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Abstract

The nonlinear selfdual variational principle established in a preceeding paper [9] — though good enough to
be readily applicable in many stationary nonlinear partial differential equations — did not however cover
the case of nonlinear evolutions such as the Navier-Stokes equations. One of the reasons is the prohibitive
coercivity condition that is not satisfied by the corresponding selfdual functional on the relevant path space.
We show here that such a principle still hold for functionals of the form

w(T) + u(0)

5 )

T
I(u) = /0 {L(t,u(t),u(t) + Au(t)) + (Au(t),u(t))| dt + £(u(0) — u(T),

where L (resp., £) is an anti-selfdual Lagrangian on state space (resp., boundary space), and A is an ap-
propriate nonlinear operator on path space. As a consequence, we provide a variational formulation and
resolution to evolution equations involving nonlinear operators such as the Navier-Stokes equation (in di-
mensions 2 and 3) with various boundary conditions. In dimension 2, we recover the well known solutions
for the corresponding initial-value problem as well as periodic and anti-periodic ones, while in dimension
3 we get Leray solutions for the initial-value problems, but also solutions satisfying u(0) = au(T') for any
given « in (—1,1). Our approach is quite general and does apply to many other situations.

1 Introduction

This paper is a continuation of [9] where the first-named author established a general nonlinear selfdual
variational principle, that yields a variational formulation and resolution for several nonlinear partial differ-
ential equations which are not normally of Euler-Lagrange type. Applications included nonlinear transport
equations, the stationary Navier-Stokes equations, and the generalized Choquard-Pekar Schrédinger equa-
tions with certain non-local potentials. The principle did not however cover Leray’s existence results for
Navier-Stokes evolutions in low dimensions [11, 12]. The primary objective of this paper is to develop a
sharper selfdual variational principle to be able to deal with this shortcoming, and to encompass a larger
class of nonlinear evolution equations in its scope of applications.

We first recall the basic concept of selfduality. It relates to the following class of Lagrangians which play a
significant role in our proposed variational formulation. If X is a reflexive Banach space, and L : X x X* —
R U {+o0} is a convex lower semi-continuous function, that is not identically equal to +oco, we say that L is
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an anti-selfdual Lagrangian (ASD) on X x X* if
L*(p,x) = L(—z,—p) for all (p,z) € X* x X, (1)
where L* is the Legendre-Fenchel dual (in both variables) of L, defined on X* x X as:
L*(q,y) = sup{(q, =) + (p,y) — L(z,p); z € X,p € X"}.
We shall frequently use the following basic properties of an ASD Lagrangian:

L(z,p) + (x,p) > 0 for every (z,p) € X x X*, (2)
and the fact that
L(z,p) + (z,p) = 0 if and only if (—p, —x) € OL(z, p). (3)
We therefore define the derived vector fields of L at x € X to be the -possibly empty- sets
OL(z) == {p € X*; L(x,—p) — (z,p) =0} = {p € X*; (p,—x) € IL(x,p)}. (4)

These anti-selfdual vector fields are natural extensions of subdifferentials of convex lower semi-continuous
functions. Indeed, the most basic anti-selfdual Lagrangians are of the form L(z,p) = ¢(z) + ¢*(—p) where
¢ is such a function in X, and ¢* is its Legendre conjugate on X*, in which case dL(z) = d¢(z). More
interesting examples of anti-selfdual Lagrangians are of the form L(z,p) = ¢(x) + ¢*(—T'z — p) where ¢
is a convex and lower semi-continuous function on X, and I' : X — X™ is a skew adjoint operator. The
corresponding anti-selfdual vector field is then dL(x) = 'z + dp(x). Actually, it turned out that every
mazximal monotone operator is an anti-selfdual vector field (See for example [10]). This means that ASD-
Lagrangians can be seen as the potentials of maximal monotone operators, in the same way as the Dirichlet
integral is the potential of the Laplacian operator (and more generally as any convex lower semi-continuous
energy is a potential for its own subdifferential), leading to a variational formulation and resolution of most
equations involving maximal monotone operators.

In this article, we develop further the approach -introduced in [9]- to allow for a variational resolution of
non-linear PDE’s of the form

Au+ OL(u) =0, (5)
and nonlinear evolution equations of the form
w(t) + Au(t) + OL(u(t)) = 0 starting at u(0) = uy, (6)
where L is an anti-selfdual Lagrangian and A : D(A) C X — X* is a non-linear regular map, that is if
A is weak-to-weak continuous and u — (Au,u) is weakly lower semi-continuous on D(A). (7)

We note that positive linear operators are necessarily reqular maps, but that there is also a wide class of
nonlinear regular operators, such as those appearing in the basic equations of hydrodynamics and magneto-
hydrodynamics (see below and [13]).

Our approach is based on the following simple observation: If L is an anti-selfdual Lagrangian on X x X*,
then for any map A : D(A) C X — X*, we have from (2) and (3) above that

I(x) := L(z,Ax) + (x,Az) > 0 for all z € D(A), (8)

and that equation (5) is satisfied by Z € X provided the infimum of I is equal to zero and that it is attained
at Z. The following theorem established in [9] provides conditions under which such an existence result holds.

Theorem 1.1 Let L be an anti-selfdual Lagrangian on a reflexive Banach space X and let Hy, be its Hamil-
tonian. If A : D(A) C X — X* is a reqular map such that Dom; (L) C D(A) and

lim  Hp(0,—z)+ (Az,x) = +o0, (9)

llzll—+o0
then the functional I(x) = L(z, Az) + (Ax, x) attains its minimum at T € D(A) in such a way that:
I(z) = inf I(x)=0 10
@ = it I (10)

0 € Az+0L(z). (11)



We have denoted here the effective domain of L by Dom(L) = {(z,p) € X x X*; L(z,p) < 400}, and by
Domy; (L) its projection on X, that is Dom; (L) = {x € X; L(x,p) < +oco for some p € X*}.
The Hamiltonian Hy, : X x X — R of L is defined by:

Hy(z,y) = sup{(y,p) — L(z,p);p € X"},

which is the Legendre transform in the second variable.

As shown in [9], Theorem 1.1 applies readily to many nonlinear stationary equations giving variational proofs
of existence of solutions. For example, one can obtain (weak) solutions of the incompressible stationary
stationary Navier-Stokes equation on a smooth bounded domain €2 of R?

(u-VYu+f = vAu—Vp onQ
divu = 0 on §2 (12)
u = 0 on 0N

where v > 0 and f € LP(Q;R3), as follows. Letting

3 3
_v Oujy2 40 s do
B(u) = 2/95_31(@%) d +/sz_;fj d (13)

be the convex continuous function on the space X = {u € H} (% R?);dive = 0}, and ®* be its Legendre
transform on X*, Equation (12) can then be reformulated as

Au = —-0P(u)=vAu—f—Vp
{ u € X, (14)
where A : X — X* is the regular nonlinear operator defined as
3 ou,;
(Au,v) = / Z up —2v; dr = {(u- V)u,v). (15)
Q Oz,
J,k=1
Theorem 1.1 then readily yields that if p > g, then the infimum of the functional
I(u) = ®(u) + 2% (=(u- V)u) (16)

on X is equal to zero, and is attained at a solution of (12). Theorem 1.1 does not however cover the case
of nonlinear evolutions such as the Navier-Stokes equations. This is because of the prohibitive coercivity
condition (9) that is not satisfied by the corresponding selfdual functional on the relevant path space. We
shall therefore prove a similar result under a more relaxed coercivity condition that will allow us to prove a
selfdual variational principle that is more appropriate to nonlinear evolution equations. The concept can be
seen as a selfdual version of the classical Palais-Smale condition in standard variational problems. Indeed, if
T is a selfdual functional of the form I(u) = L(u, Au)+ (u, Au), then its stationary states correspond to those
points u where I(u) = inf I = 0, in which case they satisfy the equation dL(u) + Au = 0. So by analogy to
classical variational theory, we introduce the following.

Assume J to be a duality map from X to X*, i.e., for every v € X, Ju is the element of the dual X* that
is uniquely determined by the relation

(Ju,u) = ||ullk and || Julx- = [[ullx. (17)

It is well-known that if X is a reflexive Banach space equipped with a strictly convex norm, then J is one to
one and onto X*, while being monotone and continuous from X (with its strong topology) to X* equipped
with its weak topology.

Definition 1.2 Given a map A : D(A) C X — X*, and a Lagrangian L on X x X*.

1. Say that (uy), is a selfdual Palais-Smale sequence for the functional Iy A (u) = L(u, Au) + (u, Aw), if
for some ¢€,, — 0 it satisfies -
Auy, 4+ OL(uy) = —enJuy,. (18)



2. The functional I}, A is said to satisfy the selfdual Palais-Smale condition (selfdual-PS), if every selfdual
Palais-Smale sequence for I, 5 is bounded in X.

3. The functional Iy, 5 is said to be weakly coercive if

1 1
lim  L(xn, Az, + EJ;En) + (zp, Azy) + EH‘T?LH2 = +o00. (19)

llZn [l —+o0

It is clear that a weakly coercive functional necessarily satisfies the selfdual Palais-Smale condition. On the
other hand, a strongly coercive selfdual functional (i.e, if it satisfies (9)) is necessarily weakly coercive.
In the dynamic case, one considers an evolution triple X C H C X* where H is a Hilbert space equiped with
(,) as scalar product, and where X is a dense vector subspace of H, that is a reflexive Banach space once
equipped with its own norm || - ||. Let [0,7] be a fixed real interval and consider for p,q > 1, the Banach
space L% as well as the space X, , of all functions in L% such that @ € L%., equipped with the norm

lullx, , = llullzg, + ey, -

Let now L be a time-dependent selfdual Lagrangian on [0,7] x X x X*, £ a selfdual Lagrangian on H x H,
and let A : X, , — L%. be a given map. We shall make use of the selfdual Palais-Smale property for the
following type of selfdual functionals on path space.

w(T') + u(0)

) o)

T
I, (u)= /o {L(t,u(t), W(t) + Au(t)) + (Au(t), u(t)) | dt + £(u(0) — u(T),

In this case, I, , , is said to satisfy the selfdual Palais-Smale condition on &, 4 if any sequence {x,}52; C X} 4
satisfying

{ Fn(t) + Az (t) + enl|zn|[P2J2n(t) € —OL(t,x,(t)) aa.te[0,T] (a1)

M € 9l(xy(0) — 2, (T))

for some €, — 0, is necessarily bounded in A}, ,.

Similarly, I, , , is said to be weakly coercive if for any sequence {z,}52; C &), , we have

T
| TG00 + A (8) + ol T2, (0) + (o (8) Az () + L lan0)1P]

2n(T) + 2,(0)
2

265 g —+00
+0(2,(0) — 2, (T), ) = 4o0. (22)

Here is one useful corollary of the variational principle we establish for nonlinear evolutions in section 3.

Theorem 1.3 Let X C H C X* be an evolution triple where X is a reflexive Banach space, and H is a

Hilbert space. For p > 1 and q = -5, assume that A : X, — L%. is a reqular map such that for some

nondecreasing continuous real function w, and 0 < k < 1, it satisfies
Az pe, <Elllre, +wllzlry) for every x € X, (23)
and
| f0T<Ax(t), z(t))dt| < w(||z|z) for every z € X, 4. (24)

Let £ be an anti-selfdual Lagrangian on H x H that is bounded below with 0 € Dom(¢), and let L be a time
dependent anti-selfdual Lagrangian on [0,T] x X x X* such that for some C >0 and r > 1, we have

fOT L(t,u(t),0)dt < C(1+ Hu||£,;() for every u € L%. (25)

The functional



is then selfdual on X, 4, and if in addition it satisfies the selfdual Palais-Smale condition, then it attains its
minimum at v € &, 4 in such a way that I(v) = infycx, , I(u) =0 and

{ —Av(t) —o(t) € OL(t,v(t)) aeon[0,T] (27)

20D He(v(0) — o(T)).

Now while the main Lagrangian L is expected to be smooth and hence its subdifferential coincides with its
gradient, and the differential inclusion is often an equation, it is crucial that the boundary Lagrangian /¢
be allowed to be degenerate so that its subdifferential can cover the various boundary conditions discussed
below.
As a consequence of the above theorem, we provide a variational resolution to evolution equations involv-
ing nonlinear operators such as the Navier-Stokes equation with various boundary conditions. Indeed, by
considering
%—I—(U'V)u—l-f = vAu—Vp onQ CR"”
divu = 0 onQ, (28)
u = 0 onJdQ,

where f € L%.([0,7)), X = {u € H}(Q;R");dive = 0}, and H = L?(2), we can associate the nonlinear
operator equation

{ 9u 4 Ny € —0D(t,u) on [0,T] (29)

M € —d0(u(0) — u(T)).

where £ is any anti-selfdual Lagrangian on H x H, while ® and A are defined in (13) and (15) respectively.
Note that A maps X into its dual X* as long as the dimension N < 4. On the other hand, if we lift A to
path space by defining (Au)(t) = A(u(t)), we have the following facts:

e If N =2, then A is a regular operator from X5 2[0,7] into L%.[0, T].
e However, if N = 3, we then have that A is a regular operator from X5 5[0, 7] into Lﬁ(/f [0,T].

We therefore distinguish the two cases.

Corollary 1.4 Assuming N = 2, f in L%.([0,T]), and ¢ to be an anti-selfdual Lagrangian on H x H that
is bounded from below, then the infimum of the functional

u(0) + u(T)

T
I(u) = /0 [@(Lu(t)) + O*(t, —u(t) — (u- V)u(t))] dt + ¢(u(0) — u(T), 5

)

on Xo o is zero and is attained at a solution u of (28) that satisfies the following time-boundary condition:

~u(0) +u(T)

5 € 90(u(0) — u(T)). (30)

Moreover, u verifies the following “energy identity”:
l(®)I3; +2 fy [, w(t) + &*(t, —a(t) = (u- V)u(t)] dt = [[u(0)[|3 for every ¢ € [0,T). (31)

In particular, with appropriate choices for the boundary Lagrangian £, the solution w can be chosen to verify
either one of the following boundary conditions:

e an initial value problem: u(0) = ug where ug is a given function in X.
e a periodic orbit : u(0) = u(T),
e an anti-periodic orbit : u(0) = —u(T).

However, in the three dimensional case, we have to settle for the following result.



Corollary 1.5 Assume N =3, f in L%.([0,T]), and consider £ to be an anti-selfdual Lagrangian on H x H
that is now coercive in both variables. Then, there exists u € Xy 1 such that

T
I(u) = / [®(t,u(t)) + P*(t, —u(t) — (u- V)u(t))] dt + £(u(0) — u(T),
0
and u s a weak solution of (28) that satisfies the time-boundary condition (30). Moreover, u verifies the
following “energy inequality”:

” 2 T u 2
% +/0 [@(t,u(t)) + ™ (t, —u(t) — (u- V)u(t))] dt < %' (32)

In particular, with appropriate choices for the boundary Lagrangian £, the solution uw will verify either one
of the following boundary conditions:

e an initial value problem: u(0) = ug.
e a periodicity condition of the form: u(0) = au(T), for any given o with —1 < a < 1.

The above results are actually particular cases of a much more general nonlinear selfdual variational principles
which applies to both the stationary and to the dynamic case. It will be stated and established in full
generality in the next section.

2 Basic properties of selfdual functionals

Consider the Hamiltonian H = Hj, associated to an ASD Lagrangian L on X x X*. It is easy to check that
H: X xX —>RU{4o00} U{—00} then satisfies:

e for each y € X, the function H, : « — —H(z,y) from X to RU {+o0} U {—o0} is convex;
e the function x — H(—y, —x) is the convex lower semi-continuous envelope of H,,.

It readily follows that for such a Hamiltonian, the function y — H(x,y) is convex and lower semi-continuous
for each € X, and that the following inequality holds:

H(—y,—x) < —H(z,y) for every (z,y) € X x X. (33)

In particular, we have
H(x,—x) <0 for every z € X. (34)

Note that Hy, is always concave in the first variable, however, it is not necessarily upper semi-continuous in
the first variable.

Another property of ASD Lagrangians that will be used in the sequel is the following: If we define the
following operation on two ASD Lagrangians L and M on X x X*,

L@M({E,p):inf{L($,T)+M(1’,p—T);TGX*}, (35)
then we have for any (z,p) € X x X*,
L& M(x,p) =sup{{y, —p) + Hp(y,—z) + Hu(y, —v); y € X }. (36)

As in [9], we consider the following notion which extends considerably the class of Hamiltonians associated
to selfdual Lagrangians.

Definition 2.1 Let E be a convex subset of a reflexive Banach space X.

1. A functional M : E x E — R is said to be an anti-symmetric Hamiltonian on E x E if it satisfies the
following conditions:

For every = € E, the function y — M (z,y) is concave on E. (37)
M(z,z) <0 for every x € E. (38)



2. It is said to be a regular anti-symmetric Hamiltonian if in addition it satisfies:

For every y € E, the function © — M(x,y) is weakly lower semi-continuous on F. (39)

The class of reqular anti-symmetric Hamiltonians on a given convex set E —denoted H**¥™(E)— is an inter-
esting class of its own. It contains the “Maxwellian” Hamiltonians H(x,y) = ¢(y) — p(—x) + (Ay, x), where
 is convex and A is skew-adjoint. More generally,

1. If L is an anti-selfdual Lagrangian on a Banach space X, then the Hamiltonian M (x,y) = Hr(y, —x)
is in H*V™(X).

2. If A: D(A) C X — X* is a —non necessarily linear— regular map, then the Hamiltonian H(z,y) =
(x — y, Az) is in H**Y™(D(A)).

Since H**¥™(X) is obviously a convex cone, we can therefore superpose certain non-linear operators with
anti-selfdual Lagrangians, via their corresponding anti-symmetric Hamiltonians, to obtain a remarkably rich
family that generates non-convex selfdual functionals as follows.

Definition 2.2 A functional I : X — R U {+oo} is said to be selfdual on a convex set E C X if it is
non-negative and if there exists a reqular anti-symmetric Hamiltonian M : E X E — R such that for every
zekFE,

I(z) = SlelgM(x, ). (40)

A key aspect of our variational approach is that solutions of many nonlinear PDEs can be obtained by
minimizing properly chosen selfdual functionals in such a way that the infimum is actually zero. This is
indeed the case in view of the following immediate application of a fundamental min-max theorem of Ky-Fan
(see [9]).

Proposition 2.1 Let I : E — RU {400} be a selfdual functional on a closed convex subset E of a reflexive
Banach space X, with M being its corresponding anti-symmetric Hamiltonian on E x E. If M is coercive
in the following sense,

| Hlim M(z,x¢) = 400, for some xp € E, (41)
z||——+o0
then there exists T € E such that I(Z) = sup M(Z,y) = 0.

yeE

The following was also proved in [9].

Proposition 2.2 Let X C H C X* be an evolution triple and consider a time-dependent anti-selfdual
Lagrangian L on [0,T] x X x X* such that

For each r € L%.., the map u — fOT L(t,u(t),r(t))dt is continuous on L% (42)

The map v — fOTL(t,u(t), 0)dt is bounded on the unit ball of L% . (43)
Let £ be an anti-selfdual Lagrangian on H x H such that:

—C < {(a,b) < C(1+ |la||3 + ||bl|3) for all (a,b) € H x H. (44)

Then the Lagrangian

Clur) = S Lt u(t), () + a(t))dt + €(u(0) — u(T), Q) Gy e x,,
’ +00 otherwise

is anti-selfdual on L5 x L%..



Consider now the following convex lower semi-continuous function on L% :

T. .
oy = { BRI e i v, )
+00 if we L%\ X,,,

and for any p > 0, we let ¥, be the anti-selfdual Lagrangian on L% x L%. defined by
W, T
Wp(u,r) = pap(u) + pap (—;) (46)
Now for each (u,r) € L% x L%., define

LB, (u,r):= inf {L(u,s)+V,(ur—s)} (47)

SELg(*

Lemma 2.3 Let L and ¢ be two anti-selfdual Lagrangians verifying the hypothesis of Proposition 2.2, and
let L be the corresponding anti-selfdual Lagrangian on path space L5 x L%.. Suppose T is a regular operator
from X, 4 into L%. then,

1. The functional
T
I(uw)=L®Y,(u,Tu) + / (Tu(t), u(t)) dt
0
is then selfdual on X, 4, and its corresponding anti-symmetric Hamiltonian on X, 4 X X, 4 15
T
My (u,v) = [y (Tu(t),u(t) —v(t))dt + He (v, —u) + pp(u) — pa(v),

where He(v,u) = sup,epa | {fOT<7“, w) dt — L(v,7) is the Hamiltonian of £ on L% x L%

2. If in addition lim fOT<Fu(t),u(t)>dt + H.(0,—u) + pp(u) = 400, then there exists u € X, 4

llwllxp, g =400

with OY(u) € L%. such that

w(t) + Tu(t) + pdv(u(t)) € —0L(t,u(t)) on [0,T] (48)
M € —dlu(0) — u(T)) (49)
w(T) = u(0)=0. (50)

Proof: First note that since £ and ¥, are anti-selfdual, we have that £ & ¥, (u,r) + (u,r) > 0 for all
(u,r) € L% x L%., and therefore I(u) > 0 on X, 4.
Now by (36), we have for any (u,r) € L% x L%.,

T

L&Y, (u,r) = sEuL}z{ ; (—r,vydt + He (v, —u) + pp(—u) — pp(v) }.

But for u € X, 4 and v € L% \ X, 4, we have H (v, —u) = SUp,cra {fOT —(ryu)dt — L(v,r)} = —o0, and
therefore for any u € &), 4, we have

sup My(u,v) = sup M,(u,v)
veEX) ¢ UELI;(

T T
= /0<FU(t),U(t)>dt+ sup/o (Cu(t), —v(t))dt + He (v, —u) + pip(u) — pap(v)

vel%

= /T<Fu(t), u(t))dt + L & W, (u,T'u)
= I(u).



It follows from Proposition 2.1 that there exists u, € &), 4 such that

T
I(u,) =LBY,(u,, Tu,) + /0 (Tuy, (1), uu(t)) dt = 0. (51)
Since £ & ¥, is convex and coercive in the second variable, there exists r € L%. such that
L&Y, (uy, Tuy) = L(uy, )+ Y, (uy, Tuy, — ). (52)
It follows that
T
0 = Llupr)+ U, (u Ty — 1) + / (Tu (1), (1)) dt
0
r T 0
[ (B w1 (0) ) + G0 0]+ B () = (0, 22T
T
1, (4, Ty — 1) + / (Tu(t) — r(8), wn()) dt
0
T
= [ B0 0 0) + 0) + (a0, (0 + )]
1 1 u, (1) + u, (0
LT 4 [ O) 2 + (a1, (0) — (), L
T
+9, (uy, Tuy, — 1) + / (Twy, —ryuy(t)) dt.
0
Since this is the sum of three non-negative terms, we get the following three identities,
T . .
Jo (Lt u(t), au(t) + (1) + (wp, @y + 7)) dt = 0, (53)
U, (uy, Tuy — 1) + fOT<FuH —ru,(t))dt =0, (54)
u, (1) + u, (0 1 1
£, (0) — (@), OGOy Ly e 4 )2 =0 (55)

It follows from the limiting case of Fenchel duality that

() + T () + p@0(u, (1)) € ~OL(t (1)) on [0,7]

M € —80(u,(0) — u,(T)).

Since u := u, € X, 4, we have that —udy(u(t))) = (t) + Tu(t) + OL(t, u(t)) € L%..
It follows that 0y (u(t))) = —%(Hun‘ﬁrlu), where J is the duality map between L% and L%.. Hence, for
each v € &}, ; we have

T —
0 = / [Gi(t) + Du(t) + DL(t, (1)), 0) + e}, 5]
0

T
= [t Tu(t) — g (a2 a) + DLt u(e), o) e
0

Hu(lla( T2~ a(T), v(T)) = p{]|a(0)]|272T~4(0), v(0))

from which we deduce that

m

d _
(1) + Put) = S (N2 N() € ~OL(u(t) on [0,7]
w(T) = u(0)=0.
O
We shall make repeated use of the following lemma which describes three ways of regularizing an anti-

selfdual Lagrangian by way of A-convolution. It is an immediate consequence of the calculus of anti-selfdual
Lagrangians developed in [8] to which we refer the reader.



Lemma 2.4 For a Lagrangian L : X x X* — RU {+oco}, define for every (x,r) € X x X*

Li(e,r) = imf{L(y,r) + 12 ;;;P;( LA xy
and

L3 (z,r) = inf{L(z,s) + I _/\2&* + X el ;s€ X}
and

. 1 A 1 A .
Ly (w,r) = inf {L(y, 5) + oyl =yl + Slrll%e + 55 lls = rllx- + Slvllxs v € X,s € X7}

If L is anti-selfdual then the following hold:
1. LY, L3 and Li’z are also anti-selfdual Lagrangians on X x X*.

2. L} (resp., L3) (resp., L}\’Q) is continuous in the first variable (resp., in the second variable) (resp., in
both variables). Moreover, || 0L (z)| < ”%” for every x € X.

3. 0L3(z) = OL(z) + AP~ ||z||P=2Jx for every x € X.
4. OLX(z) = OL(x + X7~ Y||r||[9=2J 1) for every x € X where r = OL(x).

5. Suppose L is bounded from below. If xy — x and py — p weakly in X and X* respectively as A — 0,
and if LK’Q(J;,\,p,\) s bounded from above, then

L(w,p) < liminf Ly*(zx, pa).

Proof: It suffices to notice that L = L M, and L3 = L & M, where M,(z,7) = ¢x(z) + ¢} (r) with

a(z) = A—lp|\x||p. Note that L)? = (L @ My) x My with M (z,r) = 35 llzl|* + 3[I7[I%. The rest follows from

the calculus of selfdual Lagrangians developed in [8]. O

3 A selfdual variational principle for nonlinear evolutions
This section is dedicated to the proof of the following general variational principle for nonlinear evolutions.

Theorem 3.1 Let X C H C X* be an evolution triple where X is a reflexive Banach space, and H is a
Hilbert space. Let L be a time dependent anti-selfdual Lagrangian on [0,T] x X x X* such that for some
C >0 andr >0, we have

fOT L(t,u(t),0)dt < C(1+ Hu||2§() for every u € L% (56)

Let £ be an anti-selfdual Lagrangian on H x H that is bounded below with 0 € Dom(¢), and consider A :
Xy.q — L%. to be a regular map such that for some ¢ > 1:

[Aullpg,. < Kllallzy, +w(lullzy) for every u € X, 4, (57)

where w is a nondecreasing continuous real function and 0 < k < 1. Assume that one of the following two
conditions hold:

(A) | fOT<Au(t),u(t)> dt] < w(|[ullLz,) for every u € X, 4.
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(B) For each p € L%., the functional u — fOT L(t,u(t),p(t)) dt is continuous on L%, and there exists C > 0
such that for every u € L% we have:

IOL(t, w)llpe, < w(lullzz), (58)

T
/0<5L(t,u(t))+Au(t),u(t)>dt > —C(lullzz, +1). (59)

Then the functional

u(T) + u(0)

) o)

T
I(u) = /0 {L(t,u(t),u(t) + Au(t)) + (Au(t),u(t))| dt + £(u(0) — u(T),

is selfdual on X, 4, and if in addition it is weakly coercive on that space, then it attains its minimum at
v € &y q in such a way that I(v) = infycx, , I(u) =0 and

{ —Av(t) —o(t) = OL(t,v(t)) on [0,T] (61)

2O e He(v(0) — v(T)).

For the proof of Theorem 3.1, we start with the following proposition in which we consider a regularization
(coercivization) of the anti-selfdual Lagrangian £ by the ASD Lagrangian ¥, and also a perturbation of A
by the operator

Ku=w(|ull g ) Ju+ [ull7; " Ju (62)

which is regular from X, , into L%..

Lemma 3.2 Let A be a reqular map from X, 4 into L%. satisfing (57). Let L to be a time-dependent anti-
selfdual Lagrangian on [0,T] x X x X*, satisfying conditions (42) and (43) and let ¢ be an anti-selfdual
Lagrangian on H x H satisfying condition (44). Then for any p > 0, the functional

T
L(u) = £ & W, (u, Au+ Ku) + / (Aut) + Ku(t), u(t)) dt
0
is selfdual on X, ,. Moreover, there exists u, € {u € X, 4;0¢(u) € L%.,u(T) = u(0) = 0} such that

(1) + Ay () + Kup(t) + pdv(uu(t)) € —0L(t,uu(t)) on [0,T] (63)

T
ue(D) +uu(0)) - _ /0 (it (), 10, (8)) it (64)

£(uy(0) — uu(T), 2

Proof: It suffices to apply Lemma 2.3 to the regular operator I' = A + K, provided we show the required

coercivity condition lim M (u,0) = +00 where
ull2p, g —+o0

T
M(u,0) = /0 (Aut) + Ku(t), u(t))dt + He (0, —u) + pb(w).

Note first that it follows from (57) that for € < ‘E‘, there exists C'(¢) > 0 such that

IN

Fllull g [lall L., +w((lullzg )l oy

/O (Aut), u(t)) dt

IN

ellllty +Celuly +wlullwy)lullg.

On the other hand, by the definition of K, we have

T
| trcut.ue de = il g el + a7

11



Therefore the coercivity follows from the following estimate:

M(u,0) = /OT {(Au(t) + Ku(t),u(t»} dt + Hp(u,0) +N$Hi¢||qL§(*

= _GHiL”%% = C@Ollullzz — wllullzz )lullzy, +w(HU||L§()Hu||2L§{ + ||UHI£J§(1
—£(0,0) +”é”i‘“%z{*

> (50l + Il (1+ oflulls).

In the following lemma, we get rid of the regularizing diffusive term p(u) and prove the theorem with
A replaced by the operator A + K, and under the additional assumption that ¢ satisfies the boundedness
condition (44).

Lemma 3.3 Let L be a time dependent anti-selfdual Lagrangian as in Theorem 3.1 satisfying either one of
conditions (A) or (B), and assume that ¢ is an anti-selfdual Lagrangian on H x H that satisfies condition
(44). Then there exists u € X, 4 such that

/T [L(t, u(t), u(t) + Au(t) + Ku(t)) dt + (Au(t) + Ku(t),u(t))] dt + £(u(0) — w(T),
0

Proof under condition (B): Note first that in this case L satisfies both conditions (42) and (43) of Lemma
2.3, which then yields for every 1 > 0 an element u, € &, , satisfying

G (£) + A () + Ky (t) + ud(un(t))) € —DL(t,wu(t)) on [0,T] (65)
and
£ (0) = (), ) [ 0,0, 0 (66)

We now establish upper bounds on the norm of u, in &, 4. Multiplying (65) by u, and integrating over
[0,T] we obtain

[ 000+ 800,00+ s 0)+ 0000, 0). 0,0 e = = [ DLt 0,010 . (67)

It follows from (59) and the above equality that
T
[ 000+ K 0) + 1000, (0).0,(0) < €O+ ) (65)

Taking into account (66) and the fact that fOT 0Y(u,(t)), u,(t)) > 0, it follows from (85) that

up(T) + u,u(0)

£(uy(0) — uu(T), 5

T
)+ / (K (8), u(8)) < C(1+ [l ).

Since £ is bounded from below (say by C1), the above inequality implies that [[u,/z» is bounded, since we
have

+1
O w(llugll g ) uullZs, + luullzy < Cllunllzg, -

Now we show that [|i,[[re, is also bounded. For that, we multiply (65) by J 714, to get that
T —
||uu\|%g(* + /0 [(Auy, (t) + Kuy, (t) + p0p(u, (b)) + OL(t,uy(t)), T~ (1)) dt = 0. (69)
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The last identity and the fact that [ (3¢ (u, (1)), J" i, (t)) dt = 0 imply that

<Al g Nl + 1Kuullg, ey, + ClldpllLs,, -

-2
el .. ..

5

It follows from the above inequality and (57) that

+ [ Kupl e

X *

+C <kl

HUHHL§(* < ||Auu||Lq <.,

X*

+w(llullpg ) + [Kupll e,

*

from which we obtain that (1—k)|@,[zs, < w(lullpz )+ Kupze
Consider now u € X, , such that u, — u weakly in L% and 4, — @ in L%.. From (65) and (66) we have

, which means that ||, |12 , is bounded.

T
Tu(u,) : / [ (8) + K (8),00(0) + L8, (1), (8) + N (8) + Ky (8) + 0y () | it

uu(T) + 1, (0)

+0(uy(0) = uy, (1), 2 )

T
< [ [00) + K0+ 1000 0) 00 0) + L 0,0, 50) + R () + Ko (0) + 10, (0))]
F1,(0) = (1), 2T L0

= Lu(u,) =0.

Since A + K is regular, 0v(u,,) is uniformly bounded and L is weakly lower semi-continuous on X x X*, we
get by letting p — 0 that

u(T) + u(0)

() - u(0),

T

)+ / {(Au(t) + Ku(t),u(t)) + L(t, u(t), u(t) + Au(t) + Ku(t))| dt <O0.
0

The reverse inequality is true for any u € &}, ; since L and ¢ are anti-selfdual Lagrangians.

Proof of Lemma 3.3 under condition (A): Note first that condition (56) implies that there is a D > 0
such that .

Jo Lt u(t),p(t))dt = D([[p]l s — 1) for every p € L., (70)
where % + % =1.
However, since L is not supposed to satisfy condition (42), we first replace it by its A-regularization L} which
satisfies all properties of Lemma 3.2. Therefore, there exists u, x € &), 4 satisfying

du,)\(t) + Auu,)\(t) + Kuu,)\(t) + #81/)(Uu,k(t))) = _gL%\(L Uu,/\(t)) on [Oa T] (71)
and

Up, X (T) + Up, (0)

f(uuy)\(T) — u,h,\(O), B

) = /0 (it (£), 1 (£)) dt. (72)

We shall first find bounds for u,, » in &), , that are independent of . Multiplying (71) by u,  and integrating,
we obtain

/0 (i1 7 () 4 A\ (8) + Ky, A (1) + 0t (w2 (1)), w2 (8)) dt = —/O (OLA(t wp A (1)), up A (1)) i (73)

Since OL%(t,.) is a mazimal monotone operator, we have fOT (OL3 (t,uu\(t)) — OLA(¢,0),u, A (t) — 0) dt > 0,
and therefore

| @It s ®)vat) dt = [ OLYE.0). . (0) at. (74)
0 0
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Taking into account (72), (74) and the fact that fOT 0Y(u,(t)), uu(t)) > 0, it follows from (73) that

Uy A (T) + 1 (0)

(w2 (0) = up £ (T), B

T T
)+ / (ttgor (£) + Kty (0), () < — / (DLA(t,0), (1)) .
0 0

This implies {u, }, is bounded in L%, and by the same argument as under condition (B), one can prove
that {1, 1}, is also bounded in Lg(*. Consider uy € X, 4 such that u, y» — u) weakly in L’;( and 1, x — U
in L%.. Tt follows just like in the proof under condition (B) that

T
/0 [(Aaia(0) + K (0) () + LA (1 ur (), (1) + Aua (1) + Kuus (1))

U)\(T) + U)\(O)

+0(ur(0) — ux(T), B ) =0, (75)

and therefore
() + Auy(t) + Kuy(t) € —OL5(t,ux(t)) on [0,T]. (76)

Now we obtain estimates on uy in X, ,. Since ¢ and L} are bounded from below, it follows from (75) that
fOT [(AuA(t) + Ku(t),ux(t)) dt is bounded and therefore uy is bounded in L% since

—C(|lullLy, +1)—/0 <5L(t,u(t)),u(t)>dt+/ (Ku(t),u(t)) dt

0
+1
~C(llullzy, +1) = wlllull gz lull gz, +wlllulzg)ulZe + lullf"

Y

/0[<Au)‘(t)+Ku)\(t),uA(t)>dt

Y

Setting va(t) := ux(t) + Aux(t) + Kux(t), we get from (76) that
—ux(t) = OLA (t,ur(t)) = OL(t, ux(t) + A ua()||972T tua(t)) on [0,T].

This together with (75) implies that
T
0 = / [(Aanr(0) + Kun (0. ur () + Aoa(0)]7] (77)
0

T
+/ L(tua(8) + Moa(OI2T " ox (), () + Aun () + Kux(t) ) dt
0

H(ur(0) — up (1), 20 (79)

It follows that fOT Lt ux(t) + Moa(8)]|972T Lo (£), ta(t) + Aux(t) + Kux(t)) dt is bounded from above.
In view of (70), there exists then a constant C' > 0 such that
[ () + Aux(t) + Kux(t)|| e, dt < C. (79)
It follows that
laallze., < IAuxllze, +[[Kuxllps. +C < kllanlleg. +w(llullzg) + [ KuallL,
from which we obtain

(L= HF)llaxllzs. <wllurllzy) + K ull Ly,

* )

which means that [[i[|ze , is bounded. By letting A go to zero in (78), we obtain
T
) + / {(Au(t) + Ku(t),u(t)) + L(t,u(t), a(t) + Au(t) + Ku(t))| dt =0
0
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where u is a weak limit of (uy)x in &) 4. O

Proof of Theorem 3.1: First we assume that ¢ satisfies condition (44), and we shall work towards elimi-
nating the perturbation K. Let L3 be the A—regularization of L with respect to the second variable, in such
a way that L3 satisfies (59). Indeed

T T
/O<8L§(t,u(t))+Au(t),u(t)>dt = /O<5L(t,u(t))+Au(t)+Ap*1|\u||P*2Ju(t),u(t)>dt
T
z /0<5L(t7U(t))+AU(t)7U(t)>dtZ—C||UI|L§~ (80)

Moreover, we have in view of (56) that

p—1

T
A
/0 L3(tup)dt > D+ 2 ul?, . (81)

(From Lemma 3.3, we get for each € > 0, uc x € &, 4 such that

T
/0 [(Au€7,\(t) + eKuex(t), ue (1)) + Li(t,ue,A(t),ue,A(t) + Aue x () + eKue a(t)) ] di

Ue A (T) + ue 2 (0)

+€(u€7>\(0) — ’U,ey)\(T), B

) =0, (82)

and
Ue A (1) + Aue \ (1) + eKue x(t) € —OLA(t,uc A (t)) on [0,T]. (83)

We shall first find bounds for w. ) in &, , that are independent of e. Multiplying (83) by . x and integrating,
we obtain

T T
/0 (e (t) + Aue A (1) + eKue 2 (1), ue (1)) dt = —/0 (OLA(t, ue (), ue A (1)) dt. (84)

It follows from (80) and the above equality that

T
[ e (t) + euen(®), uea(®) < Cllucalzg. (55)
0

and therefore

ue,)\(T) + Ue, N
2

(o7 (0) — e (T), @4 | (R tieatuen(®) < Cllucalug.

which in view of (82) implies that

T
| / L2t (1), rer (D) + Mie(t) + eKur (D) dt] < Clluellzs
0

By (81), we deduce that {u, }, is bounded in L% . The same reasoning as above then shows that {te x},
is also bounded in L%.. Again, the regularity of A and the lower semi-continuity of L, yields the existence
of uy € A, 4 such that

ux(T) 4+ ux(0)

g(UA(O)—uA(T), 9

T
)+ / [<AUA(t),uA(t)> + Li(t,uA(t),uA(t) + AUA(t))} dt = 0. (86)
0
In other words,

Jy [<AUA(f)7 ux(t)) + L(t, ux(t), ax(t) + Aux(t)) + AP~ Hux () [[P2 Jua(t) + A~ ||UA(f)Hp} dt
F0(ux (0) — up(T), 20y — ¢, (87)
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Now since Ig, ¢, satisfies the selfdual Palais-Smale condition, we get that (uy ) is bounded in &), ,. Suppose
uy — @ in L% and 4y — 4 in L%.. It follows from (57) that Auy is bounded in L%.. Again, we deduce that

a(T') + a(0)

(a(T) - a(0), "

T
) + / [<Aa(t),a(t)> + L(t,a(t), a(t) + Aa(t)] dt = o.
0

Now, we show that we can do without assuming that ¢ satisfies (44), but that it is bounded below while
(0,0) € Dom(¢). Indeed, let £ := £}* be the A-regularization of the anti-selfdual Lagrangian ¢ in both
variables. Then ¢, satisfies (44) and therefore there exists ) € X}, ; such that

2x(T) + 2 (0)

f)\(x)\(T)—:Z?)\(O), 5

T
) + /0 [<AI)\(t),ZE)\(t)> + L(t,I)\(t), i?)\(t) + A:Z?)\(t))} dt = 0. (88)

Since £ is bounded from below, so is £5. This together with (88) imply that the family fOT {(AxA (), za(t)) +

L(t,xA(t), 2x(t) + Axy (t))] dt is bounded above. Again, since Ir, ¢ a is weakly coercive, we obtain that (z)x

is bounded in &}, ,. The continuity of the injection X, , € C([0,T]; H) also ensures the boundedness of
(zx(T))x and (z2(0))x in H. Consider € X, , such that xy — z in L% and @) — 7 in L%.. It follows from
the regularity of A and the lower semi-continuity of £ and L that

_ — T
E(f(T)—i(O),x(T);_I(O))+/O [(Af(t),:z(t»+L(t,aj~(t),:i(t)+Af(t)) dt =0,

and therefore T satisfies equation (61).

Remark 3.4 Note that the hypothesis that I, , o is weakly coercive, is only needed in the last part of the
proof to deal with the case when ¢ is not assumed to satisfy (44). Otherwise, the hypothesis that Iy ¢ a
satisfies the selfdual Palais-Smale condition would have been sufficient. This will be useful in the application
to Schrodinger equations mentioned below.

3.1 Nonlinear evolutions involving a skew-adjoint operator

Suppose again that we have an evolution triple X C H C X*, where X is reflexive, H is a Hilbert space and
where each space is dense in the following one. Also assume that there exists a linear and symmetric duality
map J between X and X* in such a way that ||z|> = (z, Jz). We can then consider X and X* as Hilbert
spaces with the following inner products,

(u,v)xxx = (Ju,v) and  {(u,v)x-xx- := (J tu,v). (89)

A typical example is the evolution triple X = H(Q) C H := L*(Q) C X* = H~1(Q) where the duality map
is given by J = —A. B
If now S is an isometry on X*, then S = J~15J is also an isometry on X, in such a way that

(u,p) = (Su, Sp) for all u € X and p € X*. (90)

Indeed, we have (Su, Sp) = (JSu, Sp)x-xx+ = (SJu, Sp)x+xx+ = (Ju,p)x+xx = (u,p), from which we
can deduce that

|Sull% = (Su, Su)xxx = (Su, JSu) = (Su, §Tu) = (u, Ju) = [[ull%.

Moreover, if L is an anti-selfdual Lagrangian on X x X*, then Lg := L(Su, Sp) is also an anti-selfdual
Lagrangian on X x X*, since

Ls(p,u) = sup{(v,p) + (u,q) — Ls(v,q); (v,q) € X x X"}
sup{(Sv, Sp) + (Su, Sq) — L(Sv, Sq); (v,q) € X x X"}
= L*(Sp,Su) = L(—Su,—Sp) = Ls(—u, —p).

We shall need the following facts about semi-groups of operators.
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Definition 3.5 A Cy-group on H is a family of bounded operators S = {S; }ier satisfying
(i) SiSs = Siys for each t,s € R,

(i) S(0) =1,

(t3i) The function t — Syu € C(R, H) for each u € H.

We recall a celebrated result of Stone.

Proposition 3.1 An operator A : D(A) C H — H on a Hilbert space H is skew-adjoint if and only if it
is the infinitesimal generator of a Co-group of unitary operators (Si)ier on H. In other words, we have
Ar = ltlll}’)l St’;_w for every x € D(A).

It follows from the above that if (S}); is such a group and if L is a time dependent anti-selfdual Lagrangian
on [0,T] x H x H, then so is the Lagrangian Lg(¢,u,p) := L(t, Stu, S¢p).

The same holds if X C H C X* is an evolution triple with a linear and symmetric duality map J. Indeed,
let (S;)ier be a Co—unitary group of operators associated to a skew-adjoint operator A on the dual space
X* viewed as a Hilbert space (with scalar product (J~!p,q)). By defining the maps (S;)icr on X via the
formula S; = J~1S,J, we deduce from the above that if L is a time dependent anti-selfdual Lagrangian on
[0,T] x X x X*, then so is the Lagrangian Ls(t,u,p) := L(t, Syu, Sip).

These observations combined with Theorem 3.1 yield the following corollary.

Corollary 3.6 Let (S;)icr be a Co—unitary group of operators associated to a skew-adjoint opemtor A on

the Hilbert space X*, and let (S;)ier be the corresponding group on X. For p > 1 and q = 25, assume

that A = X, — L%. is a regular map such that for some nondecreasing continuous real functwn w, and
0 <k <1, it satisfies

[ASi|| e, < Kl#]Ls, +w(llzlLy ) for every x € A, 4, (91)

* *

and
| f0T<Ax(t), z(t))dt| < w(||z|z) for every z € X, 4. (92)

Let £ be an anti-selfdual Lagrangian on H x H that is bounded below with 0 € Dom(¢), and let L be a time
dependent anti-selfdual Lagrangian on [0,T] x X x X* such that for some C >0 and r > 1, we have

-C< fO u(t),0)dt < C(1+ Hu||Lp ) for every u € L% (93)
The functional

T
T(u) = /O (Lt Seult), Spit) + ASyu(®) + (ASpu(t) Seu(t))] it + £(u(0) — u(r), “TLEU) (g

is then selfdual on X, 4, and if in addition it is weakly coercive on X, ., then it attains its minimum at
u € Xp 4 in such a way that I(u) = infyecx, , I(w) = 0.
Moreover if Sy = Sy on X, then v(t) = Syu(t) is a “mild solution” of

{ Av(t) + Av(t) +0(t) € —8L( ,v(t)) on [0,T]
MGt —9(v(0) — S(-myv(T)),

where being a mild soultion means that for every t € [0, T,
v(t) = S (0 / Si—s {OL(s,v(s)) — Av(s)} ds. (96)

Proof of Corollary 3.6: Define the nonlinear map I' : X, , — L%. by I'(u) = S;AS;(u). This map is
also regular in view of the regularity of A. It follows from the previous observations that the anti-selfdual
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Lagrangian Lg satisfies (56). It remains to show that I" satisfies conditions (57) and (A). Indeed for z € X, 4,
we have
Ty, = IS¢ ASelLe. = IASwl| s, < KllEllze. +w(l]z)

and

T T
[ ey = | [ 45ia(0). Sia(e) de] < wllSislzg) = (el

Also it is easily seen that I, ¢ 1 is weakly coercive, which means that all the hypothesis in Theorem 3.1 are
satisfied. Hence there exists z € &), 4 such that I(z) = 0. We now show that v(t) = S;x(t) is a mild solution
of (95).

Indeed, we have

hence —i(t) — S_;AS;x(t)) € S_4OL(t, S;z(t)). By integrating between 0 and ¢, we get

z(t) = z(0) —/O {S_s0L(s, Ssz(s)) — S_sASsx(s)} ds

Substituting v(t) = Syz(t) in the above equation gives

S_v(t) = v(0) —/0 {S_s0L(s,v(s)) — S_sAuv(s)} ds

and consequently

o(t) = Sy0(0) st/o (5_,0L(s, v(s)) — §_.Av(s)} ds = Syu(0) - /O S,y {BL(s,0(s)) — Av(s)} ds,

which means that v(¢) is a mild solution for (95).
On the other hand, it is clear that the boundary condition M € —00(z(0) — z(T)) translates after the
change of variables into

0(0) + S;T)”(T) € —t (v(0) — S(_pyo(T))

and we are done. O

4 Application to Navier-Stokes evolutions

The most basic time-dependent anti-selfdual Lagrangians are of the form L(¢, z, p) = (t, )+¢* (¢, —p) where
for each t, the function x — ¢(t, z) is convex and lower semi-continuous on X. Let now ¢ : H — RU {+o0}
be another convex lower semi-continuous function which is bounded from below and such that 0 € Dom(¢),
and set £(a,b) = ¢(a) + ¢*(=b). The above principle then yields that if for some Cy,Cy > 0, we have

P T P P
Cl(\|x||L,;( 1) <[5 et =) dt < CQ(||:L~|\L§{ +1), for all z € L%,
then for every regular map A satisfying (57) and either one of conditions (A) or (B) in Theorem 3.1, the

infimum of the functional

(0) +2(T)

T x
I(x) :/O [p(t,2(t)) + " (t, —i(t) — Ax(t)) + (Ax(t), 2(1))] dt + ¥ (x(0) — 2(T)) + 9™ (- 5 )

on X, , is zero and is attained at a solution x(t) of the following equation
{ —i(t) — Az(t) € Op(t,x(t)) forallt e [0,T]
— 0D e 9y (a(0) — x(T)).

As noted in the introduction, the boundary condition above is quite general and it includes as particular
case the more traditional ones such as initial-value problems, periodic and anti-periodic orbits. It suffices to
choose £(a,b) = 1(a) + ¢*(—b) accordingly.

18



e For the initial boundary condition z(0) = z¢ for a given g € H, we choose 1(z) = ||z||% — (z, z0).
e For periodic solutions z(0) = x(T'), v is chosen as:
0 z=0
(@) = { +oo elsewhere.
e For anti-periodic solutions z(0) = —x(T), it suffices to choose 1(x) = 0 for each x € H.

As a consequence of the above theorem, we provide a variational resolution to evolution equations involving
nonlinear operators such as the Navier-Stokes equation with various boundary conditions:

%—?—i—(u-V)u—i—f = vAu—Vp onQ,
divu = 0 on [0,T] x Q, (97)
u = 0 on [0,T] x 08,

where  is a smooth domain of R", f € L%.([0,T]), v > 0.
Indeed, setting X = {u € H}(Q; R");diveo = 0}, and H = L?(Q2), we write the above problem in the form

{ %y Ny € —0(t,u) on [0,T] (98)

wOFu) e _9yp(u(0) — u(T)),

where v is any bounded below proper convex lower semi-continuous function on H, while the convex func-
tional ® and the nonlinear operator A are defined by:

=L o> ]JC 1 gz; )2de+ [o(u(x), f(t,x))de and  Au:= (u-V)u. (99)

Note that A : X — X* is regular as long as the dimenison N < 4. On the other hand, when A lifts to path
space, we have the following

Lemma 4.1 (1) When N = 2, the operator A : Xy — L3%. is regular.
4 4
(2) When N = 3, the operator A is regular from Xy a4 — L. as well as from Xy 4 N L>(0,T;H) to L.

Proof: First note that the three embeddings X5 C L%,, X47% - L%[, and XQ,% - L%,, are compact.
Assuming that N = 3, let u" — u weakly in & 4, and fix v € C1([0,T] x Q). We have that

/O<Au v) / /QZuk—v]dxdt / /QZ u dz.

k=1
Therefore
T
i v
(Au™ — Au,v)| = / / — up—2u;) dr dt
] | |sz1 [ ) o
3 T
< vllerqo,mxo) Z/ /‘uZu?—ukuj]dmdt. (100)
jimdo Ja
Also
T T T
/ /\u};uy—ukuﬂdxdt < / /|u2u?—uku}l\dajdt+/ /|uku?—ukuj|dxdt
0o Ja 0o Jo 0o Jo
< Nl lui = wllzg, + llukllzs, luf —uillzz, — 0. (101)

Moreover, for N = 3 we have the following standard estimate ([13])

1 3
[Au"[x+ < eu”[Fllu"]|%- (102)
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Since &y 4 C C(0,T; H) is continuous, we obtain

1 3 1 3
1Aw™| s < clu™E o mmllulfs < clu®lly, ,lu™llzz (103)
X 3

from which we conclude that Au™ is a bounded sequence in L)%(*, and therefore the convergence of (Au",v)
to (Au,v) holds for each v € L%.

Now, since X552 C C(0,T; H) is also continuous, the same argument works for N = 2, the only difference
being that we have the following estimate which is better that (102),

[Au" [l x- < clu"[m[[u"]x. (104)

4
To consider the case A : &y 4 N L*>*(0,T;H) — L%., we note that relations (100) and (101) still hold if
un — u weakly in X, 4. We also have estimate (102). However, unlike the above, one cannot deduce (103)

since we do not have necessarily a continuous embbeding from &, » € C(0,T; H). However, if (uy) is also
assumed to be bounded in L>°(0,T; H), then we get the following estimate from (102),

1 3
Il g el o I (105)

4
which ensures the boundedness of Au™ in L%.. O
We now prove Corollaries 1.4 and 1.5 stated in the introduction.

Proof of Corollary 1.4: By the preceeding lemma, one can verify that the operator A : Xoo — L%.
satisfies condition (23) and (24). Therefore the infimum of the functional

u(0) + u(T))

T(u) = /0 [0, u(t)) + @ (¢, —i(r) — (- V)u(0))] dit + £(u(0) — u(T), "L

on Xs o is zero and is attained at a solution w(¢) of (97).
Proof of Corollary 1.5: We start by considering the following functional on the space X4’%.

T
I (u) == /0 [Dc(t,u(t)) + P (t, —u(t) — (u- V)u(t))] dt + £(u(0) — u(T), M)

where @ (t,u) = ®(t,u) + $[|lul|%. In view of the preceeding lemma, the operator Au := (u - V)u and @,
satisfy all properties of Theorem 3.1. In particular, we have the estimate

[[Au]|x+ < c|u|%2|\u||§’(/2 for every u € X. (106)

It follows from Theorem 3.1, that there exists u. € X47% with I.(u.) = 0. This implies that

Qe t (ue- V)ue+ f(t,z) = vAu+ div[(e||u]e|2Vue) —Vpe on[0,T] x
divue = 0 on [0,T] x Q
ue = 0 on [0,T] x 992. (107)
-l = DU(ue(0) — ue(T)).
Now, we show that (uc). is bounded in X, 4/3. Indeed, multiply (107) by u. to get
d |uc(t)|? v 2
IO et + Ol = (0, ue0) < 2 eI + 21 £ O
so that
d |uc(®)]* v 2 4 2 2
SR L 2 <=z ..
LSO Y )l + ek < 217015 (108)
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Integrating (108) over [0, s], (s < T') we obtain

W WlOF v [ o [ 2
- P S [ ol e [k < 2 1@ (109

On the other hand, it follows from (107) that £(uc(0) — u (T, ué(O)Z“E(T)) = ‘“E(QT”Z - |“€(20)‘2. Considering
this together with (109) with s = T, we get

u u. y [T T T
f0(0) = (), O L poore [k <2 [k aw)

Since ¢ is bounded from below and is coercive in both variables, it follows from the above that (u¢) is
bounded in L%, that (u.(T)). and (u.(0)). are bounded in H, and that € fOT luc(t)||* is also bounded. It also
follows from (109) coupled with the boundedness of (u.(0)), that u. is bounded in L>°(0,T; H). Estimate
(106) combined with the boundedness of (u.). in L°(0,T; H) N L% implies that (Au.) is bounded in L;L(/?’.
We also have the estimate

HVAue + div(e||ue\|2Vu6) HX* < v|ue|lx + e||ue|\§(

which implies that vAu, + div(e|uc|[*Vu,) is bounded in L3

It also follows from (107) that for each v € L%, we have

T ou T
/o <a—t€,v> dt :/0 (—(ue - V)ue — f(t,2) + vAu, + div(el|uc||*Vue), v) dt. (111)

Since the right hand side is uniformly bounded with respect to €, so is the left hand side, which implies that

8{;; is bounded in Li(/f’ . Therefore, there exists u € X5 4/3 such that

ue — u weakly in L%, (112)
38“; N au; weakly in L3/%, (113)
div (el|uc*Vue) — 0 weakly in Léf/;o’, (114)
u.(0) —  wu(0) weakly in H, (115)
u(T) — u(T) weakly in H. (116)
Letting € approach to zero in (111), it follows from (112)-(116) that
T ou T
/ (2 oy dt = / (—(u- V)u— f(t, @)+ vAu,v) dt. (117)
o Ot 0
Also it follows from (115), (116) and (107) and the fact that 9¢ is maximal monotone that
0 T =
—% € 0(u(0) — u(T)). (118)
(117) and (118) yield that u is a weak solution of
% 4 (u-V)u+ f(t,z) = vAu-—Vp on{O,T}xg,
divu = 0 on [0,T] x £,
u = 0 on [0,T] x 09. (119)

—M € 0l(u(0) —u(T)) on Q.
Now we prove inequality (32). Since I.(u.) = 0, a standard argument (see the proof of Theorem 3.1) yields
that I(u) < liminf, I (u.) = 0, thereby giving that
T
Ie(u) := / [©(t, u(t)) + @ (¢, —i(t) — (u- V)u(t))] dt + £(u(0) — u(T),
0
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On the other hand it follows from (118) that £(u(0) — u(T'), —"(O)ZU(T)) = ‘“(5”2 — |“(g)|2. This together
with the above inequality gives
|u(T

)|2 T
— T /0 [®(t,u(t) + D (t, —i(t) — (u- V)u(t))] dt <

|u(0)”
o

Corollary 4.2 In dimension N = 3, there exists for any given a with |o| < 1, a weak solution of the
equation solutions:

%u 4 (u-V)u+ f(t,z) = vAu—Vp on[0,7T]x Q,
divu = 0 on [0,T] x Q,
u = 0 on [0,T] x 09,
uw(0) = oau(T).

Proof: For each o with || < 1 there exists A > 0 such that o = i—;} Now consider #(a,b) = ¥z (a) + 95 (—b)
where ¥ (a) = 2]al?>. O

Navier-Stokes evolutions driven by their boundary: We now consider the following evolution equation.

Gt (uVyurf = vAu—Vp on {O,T% X2
divu = 0 on [0,T] x Q
ult,z) = u’(x) on [0,T] x 60 "
U(O, x) — O[U(T, :C) on Q

where faQ undo =0,v>0and f € L%.. Assuming that u° € H3/2(09) and that 99 is connected, Hopf’s
extension theorem again yields the existence of v € H?(2) such that

0
v’ =u® on 99, dive® =0 and Jo Z?k:l ngTvin dr < e|ul|% for all u € X (121)

where V = {u € H'(Q;R");divu = 0}. Setting v = u + v°, then solving (120) reduces to finding a solution
in the path space X» o corresponding to the Banach space X = {u € H}(Q; R");divv = 0} and the Hilbert
space H = L*(Q) for
3}
8—1: +(u-Vu+ @ - Vu+ (u-V)o' € —0d(u) (122)
u(0) —au(T) = (a—1)0°

where ®(t,u) = % [, Z?kzl(g;i )2 dx + (g, u), and where

g:=f—-vA + (" V)9 e L}..
In other words, this is an equation of the form
0
8—1‘ + Au € —99(t,u) (123)

where Au = (u- V)u+ (v V)u+ (u- V)v° is the nonlinear regular operator N =2 or N = 3.
Now recalling the fact that the component Bu := (v°-V)u is skew-symmetric, it follows from Hopf’s estimate
that
Cllull? > ®(t,u) + (Au,u) > (v — &) ||ul|®* + (g,u) forall u € X.
As in Corollary 1.5 we have the following,.
Corollary 4.3 Assume N = 3, and let £ be an anti-selfdual Lagrangian on H x H that is coercive in both

variables. Then, there exists u € XQ’% such that

T
I(u) = /0 [tb(t, u(t)) + (¢, —u(t) — Au(t)) + (u(t), Au(t)}] dt + £(u(0) — u(T),

and u is a weak solution of (120).

To obtain the boundary condition given in (122) that is u(0) — au(T) = (o — 1)v°, consider £(a,b) =
¥a(a) + 3 (—b) where a = i—_ﬂ and 1y (a) = 3|al> — 4(a, v°).
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5 Schrodinger and other nonlinear evolutions

5.1 Imitial-value Schrodinger evolutions
Consider the following nonlinear Schrodinger equation
iug + Au — |u|""tu = —i0L(t, u) (t,x) € [0,T] x Q, (124)

where (2 is a bounded domain in RY, and L is a time dependent anti-selfdual Lagrangian on [0, T x H{ () x
H~1(Q). Equation (124) can be rewritten as

ug + Au = —0L(t,u) (t,x) € [0,T] x Q,
where Au = —iA + i|u|""tu. We can then deduce the following existence.

Theorem 5.1 Suppose 1 <r < % Let p = 2r and assume that L satisfies

—C< foT L(t,u(t),0)dt < C(1+ HUHTLZl) for every u € LI;IS [0,T]. (125)

(OL(t,u), —Au + [u|"" u) > 0 for each u € H?(Q). (126)
Let ug € H?(Q) and €(a,b) = L|al|3; — (a,uo) + [|b — uo||%, then the following functional

r u u
I(u) = /0 [Lult), alt) + Au(t)) + (Aut), u(®))] dt + £(u(0) = u(T), M) (127)
attains its minimum at v € X, 4 in such a way that I(v) = inf,cx, , I(u) =0 and
0(t) —iAv(t) +ilo(t)|""tv(t) = —0L(t,v(t)) on [0,T]
{ v(0) = wup. (128)

Proof: Let X = H}(Q) and H = L?(Q2). Taking into account Theorem 1.3, we just need to verify (23), (24)
and prove that I satisfies the selfdual Palais-Smale condition on X, ;. Note that (24) follows from the fact
that (Au,u) = 0. To prove (23), note that

IAull -1 = || = Au+ Jul " Mull -1 < || = Auf g1+ Cllul" ull pagy = lfull g + Cllullgra.
Since p > 2, we have qr < 2r < ]3—]_\'2 It follows from the Sobolev inequality and the above that
[Aul[ -1 < llullgg + Cllullf,

from which we obtain

Iz, < el + Cllulgg, < Cllulzs, -+l )

To show that I satisfies the selfdual Palais-Smale condition, we assume that (uy), € &, 4 is such that

{ — Uy (t) + i1AUy, (8) — ilun ()] u, (t) = —%||un||p*2Aun + OL(u,(t)) on [0,T]

un(0) = wup. (129)

Since ug € H%(Q), it is standard that at least u,, € H?(Q2). Now multiply both sides of the above equation
by Aup(t) — Jun ()" tu,(t) and taking into account (126) we have
(11 (1), = A (t) + [ ()] un () <0

from which we obtain

1 2 1 r+1 1 2 1 r+1
S lun @y + H—lﬂun(t)ﬂ < 2 a0y + H—1||U(0)|| -
which once combined with (129), gives the boundedness of (uy, ), in X, 4. O

Here are two typical examples for anti-selfdual Lagrangians satisfying the assumptions of the above theorem
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o L(u,p) = ¢(u) + ¢*(—p) where ¢ = 0 which leads to a solution of:

{ i0(t) + Av(t) — |v(t)|""tv() = 0 on [0,7]
v(0) = wug

o L(u,p) = ¢(u) + ¢*(a.Vu — p) where ¢(u) = § [, |[Vu|? dz and a is a vector field on © with compact
support. In this case we have a solution for

{ i0(t) + Av(t) — |o(t)|" " o(t) —ta.Vu +iAv(t) on [0,T)
v(0) = .

5.2 Variational resolution for a Fluid driven by —iA?

Consider the problem of finding periodic type solutions for the following equation

Pt (u-Vyu—iA?u+f = vAu—Vp onQCR",
divu = 0 onQ, (130)
v = 0 ondQ,

where u = (u1,u2) and where the operator iA? is defined in the following way:
iA%u = (A%uy, —A%uy) with Dom(iA?) = {u € H}(Q2); Au € Hj(Q) and u = Au = 0 on 9Q}.

Theorem 5.2 Let (S;)icr be the Co—unitary group of operators associated to the skew-adjoint operator iA2.
Assuming N = 2, f in L%.([0,T]), and ¢ is an anti-selfdual Lagrangian on H x H that is bounded from
below, then the infimum of the functional

0) + u(T)

T
I(u) = /0 [®(t, Spu(t)) + ©* (¢, —Spu(t) — ASyu(t))] dt + £(u(0) — u(T), u( 5 )

on Xo o is zero and is attained at u(t) in such a way that v(t) = Siu(t) is a solution of (180) that satisfies
the time-boundary condition:

_vO+ Sé*T)U(T) € 0(v(0) = S—ryv(T)). (181)

Moreover, u verifies the following “energy identity”:

lu(t)||% + 2 fg [@(t, Spu(t)) + ©*(t, —Spi(t) — ASpu(t))] dt = ||[u(0)||3, for every t € [0,T). (132)

In particular, with appropriate choices for the boundary Lagrangian £, the solution v can be chosen to verify
either one of the following boundary conditions:

e an initial value problem: v(0) = vy where vy is a given function in H.
e a periodic orbit : v(0) = S_pv(T),
e an anti-periodic orbit : v(0) = =S _pyv(T).

Proof: Tzhe duality map between X and X* is J = —A and is therefore linear and symmetric. Also we have
S; = A" and therefore S;J = JS;. The result follows from Corollary 3.6 and the remarks preceeding it.

6 A general nonlinear selfdual variational principle for weakly co-
ercive functionals

In this section, we isolate the general variational principle behind the proofs of the last section. We shall
actually extend the nonlinear selfdual variational principle mentioned in the introduction (Theorem 1.1) in
two different ways. First, and as has already been noted in [9], the hypothesis of regularity on the operator
A in Theorem 1.1 can be weakened (see Definition 6.1 below). More importantly, we shall also relax the
coercivity condition (9) that proved prohibitive in the case of evolution equations.

We start with the following weaker notion for regularity.
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Definition 6.1 A map A : D(A) C X — X* is said to be pseudo-regular if whenever (z,), is a sequence
in X such that z, — = weakly in X and limsup,, (Ax,,z, — ) < 0, then liminf, (Az,,z,) > (Az,z) and
Az, — Az weakly in X*.

It is clear that regular operators are necessarily pseudo-regular operators.

The following is an extension of Theorem 1.1.

Theorem 6.2 Let L be an anti-selfdual Lagrangian on a reflexive Banach space X such that 0 € Dom(L).
Let A: D(A) C X — X* be a bounded pseudo-regular map such that Dom; (L) C D(A) and

(OL(z) + Az, x) > —C(||z| + 1) for large ||z|. (133)
Then for any A > 0, the selfdual functional
In(z) = L(z, Az + NJz) + (Az + Az, z)

attains its infimum at xx € X in such a way that I\(x)) = in§( Ix(z) = 0, and x) is a solution of the
EAS

differential inclusion
0 € Azy + Ny + OL(x)). (134)

In particular, if the functional I, 5 satisfies the selfdual Palais-Smale condition, then there exists a solution
for the equation

0 € Az + OL(w). (135)

Remark 6.3 Theorem 6.2 is an extension of Theorem 1.1 which claims that the same conclusion holds
under the following stronger coercivity assumption.

lim  Hp(0,—z) + (Az,x) = +o0. (136)

llz]| =00

Indeed, in order to show that condition (136) is stronger than both (133) and the selfdual Palais-Smale
condition, note that for each (x,p) € X x X*,

L(z,p) = sup{(y,p) — Hp(v,y);y € X} > —Hp(z,0) > Hp(0,—z),

in such a way that if ||z, || — +oo, then

1 1
lim L(zn, Ay + —Jx,) + (25, Azy,) + —||2,]? > 11111 Hp(0,—z,) + (Azp, ,) = +00.
n n n—-+o0o

n—-+o0o
Moreover, we have for large ||z||,
(OL(x) + Az, z) = L(x,0L(z)) + (Az,z) > Hp (0, —2) + (Az,z) > —C(||z| + 1).
For the proof of Theorem 6.2, we shall need the following lemma

Lemma 6.4 Let L be an anti-selfdual Lagrangian on a reflexive Banach space X, let A : D(A) C X — X*
be a pseudo-regular map and let F : D(F) C X — X* be a regular map. Assume (x,), is a sequence in
D(A) N D(F) such that x, — x and Az,, — p for some x € X and p € X*. If0 € Az, + Fx,, + OL(x,) for
each n € N, then necessarily 0 € Az + Fx + OL(x).

Proof: We have

n n—oo

limsup(Azp,z, —2) < lim (Az,, —2) + limsup { — L(zpn, Az, + Fxy,) — (Fxy, ) }

= (p,—z) —liminf {L(z,, Azy, + F,) + (Fan, 2,) } (137)
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Since L is weakly lower semi continuous and F is regular, we have

L(z,p+ Fz) + (Fz,z) < liminf { L(z, Az, + Fy,) + (Fa,, z,) }

which together with (137) imply

limsup<Axn,xn - .’E> < <pa —{E> - L(.’E,p-l— F{E) - <Fx,x>

= (p+Fz,—z) - L(z,p+ Fa).
L being an anti-selfdual Lagrangian, we have L(z,p + Fz) > (p + Fx, —x), and therefore

lim sup(Azy, x, — ) < 0.

n

Now since A is pseudo-regular, we have p = Az and liminf, (Az,,z,) > (Az,x). It follows that

L(z,Az + Fz) + (Az + Fz,z) < liminf L(z,, Az, + Fx,) + (Axy, + Fa,, z,) =0,

On the other hand, since L is an anti-selfdual Lagrangian, we have the reverse inequality L(z, Az + Fx) 4+
(Ax + Fz,z) > 0 which implies that the latter is equal to zero.(J

Proof of Theorem 6.2: Let w(r) = sup{||Aul. + 1; [Ju]| <7}, set Fu := w(||u|).Ju, and consider L3 to be
the A—regularization of L with respect to the second variable i.e.

—all2 X
B (ep) = it { D) 4 2Ty Dz g e xe L
2\ 2
Since 0 € Dom(L), the Lagrangian L and consequently L3 and therefore H £2(0,.) are bounded from below.
Also we have
lim HL

||| =00

(0, —z) + (Ax + eFz,x) = 400,

2
A

since (Ax + eFx,x) > —w(|[])]Jz] + ew(|lz])]|=|>.
It follows from Theorem 1.1 that there exists x.  such that

Li(a:e’)\,A:vQ)\ + EF:L‘E’)\) + <A:176’)\ + EFJJE’)\,:L‘E’)) =0

which means that Az, ) + eF'z ) € —5L?\(x6,>\), and in other words, Az \ + eFzc\ + Az \ € —OL(wc ).
This together with (133), imply (eFze x + AJxc x, Ten) < Cl|zc 2|, thereby giving

* < Cllzeal,

cw(||zel)llzel” + Allea

which in turn implies that (Fz. ). and (z¢ ). are bounded. Since now A is a bounded operator, we get
that Az, ) is bounded in X*. Suppose, up to a subsequence, z.y — =) and Az, — py. It follows from
Lemma 6.4 that for every A > 0, we have

L(zy, Az + AJx)) + (Axy + Az, z)) = 0.

() is therefore a selfdual Palais-Smale sequence, hence it is bounded in X and consequently it converges
weakly — up to a subsequence- to z € X. Again, since A is a bounded operator, Az, is also bounded in X,
and again Lemma 6.4 yields L(Z, AZ) + (AZ,Z) = 0, which means that —AZ € L(Z).

Remark 6.5 Note that, we do not really need that A is a bounded operator, but a weaker condition of the
form ||Az|| < CH(0,z) + w(||z||) for some nondecreasing function w and some constant C > 0.

Let now A : D(A) C X — X* be a closed linear operator on a reflexive Banach space X, and consider X 4
to be the Banach space D(A) equipped with the norm |z||a = ||z|x + ||Az||x~. We have the following
consequence.
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Corollary 6.6 Let A: D(A) C X — X* be a closed linear operator on a reflexive Banach space X with a
dense domain, and let A be a map from D(A) into X* that induces a pseudo-regular operator A : X4 — X%,
and such that

u — (u, Au+ Au) is bounded from below. (138)

Suppose L is an anti-selfdual Lagrangian on X x X* that satisfies the following conditions:
For each p € Doms(L), the functional x — L(z,p) is continuous on X. (139)

x — L(x,0) is bounded on the unit ball of X. (140)
Then for any X > 0, there exists uy € X 4 such that:
0 € Auy + Auy + N(J + A*A)uy + OL(uy). (141)

Proof: Note first that X, C X C X* C X. We first show that the Lagrangian

_ | L(w,p), peX~

is an anti-selfdual Lagrangian on X4 x X 7. Indeed, if ¢ € X™, use the fact that X4 is dense in X and that
the functional © — L(x,p) is continuous on X to write

M*(q,v) = sup{(u,q) + (v,p) — M(u,p); (u,p) € Xa x X3}
= sup{(u,q) + (v,p) — L(u,p); (u,p) € Xa x X"}
= L*(¢,v) = L(—v,—q) = M(~v, —q).

If now ¢ € X3 \ X*, then there exists {z,}n, C X4 with ||z,||x < 1 such that (z,,q) — +00 as n — oo.
Since {L(zp,0)}, is bounded, It follows that

M*(q,v) = sup{(u,q) + (v,p) — M(u,p); (u,p) € X4 x X"}
> sup{{zn,q) — L(z,,0)}
= +OOZM(_Ua_Q)

To verify condition (133) of Theorem 6.2, we note that
(OL(u) + Au+ Au,u) > (OL(0),u) + (Au+ Au,u) > —C(1 + Jufx) = —=C(1+ [|ullx,)-

We have used the fact that dL is maximal monotone and that (Au + Awu,u) is bounded from below. Now
apply Theorem 6.2 to the Lagrangian M, the pseudo-regular operator A + A and the duality map J + A*A
to conclude.

Corollary 6.7 Let the operators A, A and the space X 4 be as in Corollary 6.6 and let ¢ be a proper convex
lower semi-continuous function that is both coercive and bounded in X . Assume also the following conditions:

Aul|x» < E||Au||x+~ + w(||ul|x) for some constant 0 < k < 1 and a nondecreasing function w.  (142)
Then there exists a solution T € X 4 to the equation
0 € Ax + Az + 0p(z), (143)
which can be obtained by minimizing the functional I(x) = p(z) + ¢*(—Az — Az) + (z, Az + Ax).

Proof: It is an immediate consequence of Corollary 6.6 applied to the Lagrangian L(x,p) = ¢(z) + ¢*(—p).
We only need to prove that the functional I is weakly coercive on X 4. For that, suppose {z,}, C X4 is
such that ||z,||x, — oo, we show that

1 1
o(xn) + @ (- Az, — Ay, — Han) + (zp, Az, + Axy) + EHanX — 00.
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Indeed if not, and since (z,,, Az, + Az,) + 2||z,| x is bounded from below, we have p(z,) + ¢*(—Az, —
Az, — L Jx,) is bounded from above. The coercivity of ¢ on X ensures the boundedness of {||z,|x }n. Now
we show that {x,} is actually bounded in X 4. In fact , since ¢ is bounded on X we have that ¢* is coercive
in X* and in result

|Axy, + Az, + %J:anX* <C
for some constant C' > 0. It follows from (138) and the above that
| Az, x- < ||Azp + Az, + %an”X* + Az, + %an”X*
< Ot Aanllx + | oallx-
< CHEJAz, || x- +w(l|nllx) + %Hxnﬂx

Hence (1 — k)||Azy,||x- < C 4+ w(||zallx) + Ll|lzn]x, and therefore ||Azy,| x~ is bounded which results the
boundedness of {z,} in X4. O

We can also give a variational resolution for certain nonlinear systems.

Corollary 6.8 Let ¢ be a bounded convex lower semi-continuous function on X1 x Xa, let A: X1 — X3 be
any bounded linear operator, let By : X1 — X7 (resp., By : Xo — X3 ) be two positive linear operators. Let
Yi:={re X;;Bix € X;},i=1,2. Assume A := (A1, A3) : Y1 x Yy — Y X Y5 is a pseudo-regular operator
such that

e(z,y) + (Biz, @) + (Bay,y) + (A2, 1), (2,))

lim
llllx, +1yllx, —o0 1zl x, + [lyllx,

= —"—OO,

and
(A1, A2) (@, y) I xyx x5 < KIl(B1, B2)(,9) [ xpx x5 + wll(z, y)l| x,xx,)

for some continuous and non-decreasing function w, and some constant 0 < k < 1. Then for any (f,g) €
YY" x Y5, there exists (Z,7) € Y1 X Yo which solves the following system

{—Al(x,y)—A*y—le+f € Oip(z,y).
—Ao(z,y)+ Az — Boy+g € dop(z,y).

The solution is obtained as a minimizer on Y1 X Yo of the functional
I(z,y) = ¢(z,y) + " (—A"y — Biz — Mi(2,y), Az — Bay — Az (2, 9)) + (Biz, ) + (B2y, y) + (A(z, y). (z,9)).

where

’l/)(l',y) = Sﬁ(xay) - <f7 £E> - <gay>
Proof: Counsider the following ASD Lagrangian (see [8])
L((z,y), (p,q)) = ¥(z,y) + " (=A"y — p, Az — q).

Setting B := (By, Bs), Corollary 6.7 yields that I(z,y) = L((z,v), A(z,y)+B(z, y))+{A(z,y)+B(z,v), (z,v))
attains its minimum at some point (Z,y) € Y7 x Y3 and that the minimum is 0. In other words,

0 = I(_,ﬂ)

<(A1(ja g) + Bl"E - A*ga AQ(‘,E’ g) + BQ@ + AE)& (ja 27)>
from which follows that

—A*y — Biz — Ai(z,y) € Op(x,y)—f
Az — Boy — Aa(z,y) € Op(w,y) — g
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A variational resolution for doubly nonlinear coupled equations

Let by :  — R™ and by : 2 — R"™ be two compactly supported smooth vector fields on the neighborhood
of a bounded domain €2 of R®. Consider the Dirichlet problem:

Av+by-Vu = |uf2u+u™ o™+ f on Q
—Au+by-Vv = [pP2v—umv™ 149 on Q (144)
u=v = 0 on ON.

We can use Corollary 6.7 to get

Theorem 6.9 Assume f,g in LP, 2 < p, that div(by) > 0 and div(bz) >0 on Q, and 1 < m < p—;l. Let
X ={u€ H}(Q);u € LP(Q)&Au € LI(Q)} and consider on X x X the functional

I(u,v) = W(u)+ T (by.Vu+ Av —u™ '0™) + &(v) + &*(ba.Vv — Au + ™0™ 1)
1 1
+—/ div(by) [ul?dz + —/ div(by) [v]2dz
2 Ja 2 Ja
where
U(uy) =2 5 Jo lulPdz + [, fudz, and ®(v) = 1 5 Jo lvIPdz + [, gvdz

are defined on LP(2) and ¥* and ®* are their Legendre tmnsforms in L1(QY). Then there exists (u,7) € X x X
such that
I(@,v) = inf{I(u,v); (u,v) € X x X} =0,

and (@,v) is a solution of (144).
Proof: Let A=A, X4 = X and X; = LP(Q?). ® and U are continuous and coercive on X;. We need to
verify condition (142) in Corollary 6.7. Indeed, by Hélder’s inequality for ¢ = p < 2 we obtain

™™ Moy < Nl Zamagoy [0l S0 0y
and since m < % we have 2mgq < p and therefore

m, m— m 2(m—1
™0™ | oy < ClullFra) + 101750, (145)

Also since ¢ < 2,

[b1.Vulpa) < Clballze@)VullL2 (o)
1 1 1
< CHbIHLOC(Q)(/<_AuaU> dz)? < Cllba | poo (o) lull 71 1 Aull 2o g
<kl Aull Loy + C(R) b1l o lull e @) (146)

for some 0 < k < 1. Hence condition (142) follows from (145) and (146).
Also, it is also easy to verify that the nonlinear operator A : X x X — L%(Q) x L1(Q)) defined by

Au,v) = (—u™ 0™ 4+ by . Vu, u™v™ ! + by.Vo)
is regular. It is worth noting that there is no restriction on the power p in the previous example, that is p
can well be beyond the critical Sobolev exponent.
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