q, and
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that there exists a function F € O(X) with Fop =f.
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holomorphy” is not well-defined in the class of Euclidean domains.

Theorem
The envelope of holomorphy of a domain Q C C" exists as a pair
(X, m), where X connected complex manifold and  is a local
homeomorphism 7 : X — C". Furthermore:
1. X contains € in the sense that there exists a continuous map
@ : Q — X with the property that 7 o ¢ is the identity map on
Q, and
2. any holomorphic function f € O(Q2) extends to X in the sense
that there exists a function F € O(X) with Fop =f.

Such a manifold should be pseudoconvex in some sense.
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Stein Manifolds

Definition

We call a complex manifold X Stein if it satisfies the following:
1. X is O(X)-convex;
2. Thereis a f € O(X) with f(P) # f(Q) whenever P # Q;

3. For every point P € X there exist functions fi,...,f, € O(X),
n = dim X, where dfy, ..., df, are C-linearly independent at P.
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Definition

We call a complex manifold X Stein if it satisfies the following:
1. X is O(X)-convex;
2. Thereis a f € O(X) with f(P) # f(Q) whenever P # Q;

3. For every point P € X there exist functions fi,...,f, € O(X),
n = dim X, where dfy, ..., df, are C-linearly independent at P.

Theorem
The envelope of holomorphy of a domain Q C C" is Stein.

Observation
Every complex hypersurface (w/o boundary) of C" is Stein.

Theorem
If a holomorphically convex manifold does not contain any
nontrivial compact complex manifolds, then it is Stein.
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Embedding Stein Manifolds into Euclidean Spaces

Theorem

Every Stein manifold X admits a proper holomorphic embedding
into some Euclidean space CN. Furthermore, N can be chosen to
be N = LM%(X)J + 1 whenever dim(X) > 1. This choice of N is
minimal.
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Embedding Stein Manifolds into Euclidean Spaces

Theorem
Every Stein manifold X admits a proper holomorphic embedding
into some Euclidean space CN. Furthermore, N can be chosen to

be N = L“%(X)J + 1 whenever dim(X) > 1. This choice of N is
minimal.

Corollary

Every real analytic manifold admits a proper real analytic
embedding into RN for some N.
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