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Abstract

This paper is a continuation of [9], where we analyzed steady-states of the nonlinear parabolic prob-
Af(x)
(14u)?
models a simple electrostatic Micro-Electromechanical System (MEMS) device consisting of a thin di-

electric elastic membrane with boundary supported at 0 above a rigid ground plate located at —1. Here
u is modeled to describe dynamic deflection of the elastic membrane. When a voltage —represented here
by A is applied, the membrane deflects towards the ground plate and a snap-through (touchdown) may
occur when it exceeds a certain critical value \* (pull-in voltage), creating a so-called “pull-in instabil-
ity” which greatly affects the design of many devices. In an effort to achieve better MEMS designs, the
material properties of the membrane can be technologically fabricated with a spatially varying dielectric
permittivity profile f(z). We show that when A < A\* the membrane globally converges to its unique
maximal steady-state. On the other hand, if A > A* the membrane must touchdown at finite time 7', and
that touchdown cannot occur at a location where the permittivity profile vanishes. We establish upper
and lower bounds on first touchdown times, and we analyze their dependence on f, A and 2 by applying
various analytical and numerical techniques. A refined description of MEMS touchdown profiles will be
given in a forthcoming paper [10].

lem u; = Au— on a bounded domain Q of RY with Dirichlet boundary conditions. This equation
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1 Introduction

Micro-Electromechanical Systems (MEMS) are often used to combine electronics with micro-size mechanical
devices in the design of various types of microscopic machinery. MEMS devices have therefore become key
components of many commercial systems, including accelerometers for airbag deployment in automobiles,
ink jet printer heads, optical switches and chemical sensors and so on. The simplicity and importance
of this technique have led many applied mathematicians and engineers to study mathematical models of
electrostatic-elastic interactions. An overview of the physical phenomena of the mathematical models asso-
ciated with the rapidly developing field of MEMS technology is given in [19].
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Figure 1: The simple electrostatic MEMS device.

The key component of many modern MEMS is the simple idealized electrostatic device shown in Fig. 1.
The upper part of this device consists of a thin and deformable elastic membrane that is held fixed along its
boundary and which lies above a rigid grounded plate. This elastic membrane is modeled as a dielectric with
a small but finite thickness. The upper surface of the membrane is coated with a negligibly thin metallic
conducting film. When a voltage V' is applied to the conducting film, the thin dielectric membrane deflects
towards the bottom plate, and when V is increased beyond a certain critical value V* —known as pull-in
voltage— the steady-state of the elastic membrane is lost, and proceeds to touchdown or snap through at a
finite time creating the so-called pull-in instability.

A mathematical model of the physical phenomena, leading to a partial differential equation for the
dimensionless dynamic deflection of the membrane, was derived and analyzed in [8] and [13]. In the damping-
dominated limit, and using a narrow-gap asymptotic analysis, the dimensionless dynamic deflection u =
u(x,t) of the membrane on a bounded domain € in RY is found to satisfy the following parabolic problem

% :Au%—(;\]i(z)y for €0, (1.1a)
u(z,t) >0 for =€, (1.1b)
u(z,t) =0 for x€0Q, (1.1c)
u(z,0) =0 for €. (1.1d)

An outline of the derivation of (1.1) was given in Appendix A of [13]. This initial condition in (1.1c) assumes
that the membrane is initially undeflected and the voltage is suddenly applied to the upper surface of the
membrane at time ¢ = 0. The parameter A > 0 in (1.1a) characterizes the relative strength of the electrostatic
and mechanical forces in the system, and is given in terms of the applied voltage V by A = %, where
d is the undeflected gap size (see Fig. 1), L is the length scale of the membrane, T, is the tension of the

membrane, and ¢ is the permittivity of free space in the gap between the membrane and the bottom plate.



We shall use here the parameter A (resp., A*) to represent the applied voltage V (resp., pull-in voltage V*).
Referred to as the permittivity profile, f(z) in (1.1a) is defined by the ratio f(z) = —=2< where e2(x) is the

EQ(I)

dielectric permittivity of the thin membrane.

There are several issues that must be considered in the actual design of MEMS devices. Typically one
of the primary goals is to achieve the maximum possible stable deflection before touchdown occurs, which is
referred to as pull-in distance (cf. [13] and [18]). Another consideration is to increase the stable operating
range of the device by improving the pull-in voltage A* subject to the constraint that the range of applied
voltage is limited by the available power supply. Such improvements in the stable operating range are
important for the design of certain MEMS devices such as microresonators. One way —studied in [18] and
[13]- of achieving larger values of A*, while simultaneously increasing the pull-in distance, is to introduce a
spatially varying dielectric permittivity es(x) of the membrane. The idea is to locate the region where the
membrane deflection would normally be largest under a spatially uniform permittivity, and then make sure
that a new dielectric permittivity eo(x) is largest —and consequently the profile f(z) smallest— in that region.

This latter approach requires the membrane having varying dielectric properties, a framework investigated
recently in [18] and [13]. In [18] J. Pelesko studied the steady-states of (1.1), when f(z) is assumed to be
bounded away from zero. He established in this case an upper bound \; for \*, and derived numerical
results for the power-law permittivity profile, from which the larger pull-in voltage and thereby the larger
pull-in distance, the existence and multiplicity of the steady-states were observed. Recently, Y. Guo, Z. Pan
and M. Ward studied in [13] the dynamic behavior of (1.1), which is also of great practical interest. They
considered a more general class of profiles f(z), where the membrane is allowed to be perfectly conducting,
ie, 0 < f(x) <1 on Q with f(z) > 0 on a subset of positive measure. By using both analytical and
numerical techniques, they obtained larger pull-in voltage A* and larger pull-in distance for different classes
of varying permittivity profiles. These results were extended and sharpened in [9], where we focussed on the
steady-state solutions of (1.1), i.e,

A= ME)
(I —u)?
u(z) =0 x € 0N

with 0 < u < 1 on €2. We establish in particular the following lower and upper bound estimates on the pull-in
voltage. Here we write [Q] for the volume of a domain 2 in RY and P(2) := [, ds for its “perimeter”, with
w,, referring to the volume of the unit ball By(0) in RY. We denote by pu,, the first eigenvalue of —A on
H}(2) and by ¢,, the corresponding positive eigenfunction normalized with fQ ¢odr = 1.

€N
e ()

Theorem A (Theorem 1.1 in [9]) Assume f is a non-negative continuous function on a bounded domain
Q in RN, then there exists a finite pull-in voltage \* := \* (2, f) > 0 with the following properties:

1. If 0 < XA < X\, there exists at least one solution for (S)y.
2. If X > \*, there is no solution for (S)x.
3. The following bounds on \* hold for any bounded domain €):

8N 6N —8 1 Wy \ ¥ )< 4 < I
SN AL 1 (U )Y <) < A= I V. L 1.2
max{ 277 9 }supr(m) S A(Q) s ming A= o inf f(z)’ 2T o du (12)

4. If Q is a strictly star-shaped domain with x - v(x) > a > 0 for all x € OQ, where v(x) is the unit outer
normal at x € ), and if f =1, then

A3 = w (1.3)

A 8aN ||

IN

In particular, if @ = B1(0) C RY then we have the bound \*(B1(0)) < (Ng2)2.




5. If f(z) = |z|* with « > 0 and Q is a ball of radius R, then

24+ a)(N+a) 24+a)BN+a—4)

4
A (Bg, |z|*) > max{ o7 , 5

}R™(Ha), (1.4)

Moreover, if N > 8 and 0 < a < o™ (N) := w, then

(2—|—a)(3N+a—4).

X (B al?) = -

(1.5)

Fine properties of steady states —such as regularity, stability, uniqueness, multiplicity, energy estimates and
comparison results— were also shown in [9] and [6] to depend on the dimension of the ambient space and on
the permittivity profile. In particular, the following properties of positive minimal solutions of (S), were
established.

Definition 1.1. A solution uy of (S5), is said to be a minimal solution, if uy(z) < u(z) in Q whenever u is
any solution of (5).

For any solution u of (5),, one can introduce the linearized operator at u defined by L, » = —A — %,
and its corresponding eigenvalues {pg x(u); & =1,2,...}. The following was also proved in [9)].

Theorem B (Theorem 1.2 in [9]) Suppose f is a non-negative continuous function on a bounded domain
Q, and consider \* := X*(Q, f) as defined in Theorem A. Then,

1. For any 0 < X < X%, there exists a unique minimal solution uy of (S)x such that pix(ux) > 0.
Moreover for each x € Q, the function A — uy(x) is strictly increasing and differentiable on (0, A*).

2. If 1 < N <7 then ~by means of energy estimates— one has supyc o+ || ux o< 1 and consequently,
ut = Ahfi“ uy exists in C1*(Q) with 0 < o < 1 and is a solution for (S)x= such that 1 x-(u*) = 0. In

particular, u* —often referred to as the extremal solution of problem (S)x— is unique.

3. On the other hand, if N > 8, f(z) = |z|* with 0 < a < a**(N) := w and Q is the unit
ball, then the extremal solution is necessarily u*(x) =1 — |$|2+Ta and is therefore singular.

In this paper, we deal with issues of global convergence as well as finite and infinite time “touchdown” in
the dynamic problem (1.1).

Recall that a point 7o € Q is said to be a touchdown point for a solution u(z,t) of (1.1), if for some
T € (0,+00], we have tlimT u(zo,tn) = 1. T is then said to be a —finite or infinite— touchdown time. For

each such solution, we define its corresponding —possibly infinite— “first touchdown time”:

Tx(Q, f,u) = inf {t € (0, +o0]; supu(z,t) = 1}.
e

We shall analyze the relationship between the applied voltage A, the permittivity profile f, and the dynamic
deflection of the elastic membrane. It is already known that solutions corresponding to large voltages A
necessarily touchdown in finite time (See [13]). The following theorem proved in section 2, completes the
picture.

Theorem 1.1. Suppose \* := X\*(Q, f) is as in Theorem A, then the following hold:

1. If X < X\*, then there exists a unique solution u(x,t) for (1.1) which globally converges as t — +oo,
monotonically and pointwise to its unique minimal steady-state.

2. If X > \*, then the solution u(x,t) of (1.1) must touchdown at a finite time.



This “touchdown” phenomenon is referred to sometimes as quenching. Note that in the case where the
unique minimal steady-state of (1.1) at A = A* is non-regular — which can happen if N > 8 — the above
result means that the corresponding dynamic solution must touchdown but that quenching occurs here in
infinite time.

In section 3 we shall establish that —an isolated— touchdown cannot occur at a point in 2 where the permit-
tivity profile is zero, a fact that was observed numerically and conjectured to hold in [13]. More precisely,
we prove the following.

Theorem 1.2. Suppose u(x,t) is a touchdown solution of (1.1) at a finite time T, then uy > 0 for all
0 <t<T. Furthermore,

1. The permittivity profile f cannot vanish on an isolated set of touchdown points in €.
2. On the other hand, zeroes of the permittivity profile can be locations of touchdown in infinite time.

In §4 we shall provide upper and lower estimates for touchdown times. Uniqueness considerations lead to a
first touchdown time T (€, f) that only depend on the domain Q and on the profile f. These touchdown
times translate into useful information concerning the speed of the operation for many MEMS devices, such
as Radio Frequency (RF) switches and microvalves. Estimates 1.8 and 1.9 below were already established in
[13] for large A. Considering that A* < min{A;, Ao}, the estimate (1.7) below gives an upper bound on the
first touchdown time as soon as we exceed the pull-in voltage A\*.

Theorem 1.3. Suppose f is a non-negative continuous function on a bounded domain 2, and let Tx(Q, f)
be the first —possibly infinite— touchdown time corresponding to a voltage .

1. The following lower estimate then holds for any A > 0:

1

m ST)\(Qvf)' (1'6)

2. If inf,cq f(x) > 0, then the following upper estimate holds for any A > \*:

8(A 4 A*)2

A4 3A*F \1/2
(2 < Toa(Q2 = 1 1.
NS < Toa@ 1) = g F (M2 B { * (2)\—1—2)\*) } .7)
3. Ifinfreq f(x) >0, and A > Ay := #&(z)’ then
' Ainfyeq f(z 1
TA(Q f) < TS f) 5:/ [ums)fg() — Hgs]  ds. (1.8)
o _
- o
4. If}\ > )\2 = W, then
1 -1
TN f) S Toa(@ ) i= = —log [1L = 52( | f6,dr) ") (1.9)
Q

Note that the upper bounds T » and T} ) are relevant only when f is bounded away from 0, while the upper
bound 75 is valid for all permittivity profiles provided of course that A > As.

In a forthcoming paper [10], the second-named author will give a refined description of the touchdown be-
havior of a MEMS device, including some touchdown estimates, touchdown rates, as well as some information
on the location of touchdown points and on the shape of the touchdown set.



2 Global Convergence or Touchdown at Finite or Infinite Time

In this section, we discuss the dynamic deflection u = wu(z,t) satisfying (1.1) and establish the claims in
Theorem 1.1. We first prove in section §2.1 global convergence in the case A < A*. In section §2.2 we study
finite-time touchdown for the case A > A\*. Finally we discuss the case A = A* in section §2.3.

First, we note the following uniqueness result.

Lemma 2.1. Suppose uy and uy are solutions of (1.1) on the interval [0, T] such that |[u]| L (axjo,r)) < 1
fori=1,2, then uy = us.

Proof: Indeed, the difference U = uy — us then satisfies
U — AU =aU in Q (2.1)
with initial data U(z,0) = 0 and zero boundary condition. Here

/\(2 — Uy — UQ)f(iL’)
(1 —up)2(1 —ug)?

a(z,t) =

The assumption on uj,us implies that a(x,t) € L>(Q x [0,T]). We now fix 71 € [0,7] and consider the
solution ¢ of the problem
bt +Ap+ap=0 € 0<t<Ty,
oz, Th) = 0(z) € Co(Q), (2.2)
o(z,t) =0 x € 09,

The standard linear theory (cf. Theorem 8.1 of [16]) gives that the solution of (2.2) is unique and bounded.
Now multiplying (2.1) by ¢, and integrating it on Q x [0, T}], together with (2.2), yield that

/ Uz, T))0(x)dz = 0
Q
for arbitrary 77 and (z), which implies that U = 0, and we are done.

2.1 Global convergence when \ < \*

Theorem 2.2. Suppose \* := \*(Q, f) is the pull-in voltage defined in Theorem A, then for every A < \*
there exists a unique global solution u(x,t) for (1.1) which monotonically converges as t — +oo to the
minimal solution u, of (S)x.

Proof:: This is standard and follows from the maximum principle combined with the existence of regular
minimal steady-state solutions at this range of A. Indeed, fix 0 < A < A*, and use Theorem (B) to obtain
the existence of a unique minimal solution u, (x) of (S)x. It is clear that the pair u = 0 and u = u, (z)
are sub- and super-solutions of (1.1). This implies that the unique global solution u(x,t) of (1.1) satisfies
1>u,(z) > u(z,t) >0in 2 x (0,00).

By differentiating in time and setting v = u, we get for any fixed ¢y > 0

vy = Av+ MU (x,t) € Q x (0,tp) (2.3)
v(z,t) = 0 (z,t) € 90 x (0,t0) (2.4)
v(z,0) > 0 z €. (2.5)

Here (21)‘ f 1(32 is a locally bounded non-negative function, and by the strong maximum principle, we get that

ug =v >0 for (z,t) € Q x (0,tg) or us = 0. The second case is impossible because otherwise u(z,t) = uy(x)
for any ¢ > 0. It follows that u; > 0 holds for all (x,t) € © x (0,00), and since u(x,t) is bounded, this



monotonicity property implies that the unique global solution u(z,t) converges to some function us(z) as
t — oo. Hence, 1 > ux(z) > us(z) > 0 in Q.

Next we claim that the limit us(x) is a solution of (S)y. Indeed, consider a solution u; of the linear
stationary boundary problem

A (x)

—Auy = A—w)? x €] (2.6)
w = 0 x € 0. (2.7)
Let w(x,t) = u(z,t) — ui(z), then w satisfies
1 1
wy — Aw = )\f(x)[(l T us)Q] (z,t) € Q x (0,7) (2.8)
w(z,t) = 0 x €N x(0,T) (2.9)
w(z,0) = —uy(z) x € (2.10)

Since the right side of (2.8) converges to zero in L?(2) as t — 0o, a standard eigenfunction expansion implies
that the solution w of (2.8) also converges to zero in L?(f2) as t — oco. This shows that u(x,t) — uy(z) in
L?(Q) as t — oo. But since u(x,t) — ug(z) pointwise in Q as t — oo, we deduce that ui(z) = us(z) in
L2(2), which implies that u,(z) is also a solution for (S)y. The minimal property of u, (x) then yields that
u, () = us(z) on Q from which follows that for every z € Q, we have u(x,t) T u, (x) as t — oc. [ |

2.2 Touchdown at finite time when \ > \*

In this case, we know from Theorem (A) that there is no solution for (S), as soon as A > A*. Since the
solution u(z,t) of (1.1) —whenever it exists— is strictly increasing in time ¢ (see preceeding theorem), then
there must be T' < oo such that u(x,t) reaches 1 at some point of Q as ¢t — T~. Otherwise, a proof similar
to Theorem 2.2 would imply that u(zx,t) will converge to its steady-state which is then the unique minimal
solution uy of (S)x, contrary to the hypothesis that A > A*. Therefore for this case, it only remains to know
whether the touchdown time is finite or infinite. It was actually proved in [13] —via energy methods— that
the touchdown time T must be finite whenever A is large enough, but whether it is the case for any A > \*
was left open. This is exactly what we prove in the following.

Theorem 2.3. Suppose \* := A*(Q, f) is the pull-in voltage defined in Theorem A, then for A > \*(Q),
there exists a finite time T)\(2, ) at which the unique solution u(x,t) of (1.1) must touchdown. Moreover,
if infzeq f(x) > 0, then we have the bound

T)\(Q,f) < T(),)\ = (211)

8(A + A*)? [1+(A+3>\* )1/2}
3infocq f(2)(h — A)2(A + 3A7) X+ 2\*

We start by transforming the problem from a touchdown situation (i.e. quenching) into a blow-up problem

where a concavity method can be used. For that, we set V' =1/(1 — u) which reduces (1.1) to the following
parabolic problem

2|VV |2

Vi=AV — Vv +Af(2)VE for 2€Q, (2.12a)

V(z,t) =1 for x€0Q, (2.12b)

V(z,0)=1 for x €. (2.12¢)

This transformation implies that when A > A*, the solution of (2.12) must blow up (in finite or infinite time)

and that there is no solution for the corresponding stationary equation:

2|VV|?

AV —
%

+Af(2)Vi=0, z€Q; V=1, z€0Q. (2.13)




Therefore, proving finite touchdown time of u for (1.1) is equivalent to showing finite blow-up time of the
solution V for (2.12).

In the case where inf,cq f(x) = 0, we will also need to consider the stationary problem on a subset
Qe :={z €Q: f(z) > €} of Q, where € > 0 is small enough. We recall from [9] the following properties for
the corresponding pull-in voltage A\*(£2, f):

N (Qe, £) = N = X(Q, f) and lim_o \*(Qe, f) = \*.

For the proof, we shall first analyze the following auxiliary parabolic equation

2 2
v = Av — @ + Aa?t f(x)v? for z€Q, (2.14a)
v=1 for z€0Q, (2.14b)
v(z,0) =1 for zeQ, (2.14c)

where a > 0 is a given constant.
Lemma 2.4. Suppose v is a solution of (2.14) up to a finite time T, then (;—z)t >0 forallt<T.

Proof: Dividing (2.14a) by v*, we obtain

A 2 2
v _ 2 7|V5U| +)\a2t2f(x).

v ot
Setting w = v~3, then direct calculations show that

2 2
wy — Aw + % +3Xa*t? f(x) = 0. (2.15)

Differentiate (2.15) twice with respect to ¢, we obtain

2 2
(M)tt _ (QVwth B |Vw]| wt)t

w w w2
2VwVwy  2[Vw?  AVwVww:  |[VwlPwy  2|Vwrw?
— + — —_ + ,
w w w? w2 w3
which means that the function v
t
Z = W = —3(;)15 (216)
satisfies | 2
4Vw 2|Vw
L(z): =2z —A —
(2) 2t z+ ™ Vz 302 -
— M f(x) — 2[2|th|2 N 2|Vw|?w3 B 4Vwthwt}
3 w3 w?

IN

—6)\(Z2f(x) )
after an application of Cauchy-Schwarz inequality. Hence we have
L(z) < —6Xa®f(x) < 0. (2.17)

Now from (2.14) and the definition of z, we have z(z,0) = 0 and z = 0 on 9. Since the coeflicients of
L remain bounded as long as v is bounded, we conclude from the maximum principle ([7], p.. 369) that
z(x,t) <0 holds for all ¢ < T. This completes the proof of Lemma 2.3.



Proof of Theorem 2.3: Let A > A* and let ¢ > 0 be small enough so that A > A*(Q, f) > A*. Let
N =X—=X*>0, and set

. e (4N* + X)) AN+ N N\ 1/2
e = 420 + N) [ B (2(2)\* I )\/)) } ) (2.18a)
d
an Te . _ 1 8(A+A*)2 { <ﬂ>1/2} N 2.150)
Or e 3e(A = X)2(A+30) 2X 42X 0 :

Consider now a solution v of (2.14) corresponding to A = A* + X and a. as defined in (2.18a). We first
establish the following

Claim: There exists xc € Q with f(z¢) > € such that v(z,,t) — o0 ast /T ;.

vy 11/2
Indeed, let t, = - [4’\7'“\)} in such a way that

2023 N
N N
te <Tj, and at? (N + 5 —)=A"+ R
We claim that there exists x, € Q. such that
2|Vu(ze, te)|? N 4
Av(ze,te) — —————— + (A + — . e Le . 2.1
e t0) = o T (O Dol )l > 0 (219)
Indeed, otherwise we get that for all = € €,
2|Vo(z,t)|? N 4
A te) - —————+ (A" + — P ,te)|® <0. 2.2
ol t0) = TE B (X 4+ Dl ) <0 (2:20)

Since v(x,t.) > 1 on Q and hence on €, this means that the function v(x) = v(x,t.) is a supersolution for
the equation
A%E
\%4
Since v = 1 is obviously a subsolution of (2.21), it follows that the latter has a solution which contradicts
the fact that A = \* 4+ )\Zl > N(f, Q) > A*. Hence assertion (2.19) is verified.
On the other hand, we do get from (2.14) that for ¢t = t. and every x € Q,

AV — + M (2)VP=0, ze€Q; V=1, =ze€d.. (2.21)

K N
v

vy = Av — + (N + Z)f( z)vt + —a 22 f(x ) (2.22)

We then deduce from (2.22) and (2.19) that at the point (z,t.), we have

V¢ A/
4 2 Ea/ th( ) > 0.
Applying Lemma 2.3, we then get for all (z,t), te <t < T , that:
Ut
e Ea 22 f(x) > 0. (2.23)
Integrating (2.23) with respect to ¢ in (¢, 7 ,), we obtain since f(z.) > e that:

li

-3 )‘/ € )\ €
(1-w (mE,To V) = 5 Gete 2t f(xe)(To,/\ —t) > gagtfﬁ(To,,\ —to) =5

Wl =

It follows that v(we,t) — oo ast /1§ ,, and the claim is proved.



To complete the proof of Lemma 2.4, we note that since a?t? < 1 for all ¢ < 1§ ., we obtain from (2.14)
that

2 2
vy < Av — @ + A (2, (2,t) € A x (0,T; ).
Setting w = V' — v, where V is the solution of (2.12), then w satisfies
2V (V +v) 2|Vu|?

wy — Aw — Vo + [A<v2 +0?)(V +0)f(z) + w>0, (2,8)€Qx(0,T¢,).

Vv

Here the coefficients of Vw and w are bounded functions as long as V' and v are both bounded. It is also
clear that w = 0 on 092 and w(z,0) = 0. Applying the maximum principle, we reduce that w > 0 and
thus V' > v. Consequently, V must also blow up at some finite time 7" < 155 x, which means that v must
touchdown at some finite time prior to 77 ;.

Note that we have really proved that for any € > 0, there exists A¥ > A* such that for any A > A, the
solution of (1.1) touches down at a time prior to

1 8(A+ A%)? Mk BAF (12
TS\ = 1 P —— . 2.24
0A = Tmax{e, imfo F} (A — M)2(0 + 337) 1 (oxgan) <t (2.24)

Moreover A¥ — A* as € — 0. In the case where inf cq f(x) > 0, formula (2.24) reduces to our second claim
in Theorem 2.3.

2.3 Global convergence or touchdown in infinite time for A = \*

We now discuss the dynamic behavior of (1.1) at A = A*. For this critical case, there exists a unique steady-
state w* of (1.1) obtained as a pointwise limit of the minimal solution uy as A T A\*. If w* is regular (i.e, if
it is a classical solution such as in the case when N < 7) a similar proof as in the case where A < A\*, yields
the existence of a unique solution u*(z,t) which globally converges to the unique steady-state w* as t — oo.
On the other hand, if w* is a non-regular steady-state, i.e. if ||w*||s = 1, the situation is complicated as we
shall still prove global convergence to the extremal solution, which then amounts to a touchdown in infinite
time.

Throughout this subsection, we shall consider the unique solution 0 < u* = u*(z,t) < 1 for the problem

up — Au* = (I\—fix*))Q for (z,t) € Q x[0,t"), (2.25a)
u*(z,t) =0 for €90 x[0,t%), (2.25Db)
u*(2,0) =0 for z€Q, (2.25¢)

where t* is the maximal time for existence. We shall use techniques developed in [2] to establish the following

Theorem 2.5. If w* is a non-regular minimal steady-state of (2.25), then there exists a unique global solution
u* of (2.25) such that u*(z,t) < w*(x) for all t < oo, while u*(x,t) — w*(x) as t — oco. In particular,
lm |Ju*(x,t)|le = 1.
t——+oo
We shall use the following fact which is essentially Lemma 7 of [2].

Lemma 2.6. Consider the function §(z) := dist(x,09Q), then for any 0 < T < oo, there exists €1 = e1(T)
such that for 0 < € < g1 the solution Z¢ of the problem

Zy — AZ = —f(x) in Qx(0,00),
Z(x,t) =0 on 08 x (0,00),
Z(x,0) = §(x) in Q

satisfies Z¢ >0 on [0,T] x €.
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Proof of Theorem 2.5: We proceed in four steps.

Claim 1. We have that u*(x,t) < w*(x) for all (x,t) € Q x [0,¢*). Indeed, fix any T < t* and let £ be the
solution of the backward heat equation:

& — AE = h(z, 1) in Qx(0,7),
loa =0, §(T) =0,

where h(z,t) > 0is in Q x (0,7). Multiplying (2.25) by ¢ and integrating on Q x (0,7) we find that

/ /u hdxdt = / / A ff d dt .
1—wu*)?
On the other hand,

_foT Jow*& dedt = [ w*E(0)dr  and —fOT [ w* AE dwdt = fo Jo i A" £f(:c) dx dt.

Therefore, we have

<o /{u*zw*} (e~ (= et

T
< C’/ /(u* —w*) "¢ dadt,
0o Ja

since ||u*||o < 1 for ¢ € [0,T). Therefore, we have

//u —w* hdxdt<C’ / / - w* dxdt //dexdt

On the other hand, £(x,t) = ftT T(s—t)h(x, s)ds, where T(t) is the heat semigroup with Dirichlet boundary

condition, and hence
T
et < ([ e sisas) <o) [ [ 02 aoar
t

T T2 T
/ / Edadt < — / / h? dxzdt,
o Ja 2 Jo Ja
T 1/2 /2
//(u*—w*)hdxdt<— / / u* —w* dxdt //h2dmdt .
0 Q

Letting h converge to (u* — w*)™ in L2, and since u* — w* € L*(2) we have

/ / u* —w* dxdt<—/ / uw* —w* dxdt

which gives that u* < w* provided C?T? < 2, and our first claim follows.

Therefore,

and so,
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Claim 2. There exist 0 < 7 < t*, and Cy, cg > 0 such that for all x € Q
w*(z, ) < min{Cod(x); w*(z) — cod(x)}. (2.26)

Fix 0 < 7 < t* sufficiently small, and let v be the solution of

_ A=) .
vy — Av = =02 for (z,t) € Q2 x[0,T), (2.27a)
v(z,t) =0 for x€d0x[0,T), (2.27b)
v(x,0) = vg = u*(z,7) for ze€Q, (2.27¢)

where [0,7) is the maximal interval of existence for v. Similarly to Claim 1, we can show that 0 < v < w*.
Choose now K > 1 sufficiently large such that the path z(z,t) := u*(z,t) 4+ T (t)vo satisfies ||z(z, t)]|oc <1
for 0 <t < T. We then have

_ M) A ) .
zt_AZ_(l—u*)QS(l—z)Q in Qx(0,7),
z(z,t) =0 on 00 x (0,T),
z(x,0) = # in Q,

and the maximum principle gives that z < v. Consider now a function v : [0,00) — R such that v(¢) > 0
and
T(t)vog > K~(t)d on Q. (2.28)

We then get
1 1 _
u <ov-— ?T(t)vo <w*— ?T(t)vo <w*—~({t)d for 0<t<T. (2.29)

Consider now the solution &
A& =1 in Q; &=0 on 0f)

in such a way that & = T(t)& + fg T(s)lqds for all 0 < ¢t < T < min{T,t*}. Since T(t)¢, > 0 it follows

that fot T(s_)lgds < & < 4. On the other hand, for any 0 < ¢t < T < t*, u* is bounded by some constant
M <1 on Qx [0,T] such that

C t
< —_— T(s)1 .
u* < MT(t)1g + (=) /0 (s)1qds

Consider now a function C' : [0,00) — R such that T'(¢t)1g < C(¢)d for t > 0, which means that
u* < MC(t)o+ C(M)CS
for any 0 <t < T. This combined with (2.29) conclude the proof of Claim (2.26).

Claim 3. For 0 < € < 1 there exists w, satisfying ||w.|/c < 1 and

1
Vw.V 2/ — — )X\ T 2.30
[ vuves [ (Gopm - 9ver@ (230)
for all ¢ € H&(Q) with ¢ > 0 on 2. Moreover, there exists 0 < e; < 1 such that for 0 < € < €1, we also have

0 <we(r) —Lo(x) forxe (2.31)



¢p being as in (2.26).
To prove (2.30), we set

1 Y ds
w) = —— hw*:/ =2 0<wt < 1. 2.32
o) = o bt = [ (2.52)
For any € € (0,1) we also set
- 1 ds
N ———— — — <w*<1 2.
30") = o / L 0<u<, (233)
and ¢, (w*) := ﬁfl(h(w*)). It is easy to check that ¢.(0) = 0 and 0 < ¢.(s) < s for s > 0, and ¢, is

increasing and concave with

/ 9(Pe(s)) — ¢
-(8) = >0
o) 9(s)
Setting w. = ¢.(w*), we have for any p € Hg(Q) with ¢ > 0 on €,
/ Vw.Vy = / (W) Vw* Ve = / Vw*V (¢L(w / P! (w*)p| Vw* |2

> [ it | <ﬁ *)W o

which gives (2.30) for any € € (0, ).
In order to prove (2.31), we set

n(z) = min{w*(z), (Co + ¢0)d(z)} and n. =¢.0n,

where ¢.(-) is defined above, and Cy and ¢y are as in (2.26). Since n < w* and ¢ is increasing, we have
Ne < de(w*) = w.. Applying (2.26) we get that

0 < n(z) — cpd(z) on Q. (2.34)

We also note that 7. = ¢.(n) <n < M with M = (Cy + ¢o)d(z), and ¢L(s) — 1 as € — 0 uniformly in [0, 1].
Therefore, for some 6 € (0,1) we have

n—1ne=mn—(¢(n) — ¢(0)) = n(1 —¢L(On)) <n sup (1—¢L(s))

{0<s<1}
< (Co+co)d sup (1—ol(s)) < 26
{o<s<1} 2

provided e small enough, which gives
¢
<+ 50 (2.35)

We now conclude from (2.34) and (2.35) that
0<n—cod <nm— 25 <w. — 25
2 2
for small € > 0, and (2.31) is therefore proved.

To complete the proof of Theorem 2.5, we assume that t* < co and we shall work towards a contradiction.
In view of Claim 3), we let € > 0 be small enough so that 0 < w, — %05. Use Lemma 2.6 and choose K > 2
large enough such that the solution Z of the problem

—AZ = —eXf(x) in Qx(0,t%),
Z(x,t) =0 on 00 x (0,t*),
Z(x,0) = %05 in Q

13



satisfies 0 < Z < 1 —u* on Q x (0,t*). Let v be the solution of
1 " . *
'Ut_A'U: (m_g))\ f(.’L‘) m QX(O,S )7
v(z,t) =0 on 09 x (0,s%),
v(z,0) = w. in Q,

where [0, s*) is the maximal interval of existence for v. Setting z(z,t) = Z(z,t) + u*(x,t) for 0 <t < t*, we
then have 0 < u* < z < 1 and

2z — Az = (ﬁ—a))\*]‘(m)g (ﬁ—s))\*ﬂx) in Qx(0,t%),
z(z,t) =0 on 00 x (0,t%),
(z,0) = %"5(95) < we () n Q.

Now the maximum principle gives that z < v on Q x (0,min{s*,¢*}), and in particular we have 0 < v
on Q x (0,min{s*,¢*}). Furthermore, the maximum principle and (2.30) also yield that v < w.. Since
[lwelloo < 1 we necessarily have t* < s* = co. Therefore, u* < z < v < w, on [0,t*), which implies that
lu*]]oo < 1 at t = t*, which contradicts to our initial assumption that u* is not a regular solution. |

3 The location of touchdown points

We first present a couple of numerical simulations for different domains, different permittivity profiles, and
various values of A, by applying an implicit Crank-Nicholson scheme (see [13] for details), on the problem

ou _ A Af(x)

— = - — fi Q 1

T u e or €, (3.1a)
u(z,t) =0 for = €00, (3.1b
u(z,0) =0 for €, (3.1c)

in the following two choices for the domain {2
Q:[-1/2,1/2] (Slab); Q:2*+9*> <1 (Unit Disk). (3.2)

Simulation 1: We consider f(z) = |2z| for a permittivity profile in the slab domain —1/2 < 2 < 1/2.
Here the number of the meshpoints is chosen as N = 2000 for the plots u versus z at different times.
Fig. 2(a) shows, for A = 4.38, a typical sequence of solutions u for (3.1) approaching to the maximal negative
steady-state. In Fig. 2(b) we take A = 4.50, and a touchdown behavior is observed at two different nonzero
points x = £0.14132. These numerical results and Theorem 1.1 point to a pull-in voltage 4.38 < A* < 4.50.

Simulation 2: Here we consider f(r) = r for a permittivity profile in the unit disk domain. The number
of meshpoints is again chosen to be N = 2000 for the plots u versus r at different times. Fig. 3(a) shows how
for A = 1.70, a typical sequence of solutions u for (3.1) approach to the maximal negative steady-state. In
Fig. 3(b) we take A = 1.80 and a touchdown behavior is observed at the nonzero points r = 0.21361. Again
these numerical results point to a pull-in voltage 1.70 < \* < 1.80.

One can note that touchdown points at finite time are not the zero points of the varying permittivity
profile f, a fact already observed and conjectured in [13]. Here we give a proof for this interesting phenomenon
also stated in Theorem 1.2 of the introduction.

Theorem 3.1. Let T be the first touchdown time for a solution u(x,t) of (1.1). If T is finite, then uy > 0 for
all0 <t <T. Moreover, if K is an isolated set of touchdown points in Q, then necessarily inf c g f(x) > 0.
On the other hand, (1.1) can have solutions that touchdown in infinite time at points x € Q where f(x) = 0.
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(a). f(x) = [2x| and A = 4.38 (b). f(x) = [2x| and A = 4.50
T T

0
-0.1 R -0.21 g
-0.2 g -0.4f B
-0.3 g -0.6 B
-0.4 B -0.8 B
converge to the Maximal negative steady-state

—05 . . . 1 . .

~0.5 -0.25 o 0.25 05 -0.5 -0.25 o 0.25 05

Figure 2: Left figure: for A = 4.38 we plot u versus x at different times showing the approach to the
maximal negative steady-state. Right figure: for A\ = 4.50 we plot u versus x at different times t = 0, 0.1880,
0.3760, 0.5639, 0.7519, 0.9399, 1.1279, 1.3159, 1.5039, 1.6918, 1.879818, from which touchdown is observed
at © = £0.14132. For both cases, we consider (3.1) with f(x) = |2z| in the slab domain.

(@). f(n =rand A = 1.70 (b). f(r) = r and A = 1.80
T T

-0.2- *

-0.8[ ~

converge to the maximal negative steady—state

r=Ixl r=Ix
Figure 3: Left figure: for A = 1.70 we plot u versus r at different times showing the approach to the mazimal
negative steady-state. Right figure: for A = 1.80 we plot u versus x at different times t = 0, 0.4475, 0.8950,

1.3426, 1.7901, 2.2376, 2.6851, 3.1326, 3.5802, 4.0277, 4.4751942, from which touchdown is observed at
r = 0.21361. For both cases, we consider (3.1) with f(r) =r in the unit disk domain.
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The proof of Theorem 3.1 is based on the following Harnack-type estimate.

Lemma 3.2. For any compact subset K of Q and any m > 0, there exists a constant C = C(K,m) > 0
such that sup,¢ g |u(z)] < C <1 whenever u satisfies

m
AUZW "I?EQ,

0<u<l1 x € Q. (3.3)

Proof: Setting v = 1/(1 — u), then (3.3) gives that v satisfies

Av  2|Vo]?

5 3 > mo? in Q,
v v

which means that v is a subsolution of the “linear” equation Av = 0 in Q. In order to apply the Harnack
inequality on v, we need to show that for balls B, C Q, we have that v € L3(B,.) with an L3-norm that only
depends on m and the radius 7.

Without loss of generality, we may assume 0 € K C Q. Let B, = B,.(0) C K be the ball centered at
r = 0 and radius r. For 0 < 7 < 72 < 4ry, let n(x) € C5°(B,,) be such that p =1in B, ,0<7n <1

v
in B, \ B, and |[Vn| < 2/(r2 —r1). Multiplying (3.3) by $?/(1 — u), where ¢ = n® and a > 1 is to be
determined later, and integrating by parts we have

2 2 2 2 .
/ mao S/ o Au _ 7/ @*|Vul 7/ 20V ¢ Vu' (3.4)
Br2 (1 — U)S Br2 1—u Br2 (1 — U)2 Br2 1—u
From the fact,

20V - Vu o Vol #IVup Vol
[, T /B v *4/37,2 G—up = /B - *4/37\2 a—w?

mg? Vol
/B a—wp = 4/B A—up”

Now choose ¢ = 1?8 with § = % Then Holder’s inequality implies that

43 L 4 281
o[, a0, v [, ahml T

1 48
/B =mE < /B (177_7”)3 < C(m,r). (3.5)

1 T2

(3.4) gives that

This shows that

By virtue of the one-sided Harnack inequality, we have

1
I = le=@op)=l v s,y < C0) 0 lless,, )< Clrm) .

The rest follows from a standard compactness argument. |

Proof of Theorem 3.1: Proof: Set v = u;, then we have for any ¢; < T that

vy = Av + (21)\‘_}0(5))31) (x,t) € D x (0,t1); (3.6a)
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v(x,t) =0 for (z,t) € 00 x (0,¢1) and wv(z,0) >0 for x € Q. (3.6b)

Note that the term % is locally bounded in © x (0,¢1), so that by the strong maximum principle, we
may conclude
ug =v >0 for (z,t) € Q x (0,1) (3.7

and therefore, u; > 0 holds for all (z,t) € Q X (0,T). Since K is an isolated set of touchdown points,

there exists an open set U such that K C U C U C Q with no touchdown points in U \ K. Consider now
0 < top < T such that inf, 7 w(z,t0) = C1 > 0. We claim that there exists € > 0 such that

Je(w,t)zut—ﬁ >0 for all (z,t) € U x (to,T), (3.8)

Indeed, there exists Co > 0 such that u;(z,T) > Cy > 0 on U, and since OU has no touchdown points, there
exists € > 0 such that J¢ > 0 on the parabolic boundary of U x (to,T"). Also, direct calculations imply that

2
D e, GVl 2

e KR (e LAk ety

_Je.
Since 7=z is locally bounded on U x (to,T), we can apply the maximum principle to obtain (3.8).

If now inf ek f(z) = 0, then we may combine (3.8) and (1.1), to deduce that for a small neighborhood
B C U of some point z¢ € K where f(x) < /2, we have

1

5
> -
Au z 2(1—wu)?

for (z,t) € B x (to,T).
In view of Lemma 3.2, this contradicts to the assumption that z is a touchdown point.

For the second part, recall from Theorem (B) stated in the introduction that the unique extremal solution
for the stationary problem on the ball in the case N > 8 and for a permittivity profile f(z) = |z|*, is
u*(z)=1- |x|2+Ta as long as « is small enough. Theorem 2.5 then implies that the origin 0 is a touchdown
point of the solution even though it is also a root for the permittivity profile (i.e., f(0) = 0). This complements
the statement of Theorem 3.1 above. In other words, zero points of f in ) cannot be on the isolated set of
touchdown points in finite time (which occur when A > A*) but can very well be touchdown points in infinite
time of (1.1), which can only happen when A = A\*. The proof of Theorem 3.1 fails for touchdowns in infinite
time, simply because the maximum principle cannot be applied in the infinite cylinder Q x (0, c0). |

4 Estimates for Finite Touchdown Times

In this section we give comparaison results and explicit estimates on finite touchdown times of dynamic
deflections u = u(z,t) whenever A > A*. This often translates into useful information concerning the speed
of the operation for many MEMS devices such as RF switches or micro-valves.

4.1 Comparison results for finite touchdown time

We start by comparing the effect on the finite touchdown time of two different but comparable permittivity
profiles f(z), at a given voltage A.

Theorem 4.1. Suppose uy = uy(z,t) (resp., us = uz(x,t)) is a touchdown solution for (1.1) associated to a
fized voltage N and permittivity profiles f1 (resp., fa) with a corresponding finite touchdown time Tx (£, f1)
(resp., TN(Q, f2)). If f1(z) > fa(x) on Q and if fi(x) > fo(x) on a set of positive measure, then necessarily
T f1) < T f2).
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Proof: By making a change of variable v = 1 — u, we can assume to be working with solutions of the
following equation:

ov _A Af(x)

o AV T2 for =€, (4.1a)
v(z,t) =1 for ze€0Q, (4.1b)
v(z,0) =1 for z€Q, (4.1c)

where f is either f; or fo. Suppose now that Ty (£, f1) > Ta(Q, f2) and let Qy C Q be the set of touchdown
points of uy at finite time T (£, f2). Setting w = ug — uy, we get that

A A —
wy — Aw — UQ“;%Z;W”@U - (leuf) >0 (2,8) € Qx (0,T5( f)). (4.2)

Since w = 0 at t = 0 as well as on 9Q x (0,T\(Q, f2)), we get from the maximum principle that w cannot
attain a negative minimum in © x (0,75(, f2)), and therefore w > 0 in Q x (0,7)\(2, f2)). Since ug — 0
in Qg as t — Th(Q, f2), and since our assumption is that Tx(Q, f1) > Ta(Q, f2), we then have u; > 0 in
Qo as t — Th(Q, f2). Therefore, w < 0 in Qg as t — T)(, f2), which is a contradiction and therefore

Tr (82 f1) < T (S, f2).
To prove the strict inequality, we note that the above proof shows that w > 0 in Q x (0, Tx(, f2)), which
once combined with (4.2) gives that

wy—Aw >0, in Qx(t1,Th(Q, f2)),
where t1 > 0 is chosen so that w(z,t1) # 0 in 2. Now we compare w with the solution z of
Zt—AZZO n QX (tl,T)\(Q,fQ))

subject to z(z,t1) = w(x,t1) and z(z,t) = 0 on O x (t1,TA(L, f2)). Clearly, w > z in Q x (¢t1,Tx (9, f2)).
On the other hand, for any ¢ty > ¢; we have z > 0 in Q X (g, T (£, f2)). Consequently, w > 0 which means
that ug > uy in Q X (to, Ta (2, f2)) and therefore Th (€2, f1) < Th (€, f2). [ ]

The second comparison result deals with different applied voltages but identical permittivity profiles.

Theorem 4.2. Suppose u; = ui(x,t) (resp., us = uz(x,t)) is a solution for (1.1) associated to a voltage A
(resp., A2) and which has a finite touchdown time Tx, (2, f) (resp., T, (2, f)). If A1 > Aoy then necessarily
T)\1 (Qv f) < T)\z(Qv f)

Proof: It is similar to the proof of Theorem 4.1, except that for w = ug — uq, (4.2) is replaced by

Ar(ug +uz)f (A1 = o) f

wy — Aw — o w = " >0 (z,t) €Q2x(0,T).
The details are left for the interested reader. [ |

Remark 4.1. A reasoning similar to the one found in Proposition 2.5 of [9], gives some information on the
dependence on the shape of the domain. Indeed, for any bounded domain I' in RY and any non-negative
continuous function f on I', we have

AL, f) =2 X (Br, [*) and Tx(T', f) = Tx(Bg, [*),

where Br = Br(0) is the Euclidean ball in RV with radius R > 0 and with volume |Bgr| = |T|, where f* is
the Schwarz symmetrization of f.
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(a). A = 8 with different f(x) (b). f(x) = |2x| with different A
T T

o 0
-0.2 -0.2 g
A,=8
— 2 T,
-0.41 -0.41 g
u u
-0.6 —061 i
T.
/fz(x) 2
TJ
-0.8 -0.81 \ 4
T~ /'TJ A, =10
00
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Figure 4: Left figure: plots of u versus x with X\ = 8 for different profiles f(x) at the time t = 0.185736 in
the slab domain. The finite touchdown time Tx(Q, f1) for the case fi(x) = |2z| and Tx(S, f2) for the case
fa(x) defined by (4.3) are 0.185736 and 0.186688, respectively. Right figure: plots of u versus x at the time
t = 0.1254864, for f(x) = |2x| with different values of X\ in the slab domain. The finite touchdown time
Tx,(Q, f) for the case Ay = 10 and T»,(Q, f) for the case A2 = 8 are 0.1254864 and 0.185736, respectively.

We now present numerical results comparing finite touchdown times in a slab domain.

Fig. 4(a): Dependence on the dielectric permittivity profiles f
We consider (3.1) for the cases where

|2] if x| < %,

fi(z) =|2z] and  fa(z) = { 1/4 + 2sin(|z| — 1/8) otherwise. )

Using N = 1000 meshpoints, we plot u versus  with A = 8 at the time ¢ = 0.185736 in Fig. 4(a). The

numerical results show that the finite touchdown time T\ (€2, f1) for the case fi(z) and T)\(£, f2) for the case
fa(x) are 0.185736 and 0.186688, respectively.

Fig. 4(b): Dependence on the applied voltage A

Using N = 1000 meshpoints and the profile f(z) = |2z|, we plot u of (3.1) versus x with different values of
A at the time ¢ = 0.1254864. The numerical results show that finite touchdown time T}, (2, f) for applied
voltage Ay = 10 and T, (€, f) for applied voltage Ao = 8 are 0.1254864 and 0.185736, respectively.

4.2 Explicit bounds on finite touchdown times
We now establish claims 1), 3) and 4) in Theorem 1.3 of the introduction.

Proposition 4.3. Suppose f is a non-negative continuous function on a bounded domain {2, then,

1. For \ > O, we have TA(Q, f) Z T* = m
TE

2. Ifinfq f > 0, and if A > A; 1= i@ then

Adnfrea f(@) fhe,S] 'ds. (4.4)

D) <T@ )= [P
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3. If f > 0 on a set of positive measure, and if A > Ay := 343#97 then

o fég de’
1 1
T\ ) < Tan (@ f) o= —log [1 = 52 [ fou o)™ (15)
Q
Proof: 1) Consider the initial value problem:
dn(t)  AM
it~ (- @) (4.6)
n(0) =0,
where M = sup,cq f(x ) From (4.6) one has - fn(t) s)2ds =t . If T, is the time where lim; .7, n(t) = 1,

then we have T, = ﬁ 0 (1 s) ds = 3,\M Obviously, 7(t) is now a super-function of u(z, ) near touchdown,

and thus we have T' > T, W = m
The following analytic upper bounds of finite touchdown time T were established in Theorem 3.1 and
3.2 of [13]. We sketch their easy proofs for completeness.
2) Multiplying (1.1a) by ¢, the first normalized eigenfunction of —A, and integrating over the domain,
we obtain

which completes the proof of 1).

d Ao, [ ()
— = A e S dr. 4.
dt/Q(%de /Q¢Q udat:—l—/Q(l_u)2 dx (4.7
Using Green’s theorem, together with the lower bound Cjy of f, we get
/ poudr > —pu, / poudr + /\C’o/ (1fu)2 dx . (4.8)

Next, we define an energy-like variable E(t) by E(t) = [, ¢,udx so that

:/¢Qudmgsupu/¢ﬂdx:supu. (4.9)
Q Q Q Q

Moreover, E(0) = 0 since v = 0 at ¢ = 0. Then, using Jensen’s inequality on the second term on the
right-hand side of (4.8), we obtain

dE ACo
E> —— E0)=0. 4.1
@ Tt Ao mE (0)=0 (4.10)
We then compare E(t) with the solution F'(t) of
dF ACy
— F=——+/= F(0)=0. 4.11
= g PO)=0 (111)

Standard comparison principles yield that E(t) > F(t) on their domains of existence. Therefore,

supu > E(t) > F(t). (4.12)
Q

Next, we separate variables in (4.11) to determine ¢ in terms of F', and it is easy to see that the touchdown
time T3 for F is given by

T, = /o [<1)\_C’2)2 — #95]71 ds. (4.13)

Note that T} is finite Whenever the integral in (4.13) converges, and a simple calculation shows that this

= 27C . Moreover, if T} is finite, then (4.12) implies that the touchdown time 7' of

1.1) must also be finite. It follows that when A > \; = Mg we have
( 2700

occurs whenever A > \; =

1
T)\(Qaf) < Tl = A [(1)\_612)2 - ,LLQS]71 ds. (414)
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3) Multiply now (1.1a) by ¢, (1 — u)?, and integrate the resulting equation over €2 to get

i/ ¢—Q(1—u)3dx:—/ qSQ(l—u)QAudx—/ A, dx . (4.15)
dt Jo 3 Q Q
We calculate the first term on the right-hand side of (4.15) to get
d [ ¢ 3 2 2 .
— [ 21 —-wlde= [ Vu-V]p,(1—u)?| do+ (1—w)?*¢paVu-ndS — [ Afo, dx (4.16a)
dt Jo 3 0 o9 Q

_ _ 200 — [ Yo, V11— w)?] de —
= /92(1 w) o, |Vul|* dx /QngzSQ V[(1-u)?’] dx /Q/\fgbQ dx (4.16b)

1 .
< ﬂ/ Vo, -idS — L2 [ (1-u)e, dx—/ Ao, dz | (4.16¢)
3 Joa 3 Jo Q
where 7 is the unit outward normal to 9€2. Since fBQ Vo, -ndS = —pu,, we further estimate from (4.16¢)
that
dE
& E<R, REM—Q—/\/qude, (4.17)
dt 3 Q
where E(t) is defined by
1 1
B(t) = g/ bo,(1 —u)dr,  with FE(0)= 3 (4.18)
Q

Next, we compare F(t) with the solution F'(t) of

dF

1
—_— F = F = — . 4.].
Again, comparison principles and the definition of E yield
1
—inf(1—u)® < E(t) < F(t). (4.20)

3 Q

For A > )y we have that R < 0 in (4.17) and (4.19), and for R < 0, we have necessarily that I = 0 at some
finite time 75 which, in view of (4.20), implies that £ = 0 at finite time. Thus, v must touchdown at some
finite time T" < T,. By estimating T5 explicitly we get that

TN f) <= _ilog [1- g—i(/gf% dz) '], (4.21)

Q

If now inf,cq f(x) > 0, we can establish the following upper estimate for the touchdown time for any A > A*,
which is claim 2) in Theorem 1.3 of the introduction.

Remark 4.2. It follows from the above that if A > max {5\1 ,5\2}, then

TA(Q, f) < min {Tox, T1x, Ton} - (4.22)
where Tp 5 is given by Theorem 2.2. We note that the three estimates on the touchdown times are not
comparable. Indeed, it is clear that Tp y is the better estimate when A* < A < min {)\1 ,/\2} since 77, and

T, » are not finite. On the other hand, our numerical simulations show that 7o x can be much worse than
the others, for A > max {/\1 ,)\2}.
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Here are now some numerical estimates for touchdown times for several choices of the domain 2 given
by (3.2) and the exponential profile f(x) satisfying

ab) : ) = (@ =1/9) exponential) , 4.23a
Slab f alz
(Unit Disk) :  f(x) = eallel*~1) (exponential) , (4.23b)

where a > 0. In order to choose proper applied voltage A satisfying A > A*, we first compute the bounds A1
and Ay. This requires to calculate the smallest eigenpair p, and ¢, of —A, normalized by fQ ¢, dx =1, for
either of the domains. A simple calculation yields that

1
py =72, b, = gsin {77 (x + 2)} , (Slab), (4.24a)
e, =22~ 5783, ¢, = —2—Jo(zlz|), (Unit Disk). (4.24D)
J1(20)

Here Jo and J; are Bessel functions of the first kind, and zg = 2.4048 is the first zero of Jy(z). The bounds
A1 and A2 can be evaluated by substituting (4.24) into (1.2). Notice that Aq is, in general, determined only
up to a numerical quadrature.

[htb]
Q (0% A A* )\1 )\2
(Slab) 0 | 1.185 | 1.401 | 1.462 | 3.290
(Slab) 1.0 | 1.185 | 1.733 | 1.878 | 4.023
(Slab) 3.0 | 1.185 | 2.637 | 3.095 | 5.965
(Slab) 6.0 | 1.185 | 4.848 | 6.553 | 10.50

(Unit Disk) | 0 | 0.593 | 0.789 | 0.857 | 1.928
(Unit Disk) | 0.5 | 0.593 | 1.153 | 1.413 | 2.706
(Unit Disk) | 1.0 | 0.593 | 1.661 | 2.329 | 3.746
(Unit Disk) | 3.0 | 0.593 | 6.091 | 17.21 | 11.86

Table 1: Numerical values for pull-in voltage \* with the bounds \, A\1 and Ao given in Theorem A. Here the
exponential permittivity profile is chosen as (4.23).

[htb]

Q a T, T To,x Ty x T\

( ) 0 1/60 | 0.01668 0.2555 0.0175 | 0.01825
(Slab) 1.0 | 1/60 | 0.02096 | < 0.3383 | 0.0229 | 0.02275
( ) 3.0 | 1/60 | 0.03239 | < 0.6121 | 0.0395 | 0.03588
(Slab) 6.0 | 1/60 | 0.06312 | < 1.7033 | 0.0973 | 0.07544
(Unit Disk) | 0 | 1/60 | 0.01667 | 0.2420 | 0.0172 | 0.01745
(Unit Disk) | 0.5 | 1/60 | 0.02241 | < 0.4103 | 0.0289 | 0.02507
(Unit Disk) | 1.0 | 1/60 | 0.02027 | < 0.7123 | 0.0492 | 0.03579
(Unit Disk) | 3.0 | 1/60 | 0.09563 | < 8.9847 | 1.1614 | 0.15544

Table 2: Numerical values for finite touchdown time T with the bounds T, Ty, Thx and To  given in
Proposition 3.3. Here applied voltage A = 20 and the exponential permittivity profile is chosen as (4.23).

In Table 1 we give numerical results for the saddle-node value A* with the bounds A\, A; and Xy given in
Theorem A, for the exponential permittivity profile chosen as (4.23). These numerical results and Fig. 5 in
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[htb]

Q T(A=5) | T(A=10) | T(A=15) | (A = 20)
(Slab) 0.07495 | 0.03403 | 0.02239 | 0.01668
(Unit Disk) | 0.06699 | 0.03342 | 0.02235 | 0.01667

Table 3: Numerical values for finite touchdown time T at different applied voltages A = 5, 10, 15 and 20,
respectively. Here the constant permittivity profile f(x) = 1 is chosen.

[13] show that the pull-in voltage \* is seen to increase with «. Therefore, by increasing «, or equivalently
by increasing the spatial extent where f(x) < 1, one can increase the stable operating range of the MEMS
capacitor. From Table 1 we also observe that the bound A\; for A* is better than Ao just for small values of a.
For a > 1, we use Laplace’s method on the integral defining Ay, to obtain for this exponential permittivity
profile that

o g )
~ —eAY ~ . 4.2
N A Ay ~ cac (4.25)

Here by = 72, ¢; = 1/4, ¢o = 1/3 for the slab domain, and b; = 22, ¢; = 1, co = 4/3 for the unit disk, where
2o is the first zero of Jy(z). Therefore, for a > 1 the bound ), is better than ;.

Following the numerical results of Table 1, we can compute in Table 2 the values of finite touchdown
time T" at A = 20, with the bounds T, Ty, T1,» and T5  given in Theorem 2.2 and Proposition 3.3. Using
the meshpoints N = 800 we compute finite touchdown time 7" with error less than 0.00001. The numerical
results in Table 2 show that the bounds T3 » and 75 » for T" are much better than Ty x. Further the bound
T1,5 is better than 75 5 for smaller values of o, and however the bound 75  is better than 77  for larger
values of a. In fact, for a > 1 and A large enough we can deduce from (4.25) that

1
Tl,)\ ~ 7€d1a )

3\
Here dy = 1/4, do = 1/3x? for the slab domain, and d; = 1, dy = 4/322 for the unit disk, where zj is the first
zero of Jo(z) = 0. Therefore, for o > 1 and fixed A large enough, the bound T5 y is better than T3 ). Table
2 also shows that for fixed applied voltage A, the touchdown time is seen to increase once « is increased or
equivalently the spatial extent where f(z) < 1 is increased. However, Theorem 3.2 tells us that for fixed
permittivity profile f, by increasing the applied voltage A within the available power supply, the touchdown
time can be decreased and consequently the operating speed of MEMS devices can be improved. In Table
3 we give numerical values for finite touchdown time 7" with error less than 0.00001, at different applied
voltages A = 5, 10, 15 and 20, respectively. Here the constant permittivity profile f(z) = 1 is chosen and
the meshpoints N = 800 again.
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